
APPROXIMATION TO CONJUGATE FUNCTIONS

PAUL CIVIN

The object of the present note is the establishment of the following

theorem :

Theorem 1. If { T„ix)} is a sequence of trigonometric polynomials of

order n, and if

(1) fix) — Tn{x) = Oin~a) (a > 0) uniformly in x,

then the conjugate function and the conjugate trigonometric polynomials

satisfy

(2) fix) — r„(x) = Oin~" log n) uniformly in x.

Furthermore the latter order is in general the best possible.

For the sequence {Tn(x)} the sequence of partial sums of the

Fourier series of fix), Salem and Zygmund [3 ]l showed_ that fix)

— s„(x) = 0(«~a) for a>0 uniformly in x implied that/(x)—s„(x)

= Oin~"). Kawata [2] pointed out that for the sequence of Fejer

means of the Fourier series oí fix) and for 0<a<l

(3) fix) — <r„ix) = 0(»~a) uniformly in x

implied

(4) f{x) — tr„(x) = 0(»_a) uniformly in x

while (1) for a = \ implied only

(5) j\x) — cr„(x) = 0(m_1 log n) uniformly in x.

For a>\, of course, relation (3) implies that/(x) is a constant.

Suppose first that 0<a<l. If condition (1) is satisfied, then by a

theorem of S. Bernstein [l] /(x)£Lip a. Hence, by another result of

Bernstein [l], relation (3) holds and thus (4) follows.

The polynomial (?n(x) = P„(x) — <r„(x) has | <2„(x)| ^Kn~a uni-

formly with respect to x. Hence, there is a constant C such that

(6) | Qnix) I ú C- log n.

The combination of (4) and (6) gives (2).

The argument for a 2:1 proceeds in a similar fashion to that used
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1 Numbers in brackets refer to the references at the end of the paper.
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by Salem and Zygmund [3]. Choose ß so that a—ß+t and 0<«<1.

If we let P_i(x)=0, An(x) = Tn(x) — Tn-i(x), then (1) implies f(x)

= Zi% {P*(*)-r*-i(*)} = Zr-o At(x). Hence, f(x)-Tn(x)
= Hk-n ak(x) = 0(n~a). If we now let g(x) = £¡T=i *flA*(*), we have

*(*) - ¿ kl>Ak(x) =  ¿   F{r*+1(s) - Tk(x)\
k—l k=.n+l

= {/(*) - ZVn(*)}(n+l)'

+ ¿ {*>-(*- i)*}{/(*)-r»(*)}
k—n+2

= 0(»_<) uniformly in x.

Hence by the portion of the theorem already established

n

S,(x) ~ ^i kßAk(x) = 0(n~' log n)      uniformly in x.
t-i

Consequently if Sn(x) = Yl7-njßAj(x),

f(x) - Tn(x) =  ¿ Äk(x) =  ¿  k-e{Sk(x) - S*+i(*)}
*—n+1 i=n+l

= (n + 1)^W*) + ¿   {k-»-(k- l)-»}Sk(x)

= 0(»_") uniformly in a;.

In order to justify the final remark of the theorem, we note that

f(x)=0 and the polynomials Tn(x) =w-<"2"-i ^_1 si° ^x satisfy (1)

while at x = 0, Tn(x) is of the exact order n~" log n.
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