
TORSION OF A VECTOR FIELD

T. K. PAN

1. Introduction. This paper intends to generalize the concept of

torsion for a vector field in a surface. Indicatric torsion is defined to

include geodesic torsion as a special case. Some theorems about tor-

sion and geodesic torsion are generalized.

Known formulas and curves which are related with this investiga-

tion are stated as follows for reference.

Let S: x* = x*(m1, m2) denote a surface of class not less than 2 in three

dimensional euclidean space referred to a rectangular cartesian co-

ordinate system.1 Let C: ua = u"(s) denote a curve in S and of class

not less than 3, 5 being its arc length. Let v. vi = xi,apa denote a unit

vector field in 5. Let gaß and daß denote, respectively, the first and the

second fundamental tensors of 5 such that g = \ gaß\ >0 and d = | daß\

*0.
Let P(xl) denote a point of C and vk the arc-rate of turning of v

at P with respect to C. Then we have

(1.1) dv/ds = VKW

where w(wl) is a unit vector orthogonal to v. The quantity vk and the

vector w are called, respectively, the absolute curvature and the

absolute curvature vector of v at P with respect to C. The sense of w

is chosen in such a way as to make „k>0 so that, when v coincides

with the unit tangent vector t of C at P, w becomes identical with

the unit normal vector w of C at P.

Denote by y the vector product of v and w in the given order, that is

(1.2) 7 = v X w.

Then the formulas of Frenet for a curve in a Riemannian space

[l, pp. 106-1O7]2 reduce for v along C in S to (1.1) and

dw/ds = — vkv — vry,

dy/ds = vtw.
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1 All Latin indices in this paper run from 1 to 3 and all Greek indices from 1 to 2.

We agree as usual that repeated indices mean summation.

2 Numbers in brackets refer to the references at the end of this paper.
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The quantity ,r may be called the torsion of v at P with respect to C.

Let „k„ and TKn denote, respectively, the geodesic curvature of v

with respect to C and the normal curvature of v with respect to C.

They are, respectively, the magnitudes of the components tangential

and normal to S of the absolute curvature vector of v with respect to

C[3].
The direction with respect to which „k„ at P has its extreme value

is the principal direction of v at P and the corresponding extreme

value is the principal curvature of v at P. A curve in S, whose direc-

tion at each and every point is a principal direction of v, is a line of

curvature of v. It is defined by

(1.4) e"f>gaydßSpsduv = 0.

The unit vectors in the principal directions of v in 5 form a unit vector

field called the unit principal vector field of v and those in a family of

principal directions of 5 form a unit principal vector field of S. Evi-

dently the unit principal vector field of a unit principal vector field of

5 is identical with that unit principal vector field of 5.

A direction with respect to which „k„ is zero is called an asymptotic

direction of v. A curve in S, whose direction at each and every point

is an asymptotic direction of v, is an asymptotic line of v. It is defined

by

(1.5) dtypidut = 0.

The unit vectors in the asymptotic directions of v in S form a unit

vector field called the unit asymptotic vector field of v and those in a

family of asymptotic directions of S form a unit asymptotic vector field

of 5. Evidently the unit asymptotic vector field of a unit asymptotic

vector field of S coincides with that unit asymptotic vector field of

S.
A curve of a unit vector field v in S is a curve in 5, along which the

vectors of v are tangent to the curve. It is defined by

dua

(1.6) —-r-
ds

It is obvious that the curve and the line of curvature of a unit princi-

pal vector field of 5 at P are identical with the corresponding line of

curvature of S at P. Similarly, the curve and the asymptotic line of a

unit asymptotic vector field of 5 coincide with the corresponding

asymptotic line of S at P.

It is shown that the asymptotic lines of v form a conjugate net with

the curves of v in 5 and form an orthogonal net with the lines of

curvature of v in 5.
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The three quantities ,/c, ,k„, and ,k„ are found to possess the follow-

ing relation

dv*
(1 • 7) —— = ,kw% = tKgq"xl,tt + ,KnXl

ds

where

dif du"
vK„qa = pa,y — >        ,k„ = dsyps —

ds ds

and where X* are the components of the unit vector X normal to S

at P.

2. Generalized theorems of Enneper and Bonnet. Let co be the

angle between X and w. From (1.2) we have

(2.1) sinw = 7-X.

Differentiating (2.1) with respect to s and simplifying by (1.3), we

obtain

/du        \ dX
(2.2) U-")C0S" = *■*-

Since y is linearly dependent on X and p: pi = q"xi,a, it can be readily

found that

(2.3) 7 = X sin co — p cos co.

Substitution of (2.3) into (2.2) gives

dX/da       \
(2.4) (-,t ) cos co = — p ■■

\ds J
— cos co.
ds

Note that

dX< du"
-7- = - daygrtx^ß —-
ds ds

and that

it* = ef?agtßptx\a

where e is plus or minus one so that ju makes a right angle with v

[2, p. 132 and p. 187]. Hence equation (2.4) is equivalent to

/da \
(2.5) Í — - ,t + ,t,j cos co = 0

where
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dut
(2.6) ,t„ = e(PagaSdyßps —- ■

ds

When cos co^O, that is, when C is not an asymptotic line of v, we

have from (2.5)

dùl

(2.7) VT  =  — + „T„.
ÖS

It can be shown that equation (2.7) holds for cos w = 0 as follows.

When cos co = 0, co = tt/2 and C is an asymptotic line of v. From

(1.5) we find its unit tangent vector with a choice of positive direction

is given by

duf e^dseP1
(2.8)

ds       (hXTp*p*yi*

where haß= E¡ (^X'/d^-dX^du0). In this case, wi = eqaxi,a as fol-

lows from (1.7) and y=eX as follows from (1.2), e being +1 or —1

as the case may be. Consequently we have from (1.3)

edaygy^ft^dtfP'
VTWX  =

which yields

(2-9)

(MW2

ed

Substituting (2.8) for du~</ds in (2.6), we obtain vTg=,T. Thus (2.7)

holds also for cos w = 0, since co is constant in this case.

It is found [3, pp. 959-960] that the square of the principal curva-

ture of the unit vector field v in S at P is equal to

(2.10) U,)2 = haeP"? = MKn- K

where M and K are, respectively, the mean curvature and the

Gaussian curvature of 5 at P and where k„ is the normal curvature of

the curve of v at P. It is well known that the Gaussian curvature at a

point of 5 is equal to d/g at the point [2, p. 225]. Hence from (2.9)

we have

Theorem 2.1. The torsion of a unit vector field in a surface at a

point with respect to the asymptotic line of the field at the point is nu-

merically equal to the ratio of the Gaussian curvature of the surface at

the point and the principal curvature of the field at the point.

When the unit vector field v is a unit asymptotic vector field of
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S, the asymptotic line of v at P has its normal curvature equal to

zero. Hence Theorem 2.1 reduces, in consequence of (2.10), to the

theorem of Enneper [2, p. 248], of which Theorem 2.1 is an ap-

propriate generalization.

Since the lines of curvature of 5 form an orthogonal net in S, the

family of asymptotic lines of a unit principal vector field of S which

corresponds to one family of lines of curvatures of S is identical with

the other family of lines of curvature of S. Hence, by (2.10), Theorem

2.1 yields a relation between the principal normal curvature of 5

at P and the torsions of each unit principal vector field of S with

respect to the curve of the other unit principal vector field of 5 at P.

Theorem 2.2. The torsion of a unit vector field corresponding to one

family of lines of curvature of a surface with respect to the line of curva-

ture of the second family of the surface at a point is numerically equal to

the normal curvature in the direction of the line of curvature of the second

family at the point.

Since the quantity tr„ for a given vector field is a function of a

point and a direction at a point as follows from (2.6), the quantity

vT—do)/ds, which is equal to ,t„ from (2.7), is the same for a given

vector field with respect to all curves at a point having a common

tangent. It is equal to vt with respect to any curve for which co is con-

stant. Accordingly vrB is called the indicatric torsion of a vector field

in a direction, which includes the geodesic torsion of a curve as a

special case.

Relation (2.7) is similar to a relation between ordinary torsion and

geodesic torsion due to Bonnet. It comprises the following theorem.

Theorem 2.3. If v is a unit vector field in a surface S and C is a

curve in S through the point P in a given direction, the difference, at P,

of the torsion of v with respect to C and the rate of change, with respect

to the arc of C, of the angle which the plane determined by v and its ab-

solute curvature vector at P along C makes with the tangent plane to S

is the same for v with respect to all curves which pass through P and

have at P the given direction, and is equal to the indicatric torsion of v at

P in the given direction.

3. Indicatric torsion. Let G be the asymptotic line of a unit vector

field v at P and G, C2 two curves making equal angles with Co at P.

Denote the unit tangent vectors at P of Co, G and G by /(/"), m(ma)

and n(na), respectively. Then from (2.8) we have

(3.1) P = *"dhp*/(hrpW2.

Substitution of (3.1) into



454 T. K. PAN [June

ga»lamP = gytlyns

gives

(3.2) ('"gaßdippW = e»ygy,dXllp*n'

which yields by (2.6) the following theorem.

Theorem 3.1. The indicatric torsions of a unit vector field in a sur-

face at a point in two directions which are equally inclined to the asymp-

totic direction of the field are equal.

The unit asymptotic vector field of v is defined by (2.8). Sub-

stituting (2.8) for pJ and (1.6) for dui/ds in (2.6) we obtain

e^gaidyß^d^p'py

(h\Tp*pr)1/2

which yields

Theorem 3.2. The indicatric torsion of the unit asymptotic vector

field of a unit vector field in a surface at a point with respect to the curve

of the latter is numerically equal to the principal curvature of the latter

at the point.

From (1.4) and (2.6) we have

Theorem 3.3. The indicatric torsion of a unit vector field in a sur-

face at a point with respect to a curve is zero if and only if the curve is the

line of curvature of the field at the point.

When the vector field is a unit principal vector field of S, the line

of curvature of the field at P is the corresponding line of curvature

of S at P. Hence Theorem 3.3 is a generalization of a theorem

[2, p. 248] which may read as follows:

Theorem 3.4. A necessary and sufficient condition that the indicatric

torsion of a unit vector field in a surface at a point with respect to the

curve of the field at the point be zero is that the vector field be a unit

principal vector field of the surface.

The above theorem can be obtained also directly from (2.6) by

substituting pi for dui/ds, since a vector field v in S is a principal

field of 5 if and only if

(3.3) t^daygßipip* = 0.

Solve (1.4) for dui/ds which, with a choice of positive direction,

is given by
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dui gyßdßips
(3.4) - ■

äs       (ÄxT#W*

The unit vectors defined by (3.4) form the unit principal vector field

of v. Substituting (3.4) for v in (2.6) where duy/ds is replaced by (2.8)

we obtain

eKdaßP°pe
(3.5) vt„ =-,     .

which is equal to zero if and only if v is in an asymptotic direction of

5 at P. By Ex. 16 [4, p. 182], equation (3.5) may be written as

eK cos 0

ds-ds

where d is the angle between v and its spherical image and where ds

and ds are respectively the linear element of the curve of v and the

linear element of its spherical image. Hence we have

Theorem 3.5. The indicatric torsion of the unit principal vector field

of a given unit vector field in a surface at a point with respect to the

asymptotic line of the given field at the point is numerically equal to the

ratio of two products: the first is the product of the Gaussian curvature of

the surface and cosine of the angle between the curve of the given field and

its spherical image at the point; the second is the product of the linear

element of the curve of the given field and the linear element of its spheri-

cal image at the point. It is identically zero if and only if the given field is

a unit asymptotic vector field of the surface.

When we substitute (3.4) for ps in (2.6) where dw/ds is replaced

by py, we obtain the following result

,t, = eKeaßp«pe/(hrpxPTy>2

which is always equal to zero. Hence we have

Theorem 3.6. The indicatric torsion of the unit principal vector field

of a given unit vector field in a surface with respect to the curve of the

given field is always equal to zero.

When (3.4) is substituted for both p5 and duy/ds in (2.6), we ob-
tain with the aid of (2.10) and [2, p. 247]

eK
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where r„ is the geodesic torsion of the curve of the vector field v. Hence

we have

Theorem 3.7. The indicatric torsion of the unit principal vector field

of a given unit vector field in a surface at a point with respect to the curve

of that unit principal vector field is proportional to the geodesic torsion

of the curve of the given field at the point, the factor of proportionality

being numerically the quotient of the Gaussian curvature of the surface

and the square of the principal curvature of the given field at the point.

4. Torsion of a surface. We shall find the direction in 5 at P in

which the indicatric torsion of v in 5 at P attains its extreme value.

Such direction is known as the principal direction of the torsion of v at

P and the corresponding indicatric torsion is called the principal

torsion of v at P. A curve on S, whose direction at each and every

point is a principal direction of the torsion of v is called a line of torsion

of v. The lines of torsion of v form a family of curves in 5.

The principal direction of the torsion of v and the line of torsion of

v are found from (2.6) by setting d(vra)/d(dua) equal to zero. The

resulting equation after simplification is

(4.1) gaßgySd»ipW = 0.

The family of orthogonal trajectories of the lines of torsion of v in

5 is defined by
g„ytß'rgasgßl,da>>plidui = 0

which can be shown readily to be equivalent to (1.4). Since the

asymptotic lines of v form an orthogonal net with the lines of curva-

ture of v in S, we conclude that (4.1) is identical with (1.5). Hence by

Theorem 2.1 we have

Theorem 4.1. The principal direction of the torsion of a unit vector

field in a surface at a point coincides with the asymptotic direction of the

field at the point, which is conjugate to the vector of the field at the point

and orthogonal to the principal direction of the field at the point. The

principal torsion of the field at the point is numerically equal to the ratio

of the Gaussian curvature of the surface at the point and the principal

curvature of the field at the point. The family of lines of torsion of the

field is identical with the family of asymptotic lines of the field.

Noting that K=d/g and gaßpapß = l, we may write equation (2.9)

in the following form

,«., ,r = -eK(^p¡".



1956] TORSION OF A VECTOR FIELD 457

The extreme values of the principal torsion of v at P as v varies are

given by those unit vector fields v for which d(vr)/dps = 0 in (4.2),

that is

(4.3) e'»haygßSpypt = 0.

Thus there are two unit vector fields in 5 which have the extreme

values of the extreme values (4.2) at P. We call these two extreme

values the principal torsions of S at P. Their product and sum are

called the total torsion of S at P and the mean torsion of S at P,

respectively.

Since haß = daßM—gaßK [2, p. 253], equation (4.3) is reducible to

(3.3) which defines the lines of curvature of 5. Thus the two principal

unit vector fields of S not only offer the extremal principal curvatures

of all vector fields in S at P, but they give as well the extremal prin-

cipal torsions of all vector fields in 5 at P. From Theorem 2.2 the

total torsion of 5 at P and the mean torsion of 5 at P are respectively

equal to the Gaussian curvature of S at P and the mean curvature

of 5 at P. The content of the "theorema egregium" naturally holds

true for the total torsion of 5 at P. Hence we have

Theorem 4.2. The total torsion of a surface is a bending invariant.

The total and mean torsions of a surface at a point are respectively equal

to the total and mean curvatures of the surface at the point. The two unit

principal vector fields of a surface are the unit vector fields in the surface

which have the extremal principal torsions of all vector fields in the sur-

face at a point.

Weatherburn called the Gaussian or total curvature of a surface

as the second curvature of the surface because it is a differential in-

variant of higher order, similar in many respects to the torsion or

second curvature of a curve [4, pp. 264-265]. His terminology is also

justified in a certain sense by the above theorem.
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