
THE REPRESENTATION OF REAL NUMBERS

o. w. rechard

1.0. Introduction. Let ^2 be a positive integer and denote by

Ep the class of all continuous, strictly increasing functions f(x) on

the interval 0 ^ x ^ p with /(0) = 0 and f(p) = 1. Ina generalization of

the decimal representation, Everett1 has associated with every real

number 0^7<1 a sequence of integers ci, c2, • • • , with O^d^p— 1

by means of the following algorithm:

where f(x) is an arbitrary function in the class Ep.

Some functions (for example, f(x) =x/p, which leads to the repre-

sentation of a number as a decimal to the base p) when employed in

the algorithm (A) yield one-one correspondences between real num-

bers and sequences of integers mod p. On the other hand, any func-

tion, for example, whose graph has more than one point in common

with any of the straight line segments connecting the points (J, 0)

and (j + l> *)> i = 0, 1, • • • , p — 1, will obviously lead to a cor-

respondence which is many-one. We shall denote by Ep* the subclass

of Ep consisting of those functions which in the algorithm (A) give

rise to one-one correspondences.

The present paper contains very simple characterizations of those

correspondences between real numbers and sequences of integers

mod p which can be obtained by applying the algorithm (A) with

functions from the classes Ep* and Ep — Ep* respectively. By means of

these characterizations it is possible to settle two of the problems

raised by Everett and to give an answer (albeit not a completely

satisfactory one) to a third, namely that of characterizing the class

Ep* itself.

2.0. Associated functions. For every function f(x) in Ep we can

define an associated function F(x) on O^x^l as follows. Define

F(l) = 1. If 0^7<1, let Ci, d, • ■ ■ be the sequence of integers asso-
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(A)

7  - /(7i),

71 = Ci +/(72),

72 = Ci + /(t3),

0 ^ 7i < P,

0 g y2 < p,

0 g 73 < p,
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ciated with 7 by the algorithm (A) utilizing the function f(x); then

define F(y) - l2?-i 'i/P*-

2.1. Theorem 1. If fix) is any function in the class Ep, its associated

function F(x) is continuous and nondecreasing on O^x^l.

Proof. Note first that for 0 ̂  y < 1, F(y) g zZT-iP ~1 /P* = 1 = ^(1).
Now fix any two points a and ß such that 0^a<ß<1, and let the

sequences obtained from applying (A) to a and ß be respectively

ai, a2, • • ■ , and fa, fa, • • ■ . If F(a)^F(ß), let w be the first integer
such that an9^bn. At the («+l)st stage in applying (A) to a and ß we

have respectively

ctn = an + f(an+i),
. . /(an+i),/(/3n+i)< 1,
ßn = 0n + f(ßn+l),

and since the monotonicity of f(x) implies an<ßn it follows that

an<bn. Consequently, F(a)<F(ß), and F(x) is nondecreasing on

Ogx^l.
Clearly, the range of values of F(x) includes every terminating

decimal on [0, l]. In fact, if e%, c2, • • • , c„ is any finite sequence

of integers mod p, then

F[f(ci + j% + ■■■ + /tew) •■•))] = 0.c,c2 • ■ • c.

Consequently, since the terminating decimals are dense on [0, 1 ] and

F(x) is monotonic, it follows that F(x) is continuous and, in fact,

takes on every value on [0, l].

2.2. Note that for/(x) £j5p its associated function is uniquely de-

fined by the functional equation

(B) F[f(x)] - [x]/p + F(x - [x])/p, O^x^p,

where [x] denotes the largest integer in x. Certainly, the associated

function forf(x) satisfies (B). Assume that a function F(x) defined on

[0, 1 ] satisfies (B); then F(0) =0 and P(l) = 1. Moreover, if under the

algorithm (A), 7<1 corresponds to the sequence Ct, c2, ■ ■ ■ , then we

have

y =       f(yi),      0 ^ ti < p,

71 = ci + f(y2),      0 ^ y2 < p,

72 = c2 + f(y3),      0 ^ 7s < p,

and
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F(y) = F[/(ti)] = ci/p + F[f{y2)}/p

= ci/p + c2/p* + F[f(y3)]/p*

2.3. If P(xi) = F(x2) = c for Xi<x2 (and, hence, F(x)=c for xi^x

£S#s), then c is called a Zez>e/ m/we for F(x). It is easy to see that P(x)

has the following property: if the algorithm (A) when applied to

two distinct numbers a and 5 yields in each case the sequence

ai, «2, • • • , so that O.aiUi ■ ■ • is a level value for F(x), then each of

the numbers 0.a2a3 • ■ ■ and 0.ia\a2 ■ • • , * = 0, 1, • • • , p — 1, must

also be a level value. For if

a = 0 ^     < p,

di = «i + /(a2),       0 ^ a2 < p,

and

«  = /(5i),       0 ^ 5i < />,

5i = «i + /(a2), Og«i<^p

then the two distinct numbersax — ax and äx—ai each yield under (A)

the sequence a2, a3, • • • . Similarly, the two numbers f(a+i) and

/(a + i) each yield the sequence t, ai, a2, ■ • • .

This property of the function F(x) implies that it is either strictly

increasing (as is the case if and only if f(x) is in E*) or else its level

values, and hence its intervals of constancy, are dense on [0, l].

3.0. The one-one case. If/(x)E£*, its associated function is con-

tinuous and strictly increasing on [0, l] to [0, 1]. We next inquire

whether or not every such function is associated with some function

in Ep*.

Theorem 2. // F(x) is any continuous, strictly increasing function on

Ogxgl with F(0)=0 and P(l) = l, then it is the associated function

for a unique function f(x) in the class Ep*.

Proof. Define/(x) = F-l[[x}/p-\-F{x- [x ])/>], O^x^p. Clearly,

f(x)E.Ep ,and since P(x) satisfies the functional equation (B), it must

be the associated function for/(x). This, in turn, implies that/(x)

££/. Since any function in Ep* which has P(x) as its associated func-

tion must satisfy the above equation,/(x) is unique.

3.1. Theorems 1 and 2 completely characterize those one-one

correspondences between real numbers and sequences of integers

mod p which can be obtained by applying the algorithm (A) with



i95°] THE REPRESENTATION OF REAL NUMBERS 677

functions from the class E*. They are simply the correspondences

which can be obtained from the class of all continuous, strictly increasing

functions F(x) on [0, 1 ] to [0, 1 ] by defining the sequence corresponding

to the number y to be the sequence of integers in the non-(p — I)-terminat-

ing expansion of F(y) as a decimal to the base p.

3.2. Also as a result of Theorems 1 and 2 we can state that a neces-

sary and sufficient condition for a function f(x) to belong to the class

Ep* is that it have the form f{x)=F-l[[x]/p+F(x-[x])/p], O^x^p,

where F(x) is a continuous, strictly increasing function on [0, 1 ] to

From this we can give a periodic representation of the wth root of a

rational number R<1. In fact, R1,n =/(ri+/(r2+ •••))> where

0. ur2 • • • is the dyadic expansion of R.

3.3. Let A be any denumerable dense set on [0, l] with 0(E.4 and

1£.4 (for example, the set of all algebraic numbers on [0, l]). There

exists a function f(x) ££/ such that a number a is in A if and only if

a=/(ai+/(a2+ • • • +/(an) • ■ ■ )) for some finite sequence of integers

01, a2, • • • , a„ with O^aj^p — 1. For, by virtue of Theorem 2, it is

sufficient to show that there exists a continuous, strictly increasing

function F(x) on [0, 1 ] to [0, 1 ] which maps the set A onto the en-

tire set T of numbers on [0, 1 ] whose decimal expansions to the base

p are terminating.

To define the function F(x), order the sets A: a0 = 0, ax = 1, <z2, • • • ,

and T: t0 = 0, fi = l, t2, ■ ■ ■ . Define £(0)=0, £(1) = 1, and F(a2)=t2.

Now suppose that F(x) has been defined in monotonically increasing

fashion at all points ay, j<n, with values in the set T. Let <z< be the

largest number fly such that j<n and ay<a„, and let ak be the small-

est number a,- such that j <n and a, >a„. Then define F(a„) to be the

first number / in T such that £(a<) <t<F(ak). Clearly, F(x) is thus

defined on the set A and is strictly increasing. Moreover, on A, F(x)

takes on every value in the set 7\ Since both T and A are dense in

[0, l], we can extend F(x) continuously to the entire interval [0, l]

and obtain the desired function.

4.0. The many-one case. Let us turn now to the problem of char-

acterizing those many-one correspondences between real numbers

and sequences of integers mod p which can be obtained by applying

the algorithm (A) with functions from the class Ev — Ep. In terms of
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associated functions, the problem is that of characterizing the func-

tions F(x) which are associated with functions/(x) in Ep — Ep*.

4.1. A continuous, nondecreasing function F(x) on [0, l] with

F(0) =0 and P(l) =1 will be said to have the property (P) if, when-

ever a number 0.aia2 • ■ ■ (decimal to the base p) is a level value for

P(x), each of the numbers 0.0203 ■ ■ ■ and0.iaid2 ■ • • , i = 0, 1, • • • ,

p — 1, is also a level value for F(x). It shall be understood that if a

number which can be represented by both a terminating and a

(p — l)-terminating decimal is a level value, then every such number

between 0 and 1, and one, but not necessarily both, of the numbers 0

and 1, must also be level values.

If G(x) is defined for O^x^p by G(x) = [x]/p + F(x-[x])/p, and

if F(x) has the property (P), then a number t is a level value for F(x)

if and only if it is a level value for G(x). For suppose2 t = 0.axa2 • • •

is a level value for F(x); then property (P) implies that F(x{) = F(x2)

= tp — ai = 0.a2a3 ■ ■ - for 0 <xi<x2<l. Consequently, G(xi-f-ai)

= a1/p-t-F(xs)/p=aj/p-\-F(x2)/p = G(x2-\-ai) = t, so t is a level value

for G{x). Conversely, if G(£i) = G(£2) = t for ^^^2 and [£1] = [£2], then

Hh-[Zi])=Fti2-[&])=pt-[b]=0.c1c2 • ■ • and property (P) im-
plies that t = Q. [l-i]cic2 • • • is a level value for F(x).

4.2. In §2.3 we saw that the associated function of every function

in the class Ep — Ep* is nondecreasing but not strictly increasing on

[O, 1 ] to [O, 1 ] and has the property (P). We shall now show that the

converse is also true.

Theorem 3. Let F(x) be a nondecreasing function on [0, 1 ] with

F(0) = 0 and F(l) =1.1/ F(x) is not strictly increasing and has the prop-

erty (P), then it is the associated function for infinitely many functions

f(x) in the class Ep — Ep*.

Proof. As in §4.1, define G(x) = [x]/p + F(x-[x])/p for O^x^p;

then we seek a function/(x) in Ep such that P[/(x)] = G(x).

For every number t, O^i^l, denote by Ef(1) the set (either an

interval or a single point) of points x such that F(x)=t. Define

mf(f) =g.l.b. Er{t) and Mf{() =l.u.b. Ep(t). Similarly, denote by

Eo(t) the set of points x such that G(x) =t, and define =g.l.b.

EG{f) and Ma(t) =lu.b. EG(t). Now define f[m0(t)]=mF(t) and

f[MG(t) ] = MF(t). Then/(x) is defined for every point on [0, p] not in

the interior of an interval of constancy of G(x). The fact that F(x)

and G(x) are nondecreasing and that t is a level value for F(x) if and

only if it is a level value for G(x) insures that/(x) is strictly increasing.

* If t = q/p we take the terminating or nonterminating decimal representation for(

according as 0 or 1 is a level value for F(x).
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On every open interval of constancy of G(x), that is, on the

intervals ma(t) <x<Mo(t), we can define/(x) quite arbitrarily sub-

ject only to the restrictions that it must be strictly increasing and

must take on every value between mp(t) and Mp(t). The function

f(x) is then defined on the entire interval [0, p], is strictly increasing,

and takes on every value in the interval [0, l]. Consequently, it is

continuous and belongs to the class Ep. Moreover, it follows at once

from the definition of/(x) that F\f(x)]=G(x).
Theorem 3 completes the characterization of those functions F(x)

which are associated with functions f(x) in the class Ep — E*.

4.3. All of the examples of functions in the class Ep — E* which

Everett constructed give rise to correspondences with the following

two properties: (1) the only sequences of integers which correspond to

more than one real number are terminally periodic; and (2) the set U

of those numbers which are associated uniquely with a sequence of

integers has measure zero. This led him to raise the following two

questions: (1) do there exist functions which in the algorithm (A)

associate with more than one real number the same nonterminally

periodic sequence of integers? (2) do functions exist with sets U of

every measure between 0 and 1?

Stated in terms of associated functions the questions are: (1) do

there exist functions whose associated functions have nonterminally

periodic decimals as level values? (2) do functions exist whose asso-

ciated functions have their sets of points of increase of every measure

between 0 and 1? As a result of Theorem 3, we can clearly give an

affirmative answer to both of these questions.

5.0. A homeomorphism from Ep onto E*. If f{x) is any function in

Ep, then F*(x) =f(px) is a continuous, strictly increasing function on

[0, 1 ] to [0, 1 ]. As such it is the associated function for some function

f*(,x) £EP*. We can thus define a one-one transformation T of Ep onto

Ep* by simply setting Tf=f*. If Ep and Ep* are regarded as subsets

of the metric space of continuous functions on [0, p] (where the

distance between two functions/and g is given by max |/—g\), this

transformation is, in fact, a homeomorphism as will be established in

Theorems 4 and 5.

5.1. In the following sections we shall have occasion to use the

theorem3 from the theory of functions of a real variable which states

that if the functions fix), foix), • ■ • are continuous on the closed in-

terval [a, b], then a necessary and sufficient condition that lim,,..«, fn(x)

=/o(x) uniformly on [a, b] is that lim„Z^fn(x) =/o(*o) for each point xB

• See, for example, Townsend, Functions of real variables, p. 350.
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in [a, b]. As an easy application of this theorem we have the fact that

if fi(x) i fi(,x)< ■ ■ ■ is any sequence of continuous, nondecreasing func-

tions on [a, b] which converges at every point of [a, b] to a continuous

function fa(x), thenfo(x) is nondecreasing and the convergence is uniform

on [a, b].

5.2. Theorem 4. // the functions fn(x)£zEp, n = l, 2, • • • , con-

verge on [0, p] to the function fo(x) G.EP, then their corresponding asso-

ciated functions Fn(x), » = 1, 2, • • • , converge uniformly on [0, l] to

Fn(x), the associated function for fa{x).

Proof. It follows from §5.1 that it will be sufficient to show that

lim,,..*, Fn(x) = Fa(x) pointwise on [0, l]. Moreover, if we show that

limn,« F„(x) =Fo(x) at each point x on the open interval (0, 1) for

which 0 < Fo(x) < 1, then the convergence on the entire interval [0, 1 ]

follows from the fact that the functions Fn(x) are continuous, non-

decreasing with Pn(0)=0 and F„(l) = l, w = 0, 1, • • ■ .

Let 7 be any point on (0, 1) such that 0<P0(7)<1, and let e be

an arbitrary positive number. Choose two numbers A = 0.aia2 ■ • • ak

<P0(7) and 73=0.bib2 ■ ■ ■ bt>F0(y) such that F0(7)-.4<e and

B-F0(y)<e. Then

M<h + • • • + /o(fl*) ••■) = «< 7 < ß = /o(4i + • • • + Mio ■ • ■)•

§5.1 implies that limn^.„fn(x) =f«(x) uniformly on [0, p], and hence,

for n sufficiently large,

/nOl 4" • • • 4- fn{ak) • ■ • )

= an < 7 < ßn = /„(&! 4-4- /»(*,) • • • ).

Moreover, Fn(an) = P0(a) =A and Fn(ßn) = F0(ß) =73. From the mono-

tonicity of the functions Fn(x) it follows that for n sufficiently large,

A^Fn(y)^B and hence | P0(7) ~ ^„(7) | <«•

As a corollary to Theorem 4 we have the continuity of the trans-

formation I-1 from Ep* onto Ep.

5.3. Theorem 5. Let F0(x), Fi(x), • • • be a sequence of continu-

ous, strictly increasing functions on [O, l] to [O, l], and let f0(x),

/i(x), • • • be the sequence of functions in the class Ep* such that Fn(x)

is the associated function for fn(x), w = 0, 1, ■ • • . If limBJ.M Fn(x)

= F0(x) on [O, l], then limn<00 fn(x) =fn(x) uniformly on [0, p].

Proof. Since each of the functions Fn(x) is strictly increasing,

m = 0, the inverse functions Pf1^), E2~l{t), • • • converge to

Fö 1(t), and by §5.1 the convergence is uniform. Moreover, it will again



1950] THE NONLINEAR DIFFERENTIAL EQUATION 681

be sufficient to establish that lim„^.nfn(x) =fo(x) at every point x on

[O, p\. The theorem follows immediately then from §5.1 and the fact

that

/»(*) = F'1 [[x]/p + Fn{x - [x])/p], 0 g * £ p, n - 0,1, • • •.

Theorem 5 establishes the continuity of T from Ep onto Ep*.

The Ohio State University

THE NONLINEAR DIFFERENTIAL EQUATION
y"+p(x)y+cy-* = 0

EDMUND PINNEY1

Among the limited number of nonlinear differential equations

whose exact solutions are known is to be included

(1) /'(*) + P(x)y(x) + c/y\x) = 0,

for c constant and p(x) given. The general solution for which y(xn)

=yo^0, y'(xo)=yo is

(2) y(x) = [u2(x) - cW-V(x)]l'\

where u, v form a fundamental set of solutions of the linear equation

(3) y"(x) + p(x)y(x) = 0

for which u(xn) =yo, u'(x0) =y0', v(x0) =0, t»'(*o) ̂ 0, where W is their

Wronskian: W = uv' — u'v = const. y±0, and where the radical in (2)

stands for that root which at x<, has the value yn.

The proof is very simple and will be omitted.

University of California, Berkeley
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