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Saks calls two definitions of integration compatible if every func-

tion that is integrable in both senses is integrable to the same value

in both senses. The purpose of this note is to give an example showing

that the definitions of J. C. Burkill's approximate Perron (AP) [l]1

and Cesàro-Perron (CP) integrals [2] are not compatible. More gen-

erally the same example can be used to show that the definitions of

integration that have been given for which the continuity of the

indefinite integral is replaced by some kind of mean continuity are

not compatible with those with continuity replaced by approximate

continuity.

Definition. The function F(x) is Cesàro continuous at the point

x = Xo if F(x) is integrable in the Denjoy-Perron sense in the neighbor-

hood of xo and if

lim — I        F(t)dt = F(xo).
»-.o h J H

Burkill uses major and minor functions in defining the AP- and

CP-integrals as generalizations of the Perron integral. For a function

F(x) that has a finite derivative at all points of an interval [a, b]

except a finite or denumerable set to be an indefinite AP-integral

(CP-integral) of any function coinciding with DF(x), where DF(x)

exists, it is sufficient that F(x) be approximately continuous (Cesàro

continuous) on [a, b].

For n = \, 2, ■ • • , Fn(x) is defined to be zero everywhere except

at the points of an interval I'n of length l/2n+1 strictly contained in

In= [l/(w + l), 1/«]. On I'n, Fn(x) is defined in such a way as to be

non-negative, absolutely continuous on I„, with a finite derivative

on /„ and with

Clln 1

Fn(t)dt = —-— •
Ji/in+i) n(n+\)

The functions F(x), G(x), and f(x) are then defined as follows:

F(x)=G(x)= Xi" F„(x), x>0; F(x)=0, G(x) = l, x^0;f(x)=DF(x)

= DG(x),x^0;f(0)=0.
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1 Numbers in brackets refer to the references at the end of the paper.
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A simple computation shows that the density of the points at

which Fix) 9*0 is zero at x = 0 so that F(x) is approximately continu-

ous at the origin and, since it is continuous by definition elsewhere,

Fix) is approximately continuous everywhere. The function fix) is

therefore AP-integrable on [a, b], where [a, b] is any interval con-

taining the origin, to Fib) — Fia).

The function G(x) is Lebesgue integrable on [a, b] and for any point

x, i/(»+i)á*ái/»,

jj /» l/(n+l) J      /» x

-= n Git)dt = — I    G(t)dl
n + 1 Jo x Jo

rlln n+l
g in + 1)  I      G(t)dt =-

Jo n

If we let n—* oo, it follows that

1   cx
lim — I    Git)dt = 1
x—o  x J o

and therefore G(x) is Cesàro continuous on the right at the origin.

The function G(x) — 1 serves as both a major and minor function to

fix) on [a, b] in the sense of Burkill's CP-integral, so that/(x) is

CP-integrable on [a, b] to Gib)— C7(a), which differs by unity from

F(b)-F(a).
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