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Introduction.1 The purpose of this note is to extend to partial dif-

ferential fields the Picard-Vessiot theory of homogeneous linear

ordinary differential equations.2 Although this can be done by ex-

tending the procedure of PV to partial differential fields, it is per-

haps not without interest to see how the theory in the partial case

can be deduced from the ordinary theory, and the latter is what is

done below.

If J is an ordinary differential field of characteristic 0 with alge-

braically closed field of constants and Q is an extension of J with

the same field of constants, then (PV, §17) Ç is a Picard-Vessiot

extension of J if there exists a homogeneous linear differential equa-

tion y(n)+^1y(n-1)+ • • • +pny = 0 (each piEJ) with a fundamental

system of solutions r¡i, • • ■ , rjn such that Ç=J(r]i, ■ ■ ■ , vn). Since

pi is then plus or minus the quotient of two determinants Wi/W0,

where Wi = det (ij*)osysn,j*n-i;s*¿ni it is the same thing to require

that Ç contain elements r¡i, ■ ■ ■ , r¡n linearly independent over con-

stants such that Ç=J(t)i, ■ • ■ , r]n) and such that each Wi/Wo be-

longs to J. It is this property which is generalized below to define

"Picard-Vessiot extension" in the case of partial differential fields.

1. Linear dependence over constants. Let Ç be a partial differ-

ential field of characteristic 0 with m derivations 5i, • • • , 5m; denote

the field of constants of Ç by Q. Let u\, ■ ■ ■ , um he elements of some

extension of Ç which are differentially algebraically independent over

Q, and consider the partial differential field Ç(ui, ■ ■ • , um). The

operator D = 22u^i ÏS then a derivation of Ç(u\, • • • , um) and

therefore induces in Ç(ui, ■ ■ ■ , um) a structure of an ordinary dif-

ferential field; we denote the ordinary differential field so defined by

Cd- The field of constants of Çd is Q; indeed if we order the expressions

h\l ■ ■ ■ &mUj lexicographically and if 5J1 • • • S^Ut is the highest

such expression effectively present in some element 4>EÇd (<pEÇ),

then 5î,+15f • • • S^ub is effectively present in D<j>, so that D<p^0.

Let yi, • • ' , y„  be  indeterminates,  and  let &i, • • • , 6n denote
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1 The research on which this paper is based was done in connection with a contract

with the Office of Naval Research.
2 It is assumed that the reader is familiar with my paper on this subject in Ann. of

Math. vol. 49 (1948) pp. 1-42, which will be referred to as PV.
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differential operators of the form 5/1 ■ • • h)n, where each iv is an

integer not less than 0. Then we may form the determinant

Wev..en=We1...«n (yu ■ ■ ■ , y„)=det (o¿yy)iá,á„,iá>á„. The wronskian

det (TJ'yjOogjgn-i.isíán obviously can be expressed as a linear com-

bination of determinants Wer--»n in which each 0,- is of order not

greater than n — 1.

Lemma 1. Let rji, • • • , vn E Q- If î?i> • • • , nn are linearly depend-

ent over Q, then Wer■-en(r)i, • • • , r)n)=0for every choice ofdi, • ■ ■ ,Bn.

Conversely if Wer. .e„(i]i, ■ • ■ , i?n)=0 for every choice of Oi, • • ■ , 0n

of order not greater than n— 1, then »Ji, • • • , ij« are linearly dependent

over Q.

Proof. If 22ciïi = ® (ci, • • • , c„EG, not all 0), then 22cßiV>
= 0 (1 ^î'^w) for all choices of öi, ■ • • ,8n, whence Wel...$ñ(rlu ' ' ">'?»)

= 0. Conversely if Wtv..>n(vi, ■ ■ • , r¡u)=0 for all choices of 9\, • • • >

0n of order not greater than n — 1 then, by a remark made above, the

wronskian det (Dlr]j) =0; since Çd is an ordinary differential field it

is known (PV, §14) that this implies that i]i, • • • , r¡n are linearly

dependent over the field of constants of ÇD, that is over Q.

Since the coefficients in We¡---en are integers, the lemma shows that

r]i, ■ ■ • , rin are linearly dependent (or independent) over Ç, if and

only if they are so over the field of constants of any partial differential

field containing r¡i, • • • , nn. Because of this we may speak simply

of linear dependence (or independence) over constants.

2. Two lemmas. We continue with Ç, Q, ÇD as in §1.

Lemma 2. Let r¡i, ■ ■ ■ , ynEÇ be linearly independent over Q, so

that Win...)tn(iiu • • • , r\n) 7^0 for some choice of operators 0 ou • • • , ö0n

of order not greater than n — 1; let J be a partial differential subfield of

Ç which contains

(1) Wti.-.eSvi, - • • , i7n)/W«01...i0n(iji, •■ • ,Vn)

for every choice of Bi, • • • , Bn of order not greater than n. Then J con-

tains (1) for every choice of Bi, • ■ ■ , 0n regardless of order.

Proof. Each n¡ is a zero of the partial differential polynomial

(2) ^Mi---»»(y. vu ■ • ■ , i»)/Wíoi •••»<». On. • ■ ■ ,Vn)

for every choice of 60, fli, • • • , Bn. When 80, Bi, ■ ■ • , 8n are all of

order not greater than n, then, by the hypothesis of the lemma, each

coefficient in (2) is in J. Therefore if <r is any isomorphism of Ç over

J (PV, §12), then <jt\j is a zero of (2) whenever 90, Bu ■ ■ • , 8n are of

order not greater than n. It follows from Lemma 1 that ar]j, iji, • ■ ■ ,rjn
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are linearly dependent over constants, that is, an¡= ^ k.,-??.

(l^j^n), where the elements &,-/ are constants in an extension of

Ç. Therefore aW6l...en(Vu • • • , J?„)=det (k(j) ■ Wer.-en(Vu • ■ • , Vn),

so that every expression (1) is invariant under every isomorphism a

of Ç over J, whence (PV, §12) every expression (1) belongs to J.

If J is any partial differential subfield of Ç, then y(ui, ■ • ■ , um)

is a partial differential subfield of Ç{ui, ■ ■ ■ , um); it is clear that we

may also regard 7(uu • • • , um) as an ordinary differential subfield of

Çd, which we shall denote by yo- If Vu ' ' ' i Vn are anY elements of

Ç, then we naturally denote by 7d(vi, • • • , Vn) the ordinary differ-

ential    field   extension,    which    set-theoretically    coincides    with

7o ( {D%rlj) Oá <<«0,l£/á n) •

Lemma 3. Under the hypotheses of Lemma 2 and the assumption that

G=7(1)1, • • • . Vn) we have Gd=7d(vu ' • ' , Vn).

Proof. We must show for every j and for every operator B

• Jj» • • • jfr that 6t]jE7d(vi, ■ • • i Vn). Now (»ji, • • • , r]n) is a
fundamental system of solutions of the homogeneous linear ordinary

differential equation

(3) We^-.-e^Vi, ' • • > Vn)~1W(y, tu, ■ ■ ■ , r¡n) = 0,

where W(y, r¡i, ■ ■ ■ , r¡n) is the wronskian determinant (with respect

to the derivation D) of y,Vu ' ' • < Vn', (3) is of order n and obviously

has its coefficients in yD. Let

(4) Dky + vxDk~ly + ■ ■ ■ + vky = 0

be the homogeneous linear ordinary differential equation of lowest

order with coefficients in Jd and with solution rji. Every solution of

(4) is a solution of (3), so there exist k linear combinations (with

constant coefficients) fi = 771, fJ( • • • , £* of Vu ' ' ' > Vn such that

(fi. " " " > ft) is a fundamental system of solutions of (4). Since

£1» • * • 1 {* are linearly independent over constants, there exist

operators Xi, • • • , X*  of order not greater than  k — 1  such  that

wv-x,«-i, • • -,r^o.
Every isomorphism of G over y obviously maps fi, • • • , ft into

k solutions of (4) linearly independent over constants, and therefore

performs a linear substitution (with constant coefficients and non-

zero determinant) on fi, ■ ■ ■ , ft! it follows that every such iso-

morphism leaves invariant the element

wh...h(tu ■ ■ ■ -f*)/wv--x*(ri, ■•-,£*)

for every choice of Bu • • • , 6k, so that every such element belongs to
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y. Thus for each B the equation

Wo,.'-*(* ft. • • • , ft)/WV..x»(fi, ■ ■ ■ , ft) = 0,

which is satisfied by fi"=iji, has its coefficients in J. It follows that

for each operator B there exist elements an, • • • , ß«t£7 such that

t

(5) 0-ni = 22 atjkjvi.
i=i

Consequently for each integer ¿ = 0 there exist elements Va, •••»»«

GJd such that

t
7*^1 = 22 ViiKjVi-

i-i

If the determinant of (o«)oä<S*-i.iSä* were 0, then 771, .D771, • • • ,

D4-1??! would be linearly dependent over Jb, that is, 771 would satisfy

a homogeneous linear differential equation over 7d of order less than

k. Therefore this determinant is nonzero and we can express each X.,771

linearly over yD in terms of 771, Drji, ■ • ■ , Dk~lT)i, so that Xy7/i

G7b(i/i), whence, by (5), 6r¡iEyo(vi) for every differential operator B.

Similarly Br¡jEyD(ví) for each j.

3. Picard-Vessiot theory. Let y be a partial differential field of

characteristic 0 with m derivations b\, • • • , 5„, and with alge-

braically closed field of constants Q, and let Ç be an extension of J.

We shall call Ç a Picard-Vessiot extension of 7 if: (1) the field of

constants of G iS G', (2) G contains a finite family of elements

(Vi, ' " ' » Vn) which is linearly independent over constants, has the

property that 7(771, • • • ,rj„) = Ç, and has the property that

Wtl...en(vi, ■ • • , Vn)/Wen...e0n(rn, • • • , tjB) .£ J

for all choices of 61, ■ • ■ , 6„ of order not greater than n and some

fixed 001, ■ ■ • , 0on such that We01..-e0„(vi, ' ' ' 1 Vn)^0. As seen in

the introduction, for "partial" differential fields with one derivation

(case m = l), that is, for ordinary differential fields, this coincides

with the concept of Picard-Vessiot extension already known.

Let G De sucn a Picard-Vessiot extension of y, and let Jb and ÇD

be as before. By Lemma 3, ÇD is an ordinary Picard-Vessiot exten-

sion of Jo. It follows that the equations

n

(6) or;, = 22 sum (1 ú j ¿ n),
1=1
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establish an isomorphism between the group of all automorphisms a

of Qd over yD and a certain algebraic group ® of matrices (sa) over

Q. By (6) we see that aÇ= Ç; also, for each aEG we have

/ , M,((r5,0! — 5,(ra) = cr2^ M¿5¿a — 2^ Ui5¡cra = crDa — Dca = 0

whence, since Ui, • ■ • , um are differentially algebraically independent

over Ç, ahia = hi<ia (l^i^m). It follows that the restriction to Ç

of every automorphism of ÇD over yD is an automorphism of Ç over

y.
Conversely if we start with an automorphism of G over 7, it can

be extended to a unique automorphism of C(ui, ' ' ' > Um) over

J(wi, • • • , um), which is a fortiori an automorphism of Çd over Jx».

Summarizing these remarks we have the following theorem.

Theorem 1. If Ç is a Picard- Vessiot extension of y, then Çd is a

Picard-Vessiot extension of yD, the mapping which to each auto-

morphism of Çd over y,o assigns its restriction to Ç is an isomorphism

of the group of all automorphisms of ÇD over yD onto the group of all

automorphisms of Ç over y, and the equations (6) establish an iso-

morphism of each of these groups with an algebraic mairie group over Q.

By virtue of this theorem we identify the three groups mentioned

therein and denote them all by ®. If Ji is a partial differential field

between y and Ç and if we denote the group of all automorphisms of

Ç'over 7i by ®(Ji), then ®(Ji) is also (identified with) the group of

all automorphisms of Çd over Jib (where Jib is Ji(«i, • • • , um)

considered as an ordinary differential field with derivation D); an

element in Ç but not in Ji fails to belong to Jib and therefore (be-

cause Çd is normal over yD) is not an invariant of ®(Ji). Conse-

quently Ç is normal over y (PV, §16). Of course @(Ji) is an algebraic

subgroup of ®; the fact that every algebraic subgroup of ® is some

®(7i) with Ji a partial differential field between y and Ç can be

proved exactly as in the ordinary case (PV, §19). Thus Ji—>-®(Ji)

is a one-to-one mapping of the set of all partial differential fields be-

tween y and Ç onto the set of all algebraic subgroups of ®. Since

there is a similar one-to-one mapping of the set of all ordinary dif-

ferential fields between yD and Çd onto the set of all algebraic sub-

groups of ®, we see that every differential field between yD and Çd

is the form Jib, where Ji is a partial differential field between J and

Ç. The degree of transcendence of Ç over Ji obviously equals that

of Çd over Jib, which by the ordinary Picard-Vessiot theory (PV,

§20) equals the dimension of the algebraic group ®(Ji). Thus we

have the following theorem.
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Theorem 2. Let Ç be a Picard-Vessiot extension of J. Then

Ji—>®(Ji) is a one-to-one mapping of the set of all partial differential

fields between J and Ç onto the set of all algebraic subgroups of ®,

such that the transcendence degree of Ç over Ji equals the dimension of

®(Ji). Also, Ji—>Jib is a one-to-one mapping of the set of all partial dif-

ferential fields between J and Ç onto the set of all ordinary differential

fields between yo and Çd-

Continuing, let Ji be a partial differential field between J and Ç.

If ci is an isomorphism over J of Ji into Ç, then <¡i can obviously be

extended to an isomorphism over J(«i, ■ • • , um) of Ji(wi, • • • , um)

into Ç(ui, ■ ■ ■ , um), which is of course also an isomorphism over

yD of Jib into Çd- By the ordinary Picard-Vessiot theory (PV, §19,

lemma) this can in turn be extended to an automorphism of Çd, and

by Theorem 1 the restriction of this to Ç is an automorphism of Ç.

This proves the following theorem.

Theorem 3. If Ç is a Picard- Vessiot extension of J, and Ji is a

partial differential field between J and Ç, then every isomorphism over

y of Jx into Ç can be extended to an automorphism of Ç.

Exactly as in the ordinary case (PV, §16, Theorem 2, §18, Theo-

rem 2) we have the following

Corollary. ®(Ji) is a normal subgroup if and only if <rJi = Ji/or

every automorphism <y of Ç over J; when this is the case the mapping

which to each such a assigns its restriction to Ji is a homomorphism with

kernel ®(Ji) of ® onto the group of all automorphisms of Ji over J.

4. Liouvillian extensions. Suppose as before that the field of con-

stants Q of J is algebraically closed.

Let a be an element of an extension of J such that the field of

constants of 7(a) is Q, aE7, and ^%aE7 (1 Ikilim). Now WufA, a)

= S¿aGJ, and these are not all zero (for otherwise a would be a

constant and belong to J); also, Wi,s¡tj(l, a) = 5¿oja£J, and

Wí,í,(1, a)=0 if both 0i, 02 have order not less than 1. Therefore

y(a)=y(l, a) is a Picard-Vessiot extension of J. Since y(a)o=yo(a)

and Da= 22ui^ia^JD we see (PV, §23) that we may identify the

group of all automorphisms of y (a) over J with the abelian algebraic

group of all matrices of degree two of the form

(i í) c s e

Starting afresh, let a be an element of an extension of J such that
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the field of constants of y(a) is Q, a£J, and ar'0¿Q:(EJ (1 =i — m).

We have Wx(a)=a, W¡,i(a)=bia so that Wti(a)/Wi(a) =Q-1SiaGJ.

Therefore J(a) is a Picard-Vessiot extension of J. Since a~lDa

= a~l 2miO¡«£Jb, we see (PV, §23) that we may identify the group

of all automorphisms of 7(a) over J either (if a is transcendental

over J) with the group of all matrices of degree one of the form (c),

with cEC, c¥"0, or (if a is algebraic of degree h over J) with the

group of all such matrices with c an Ath root of unity (in which case

we have ahE7)-

Let 3C be an extension of J. We shall call 3C a liouvillian extension

of J if the field of constants of 3C is Q and if 3C contains a finite

sequence of elements ai, ■ • • , ar such that J(ai, • • • , ar) = 3C and

for each j (l^j^r) either a¡ is algebraic over J(«i, • • • , o?y_i), or

5iO/yGJ(o:i, • • • , a¡-i) (lgigm), or af18iaJE7(ai, - - - » «i-0 (là*
^7w). The concept of liouvillian extension, already familiar for

ordinary differential fields, is hereby extended to partial differential

fields.

Suppose that, as above, SC is a liouvillian extension of J with

3C=J(ai, • • • , ar). It follows that 3Cb is a liouvillian extension

of yD with 3Cb= Jb(«i, • ■ • , ar).

If a Picard-Vessiot extension Ç of J is contained in a liouvillian

extension 3C of J, it follows from the above that Çd is an ordinary

Picard-Vessiot extension of yo contained in the (ordinary) liouvillian

extension 3CD of yD- By the ordinary theory (PV, §25) this implies

that the group ® of all automorphisms of Ç over J has a solvable

component of the identity @°.

Conversely, suppose the component of the identity ®° is solvable.

If J° is the partial differential field between J and Ç such that ®°

= ®(J°), then Ç is a Picard-Vessiot extension of J°, J° is an alge-

braic extension of J, and the group of all automorphisms of Ç over

J° is ®°. Since ©° is solvable we may assume (PV, §7, Theorem 1)

that ®° (identified with an algebraic matric group by means of the

equations (6)) is in triangular form, that is, for each o-£®° we have:

7

o-Vi = 22 SiiVi (1 á j á n),
¿=i

each Sa being an element of Q. It follows that

7        _j

o-5k(vi/vi) = 22 snSij5k(vi/vi) (2 ú j Ú n)
1=2

for each  k,  from  which  it easily  follows  that y°(Sk(v2/vi), ' ' ' i
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o~k(Vn/vi)) is a Picard-Vessiot extension of J° for which the cor-

responding group of automorphisms is in triangular form and there-

fore solvable. Now if n = 1 it is obvious that Ç is a liouvillian exten-

sion of J° and therefore of J. Let n > 1 and suppose that for all lower

values of n we know that the group's having a solvable component of

the identity implies that the Picard-Vessiot extension is liouvillian.

Then, for each k, ya(ok(v2/vi), ' ' ' » ̂ k(v,i/vi)) 1S a liouvillian exten-

sion of J°, so that y((5k(Vj/vi))i¿kém,2éjén) is a liouvillian extension

of J°. Now 0-771 = sU77i, so that (¡(v^hvi) =Vilhvi for all 0E®0, whence

VÏ%ViGT (lá*á»). It follows that Ç=y°(vu ■ • • , Vn) is a
liouvillian extension of J°, and therefore of J. Thus we have proved

the following result.

Theorem 4. Let Ç be a Picard- Vessiot extension of J, and let ®

be the group of all automorphisms of Ç over J (suitably identified with

an algebraic matric group over Q). If Ç is contained in a liouvillian

extension of J, then the component of the identity ®° is solvable. Con-

versely, if ®° is solvable, then Ç is itself a liouvillian extension of J.

It is easy to refine this theorem by introducing, as in the ordinary

case (PV, §§24, 25), ten types of liouvillian extensions and ten types

of algebraic matric groups.
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