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Early Career

  
        Teaching Mathematics Content Courses for Future Elementary Teachers: An Invitation to Innovation

      Gabriela Dumitrascu

  
    
      Since the development of the academic field of mathematics education, a fundamental tension between subject matter and teaching method has existed and continues to be ongoing. There are conflicting answers to the question of whether teaching should rely more on subject matter knowledge or pedagogical methods, which has led to divergent policies in teacher education.

    
    
      The Complexity: Teaching Future Elementary School Teachers

      Some argue that subject matter knowledge for teaching is defined by the content that elementary school-grade students are expected to learn. Most likely, this perspective is shared by preservice teachersFootnote1 who are enrolled in the mathematics content courses required by their teacher preparation program. Others argue that teachers should have a broader perspective and deeper content knowledge so that they can understand where their students are heading in their learning journey. This perspective is more likely to be shared by instructors who teach content courses for future teachers.
1 Preservice teachers, teacher candidates, or future teachers are college students who are currently enrolled in teacher education programs or courses and are in the process of preparing to become licensed or certified teachers.

✖

      Add to this tension the facts, that 1) the preservice teacher population is extremely homogeneous (mostly white females) often oriented towards nonmathematical areas 6, and 2) instructors of mathematics content courses for future teachers tend to have doctorates in mathematics with no experience teaching children in grades K–6 5. It becomes easy to see why teaching mathematics content courses to future elementary school teachers is one of the most challenging jobs in higher education. The overall homogeneity of elementary math teachers tips the scales in favor of method and pedagogy, but developing the right set of practical subject matter skills is equally important and should be central to any math teaching program.

    
    
      Two Frameworks for Curriculum Development: MKT and LT

      
        MKT: Mathematics Knowledge for Teaching

        With the technological tools that we now have at hand we can find ideas about how to develop a curriculum specifically for content courses for future teachers. For example, on ChatGPT, you might find the following guidelines: establish a strong foundation (deep and accurate understanding of elementary-level mathematical concepts, number sense, arithmetic operations, geometry, measurement, data analysis, algebraic thinking), model effective teaching strategies, provide opportunities for active learning, encourage reflection and self-assessment, incorporate real-life connections, differentiate instruction (adapt instruction for individual learning styles), foster problem-solving skills, stay up to date, supervise practice, collaborate, and mentor. Did I miss anything? Surely, I did! But how do we put those steps into practice in the reality of a classroom setting?

        From a theoretical perspective, the “mathematical knowledge for teaching” (MKT) framework has been widely accepted in the past two decades of American mathematics education. The framework ”weaves” four main threads of knowledge 1:

        
	•
	Common mathematical knowledge (expected to be known by any well-educated adult)




          	•
	Specialized mathematical knowledge (strictly mathematical knowledge that is particular to the work of teaching, yet not required, or known, in other mathematically intensive professions: e.g., how to represent the steps and the reasoning behind the division algorithm using base-ten blocks, or illustrate the division of fractions using an aria model)




          	•
	Knowledge of mathematics and students (how children learn mathematics; what are common mistakes, misconceptions, or naïve interpretations)




          	•
	Knowledge of mathematics and teaching (strategies and teaching practices that are successful in teaching mathematics effectively).




        
        The work done to develop the MKT framework is extensive and impressive, and so far, it has been used primarily to analyze teachers’ work or to develop instruments for measuring teachers’ knowledge. In my teaching, however, I use MKT as a blueprint for creating a more effective curriculum for instructing future mathematics teachers. This means that I start every lesson planning with a list of learning goals that correspond to each category of knowledge.

      
      
        LT: Learning Trajectories

        Clements and Sarama 4 propose learning trajectories as a framework to guide teachers in helping children develop their math skills effectively. It emphasizes the importance of understanding child development and bridging the gap between research and practice to provide equitable math education for all students. Effective teaching involves meeting students where they are in terms of their mathematical knowledge and helping them build on what they already know. Learning trajectories are proposed as a solution to address these challenges. They consist of three parts:

        
	•
	Specific mathematical goal (each trajectory has a specific mathematical goal that students are working toward)




          	•
	Development path (there is a path along which children develop their mathematical understanding to reach the goal)




          	•
	Instructional activities (along this path, there are instructional activities that are fine-tuned for each step to help children progress to the next level).




        
        Learning trajectories are useful resources for exploring the impact of the mathematical content progression on the development of mathematical understanding. In the section Developing Mathematical Knowledge of this article, I describe how I used LTs to teach arithmetic operations in base-r systems.

        Note that I used the verb “weave” to describe the MKT framework. The reason is that it requires imagination and creativity to combine all four strains—common, specialized, student and teaching knowledge—and the LTs into a single lesson. In that vein, this essay is an invitation for both new and old generations of instructors to use these frameworks in addition to their own passion and creative powers when they train future mathematics teachers. What follows is an example of how I have incorporated the MKT and LT methods into my teaching, and how doing so has helped to balance theory with practice, which opens creative opportunities that have made my teaching more effective. Others may use or adapt this model to help them bridge the divides of subject matter and pedagogy, to achieve their teaching goals, and maximize their students’ math teaching potential. The example addresses three main concerns: developing in-depth mathematical knowledge, reducing math anxiety, and increasing sensitivity in future elementary math teachers.

      
    
    
      The Challenge: Developing Awareness, Trust, and Mathematical Knowledge in Future Teachers

      
        Developing awareness

        In my experience, the hardest part of instructing future elementary teachers is figuring out how to help them discover and recognize the need to engage with mathematical content on a deeper level, as doing so will help them to more effectively teach mathematics to young children. As a mathematics educator who also teaches methods courses, I can see (or I’ve noticed) that recognition for this need develops in future teachers only once they’ve had direct interaction with children. However, content courses are usually taken before the methods courses, and direct interaction with children is not part of the requirements for a content course. For this reason, I start my content courses with two readings that underscore how mastering impacts both children’s mathematical development and teachers’ professional development: “Sean’s Numbers,” which is an extract from the article “Mathematics, mathematicians, and mathematics education” 2 and “Invitation to Learn and Grow,” which is a section from the textbook Elementary and Middle School Mathematics: Teaching Developmentally 7.

        In our first meeting, students are divided into groups and asked to read “Sean’s Numbers,” which reveals the types of mathematical knowledge that enable a teacher to navigate complex mathematical interactions skillfully and adaptively in a diverse classroom. The reading describes a classroom episode where students are exploring the concepts of even and odd numbers. One student, Sean, questions whether six can be both an even and an odd number (six can be divided fairly into two groups of three and, also, into three groups of two). The teacher guides the discussion by encouraging the students to articulate their ideas and arguments. Mei, another student, engages in a thoughtful and well-expressed critique of Sean’s argument. Mei’s astute argument leads to an ironic exchange with Sean which mathematically is a debate about mod 2 arithmetic and 2 mod 4 numbers.

        Each group is then asked to answer four questions, listed below.

        
	•
	What are some characteristics of even numbers? Why, in a sequence of consecutive numbers, do the even and odd numbers alternate? Why do $\mathit{even}+\mathit{even}=\mathit{even}$; $\mathit{odd}+\mathit{odd}=\mathit{even}$; $\mathit{even}+\mathit{odd}=\mathit{odd}$? Do Sean’s numbers (odd multiples of two) have similar properties? (Common mathematical knowledge)




          	•
	In the article we find three definitions for even numbers: fair share (a number is even if it can be split into two equal groups); pair (a number is even if it is composed of groups of two); and alternating (the even and odd numbers alternate on the number line, with zero being even) (pg. 427). Using visual representations (graphical illustrations), how do you show that the three definitions of even numbers are equivalent? (Specialized mathematical knowledge)




          	•
	Follow Sean’s mathematical idea about numbers that are odd multiples of two (Sean’s numbers) and check if Sean’s number + Sean’s number = Sean’s number (Knowledge of mathematics and students)




          	•
	What is the position of Sean’s numbers on the number line? How would you use this argument to conclude the discussion? (Knowledge of mathematics and teaching)




        
        The following discussion is focused on the mathematical knowledge that a teacher would need to use Sean’s question as an opportunity to help their students grow in their mathematical thinking. In my closing statement of that session, I talk about modular arithmetic as a special type of arithmetic that should be part of the knowledge they draw on to support, and not to impinge on, children’s mathematical explorations, regardless of whether they end up teaching it to K-6 students.

      
      
        Developing trust

        In our second meeting, students read “Invitation to Learn and Grow,” which describes what skills are required to teach mathematics in the 21st century. The article lists seven skills, in the form of characteristics, habits, and abilities, in the following order: knowledge of mathematics, persistence, positive disposition, readiness for change, willingness to be a team player, devotion to lifelong learning, focused time to reflect and become self-aware. After we discuss the basic meaning of each skill, I offer my own perspective: that the list represents a learning trajectory for becoming an effective math teacher, but the skills should be developed in reverse order. That is, examining ourselves for areas of improvement and reflecting on our successes are both the markings of a lifelong learner, as well as behaviors that foster intellectual growth and continued development. Additionally, working together as a team and supporting each other will both motivate us and provide us with the support we need to pursue a difficult endeavor.

        To learn and to grow is to continually change. But a readiness to change relies on trust—trust in ourselves and our peers—which is why collaboration and support are so important to the learning process. They help build that trust and encourage all of us to take a chance on new ideas, even if those ideas disrupt our equilibrium. Once we become comfortable and willing to learn something new, we will be able to cultivate a positive attitude towards the subject of mathematics. A positive attitude facilitates a person’s ability to persist, reflect on, and engage with problem solving and other mathematical thinking. This will lead us to develop a more flexible and adaptive mathematical thinking, which will help expanding our mathematical knowledge. As with any other human skill, these skills can become automatic only through repeated practice and reinforcement. Once they become ingrained in the brain, they can be executed quickly and efficiently without conscious thought. For this reason, focused time to reflect and become self-aware, devotion to lifelong learning, willingness to be a team player, readiness for change, positive disposition, persistence, and knowledge of mathematics define the tone and describe the norms for my classrooms. I have designed a poster listing these norms, which I insert into each course syllabus and website.

      
      
        Developing mathematical knowledge

        The next challenge, for me when instructing future elementary teachers is implementing the MKT framework, which is intended to help future teachers learn to

        
	•
	Create meaningful learning experiences by navigating complex mathematical interactions skillfully and adaptively.




          	•
	Present concepts in multiple ways.




          	•
	Make connections between content.




          	•
	Think beyond their own perspective and instead focus on:



	–
	Knowledge of mathematics and students



	–
	Knowledge of mathematics and teaching





        
        Since in the K–6 mathematics curriculum the largest section is focused on developing numbers and operations sense, a part of the mathematical content for future teachers is also about understanding number systems and operations. Presenting numbers and arithmetic operations in different number systems provides unique insights that future teachers need to be efficient in developing numbers sense and operations sense in young children. Since using numbers and performing operations in base 10 are already automatic reflexes for an adult, one way to challenge these reflexes is by examining how numbers and operations work in bases other than 10. I have tried several approaches to engage my students, which I failed because some students avoided answering the exam questions related with non-base 10 number systems. Others, who were successfully solving problems with numbers represented in a base other than 10, were doing so by referring to their base 10 understanding instead of using grouping and place-value.

        The bitter taste of failing and the firm conviction that the MKL framework should be the baseline for efficiently preparing mathematics teachers compelled me to look for a better way to introduce numbers and number systems. Consequently, I found an approach that gave me more satisfaction regarding my students’ level of engagement.

        I start the section on numbers and number systems by presenting the research done on children’s mathematics learning trajectories, and I introduce my students to the Learning and Teaching with Learning Trajectories [LT]$^2$ website 3 where they watch a couple of videos of children who are at different levels on their learning trajectory for counting. Then, I invite my students to experience for themselves the process of learning to count as the young children do: I tell them they will learn a new way to count, using new names for numbers and new symbols. In the “new” numerical system, which is base 5, the numbers are alpha for card({x}), beta for card({x,x}), gamma for card({x,x,x}), delta for card({x,x,x,x}), and epsilon for card({}). I use the Greek alphabet, but you have the freedom to invent your own symbols and words to express the cardinality of sets. As they struggle counting (especially backward and skip counting) they also share their feelings and reflect on what they are experiencing. The goal of the discussion is to understand how children might feel when they are first learning about numbers and operations (MKT framework).

        To address knowledge of mathematics and teaching (MKT framework), I divide the class into groups. Each group is given a bag of Q-tips that they are asked to count, then report back to me the number of Q-tips in their bag. Afterward, each group receives an addition and a subtraction problem, each of which they need to solve and represent using Q-tips. Once they are done solving the problems, I reorganize the groups using the jigsaw strategy (each new group has one member from each of the previous groups). Within their new groups, each student must explain and model how they used the Q-tips to solve the problems.

        After these activities, the engagement of future teachers is noticeably higher in exploring how the arithmetic operations work in different numerical systems and they start to recognize the importance of the mathematical concepts of grouping and place-value in the development of number sense.

        In conclusion, my process for mathematics teacher preparation blends the following three perspectives:

        
	•
	Practice to develop skills and habits of mind for effective mathematics teaching.




          	•
	Design instruction using the MKT and LT theoretical frameworks.




          	•
	Commit to collaboration between research mathematicians and mathematics educators (which should be the topic for another article).




        
        These three perspectives bring the disparate worlds of theory and knowledge and teaching together and open a whole universe where our creativity and imagination can become limitless.
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