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ON FUNDAMENTAL MATRIX SOLUTIONS

HYMAN J. ZIMMERBERG

In this note a recent result of Miller and Schiffer [3, §3] will be

extended to show how a fundamental matrix solution for the differen-

tial equations of a system of two point boundary value problems,

written in matrix form as

(1)       -CM = / ~ A(*)V = 0,       s[y] =- My(a) + Ny(b) = 0,

can be represented in terms of the Green's matrix of the system, or

in terms of a special generalized Green's matrix in case the system

(1) is compatible. For the system (1), ^4(x) is an nXn matrix of com-

plex-valued continuous functions of the real variable x on the finite

interval a^x^b, M and N are nXn complex constant matrices such

that the rank of the nX2n matrix \\M N\\ is n, while the vector y will

be treated as an n X1 matrix.

1. In this section we shall assume that the system (1) is incom-

patible. Then a unique Green's matrix exists and is given by (Bliss

[1, §5])

(2) G(x, t)=— Y(x)   -!-L i + d-iA   Y-\t),
2 L   x — / J

where Y(x) is a fundamental matrix solution of =£[y] =0, D = MY(a)

+NY(b), A = MY(a)-NY(b), and I is the nXn identity matrix.

Theorem. If G(x, t) is the ordinary Green's matrix for an incom-

patible system (1) and i\, i2, • • • , i2n denotes a renumbering of the

columns of the nX2n matrix ||M iV|| such that the i\, • ■ ■ , in columns

are linearly independent vectors, then the corresponding *i, • • • , in

columns of the nX2n matrix \\G(x, a) G(x, b)\\ may be chosen as the

columns for a fundamental matrix solution of the differential equations

■C[y]=o-
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From (2) it is clear that each column of \\G(x, a) G(x, 6)|| is a solu-

tion of .£[y]=0, where it is understood that G(a, a)=G(a+, a)

= lim3;<0+G(x, a) and Gib, 6)=G(6~, b) =limai^6-G(x, b). Moreover,

n of these columns are linearly independent as one readily verifies

directly from (2) that

G(x, a)Y{a) - G(x, 6)7(6) = 7(x).

The final result on the selection of the n linearly independent col-

umns then follows from the fact that

s[\\Gix, a) G(x, 6)||] = \\M -N\\,

which results from the well-known properties of the Green's matrix

MGia, t)+NG(b, 0=0, G(t+, t)-G(t~, t)=I on a<t<b.

2. On the other hand, if the system (1) is compatible of index r,

0<r^n, Reid [4, §3] has shown that principal generalized Green's

matrices exist for this system. The first systematic study of general-

ized Green's functions was given by Elliott [2]. Of the family of

principal generalized Green's matrices, one may be specialized by

choosing particular matrices ^(x) and 0(x) in the definitions (27)

and on page 454 of [4] so that each of the matrices (28) and (39) of

[4] is the identity matrix. In view of the simplification induced by

such a choice of ^(x) and G(x) made below, the associated principal

generalized Green's matrix may be termed the Green's matrix for the

compatible system (1). In this section we shall show how a funda-

mental matrix solution for »£[y]=0 can be represented in terms of

this unique Green's matrix for the compatible system (1). The nota-

tion of Reid [4] will be employed.
Let 7(x)=||r71(x) • • • r7r(x) 7r+i(x) ■ • • 7„(x)|| be a fundamental

matrix solution of ^[y]=0, where the first r columns are r linearly

independent vector solutions of the system (1). As Z(x) = 7_1(x) will

then be a fundamental matrix solution of the adjoint differential

equations (4) of [4], let T be an nXn nonsingular constant matrix

such that the first r rows of TZ(x) will also satisfy the adjoint

boundary conditions (5) of [4]. Thus we may choose rZ(x) as

Ir  0
(3) -Z(x) = rz(x),

0   0

where IT denotes the rXr identity matrix. Then the first r columns of

[l/(6 — a)]7(x)r_1 may be chosen for the first r columns of ^(x),

and the first r rows of [1/(6 —a)]Z(x) may be chosen for the first r

rows of ©(x).
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Now, if G(x, t) is the given Green's matrix for the compatible

system (1) with the above choice of SI'(x) and 0(x), it follows from

relation (40) and Theorem 5 of [4] that K(x, t) = (d/dt)G(x, t)

+G(x, t)A(t) on a^t<x, x<t^b is equal to [l/(b-a)]TY(x)Z(t).

In particular, the maximum number of linearly independent columns

of K(x, a) on a^x^b may be chosen as a suitable maximal set of r

linearly independent vector solutions of the compatible system (1).

It is to be noted that when K(x, t) =Q, G(x, t) is an ordinary Green's

matrix.

In addition, from Theorem 2 of [4] and relation (3) above we have

that

G(x, a)Y(a) - G(x, b)Y(b) = F(x) + rY(x)C,

where, in Theorem 2, Gi(x, t) is chosen as the function (16) of [4] and

C=U(a)Y(a)-U(b)Y(b). Moreover, as faQ(x)G(x, t)dx = 0 from re-

lation (37) of [4],

0 =   f   6(x)[G(x, a)Y(a) - G(x, b)Y(b)]dx
J a

= [l/(i - «)] f   \\Ir  °     Z(x)[Y(x) + -Y(x)C]dx
J a    ||   0      0

Ir    0   II ||   Ir    0    |

o  o II    II o  o ]

and thus,

Ir  0 L  0
'Y(x)C = 'Y(x) C = - 'F(x) = - T(x).

00 00

Consequently,

G(x, a)Y(a) - G(x, b)Y(b) = ||0 • • • 0    Fr+1(x) • • • F„(x)||.

Form next W(x, t) =G(x, t) -xN(x, t), where N(x, t) = (d/dx)G(x, t)

—A(x)G(x, t) on a^x<t, t<x^b. As N(x, t) = - [l/(b-a)]

■ F(x)r_1 rZ(t) from Theorem 3 of [4], one readily verifies that

(d/dx) W(x, t) -A (x) W(x, t)=0ona^x<t,t<x^b,

and that

W(x, a)Y(a) - W(x, b)Y(b) = ||0 • • ■ 0Fr+i(x) • • • Fn(x)||.

Thus each column of [J W(x, a) W(x, b)\\, where W(a, a) = W(a+,a) and
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JF(6, b) = Wib~, b), is a vector solution of -C[y]=0; and, moreover,

n — r of these columns are linearly independent solutions of the dif-

ferential equations of (1) which do not satisfy the boundary condi-

tions 5 [y ] = 0.

Therefore, if ju ■ ■ ■ , j„_r denotes n — r columns of the nX2n

matrix s[\\ Wix, a) PF(x, 6)|| ] which are linearly independent, then the

corresponding ju ■ ■ • , j„_r columns of ||W(x, a) Wix, b)\\ together

with the r columns obtained above from K(x, a) will form a suitable

fundamental matrix solution for /^[y]=0.
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