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Introduction. Watson [l; 2] derives certain inequalities involving

Bessel functions of nearly equal argument and order, namely:

(1) J,(vx) ^

(2) J',(vx) £

(i - x2yn(2TVyi2

g-,F{0.X)tl _|_  £2)1/4

x(2tp)1'2

where 0<xáli v>0, and

6 + (02 - x2 sin2 0)1'2
(3) F(6, x) = log-cot 6((82 - x2 sin2 0)1'2).

x sin 6

He remarks [2] after deriving equation (2) that "The absence of

the factor -\/\— x2 from the denominator is remarkable."

This paper obtains an inequality for J,(vx) where the factor

(1—x2)1'4 does not appear. The region where it is a better upper

bound than (1) is determined.

The notation used is exactly that of Watson [2] and most of the

derivation is exactly the same as used by Watson to derive (1).

Derivation.

1   CT
(4) J,(vx) ■■-I    e-'W-^dO.

IT  J 0

Watson shows that F(6, x) has the following property

1
(5) F(0, x) ^ 7X0, x) + — (82 - x2 sin2 0)(1 4- x2)"1'2.

Since 1 ̂ x>0 and 02>sin2 6, then (5) can be replaced by

(6) Fid, x) ^ FiO, x)

or

Fid, x) > F(0, x) if 6 5¿ 0.
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Combining (6) and (4)

1   cr
(7) /,(**) < — |    e-"*<«.*>d0,

■K  Jo

(8) J,(vx) < t-™>*\ Q.E.D.

(8) is a better upper bound than (1) when 1 >(1 -x,)1'«(27n01'2.

Since

1 + (1 - x2)1'2
(9) F(0, x) = log-(1 - x2)1'2

x

and

(10) F(0, 1) = 0,

then as x—*1 the right side of (1) increases without limit while the

right side of (8) approaches 1.

Similar inequalities can be derived for the case when the argument

is greater than the order or when Hankel functions are considered

instead of Bessel functions.
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