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I. Introduction. Let Q(X) be the set of all complex-valued con-

tinuous functions on the compact Hausdorff space X; G(X) is a

Banach algebra if the norm is defined by ||/|| =sup |/(x)| (xEX). If

/i> ' • • ./n are members of Q(X), (R(/i, ■ • • ,/„) denotes the smallest

closed subalgebra of G(X) which contains /i, •••,/„, and the com-

plex constants. As usual, a family ÍFCCC^O is said to separate points

on X if for each pair xi, x2EX (xi9±x2) there is some/Gï such that

/(x,)Kf(x2).
The purpose of this paper is twofold. First, Wermer has shown

that Q(X) contains maximal closed subalgebras (which separate

points and are not maximal ideals) if X is a simple closed curve, and

we now prove that Q(X) contains such subalgebras whenever the

Cantor set can be topologically embedded in X (Theorem 2); if X

is a simple closed curve, the algebra described in Theorem 2 is quite

different from those found by Wermer [5; 6].

Secondly, if i" is the unit interval and/G 6(7) is one-to-one on I,

it is well known that (R(f) = Q(I) [4, p. 444]. Turning to rings with

two generators, let/, gEQ(I), and suppose (R(f, g) separates points

on I. By the Stone-Weierstrass theorem, (R(f, g) = Q(I) if both / and

g are real. We show that (R(/, g) = Q(I) even if only one of the two

generating functions is real (this is merely a special case of Theorem

3), but that the conclusion is false if neither/ nor g are required to

be real (Theorem 5). This solves a problem posed by Mergelyan

[3, p. 29], but immediately raises a new one, still unsolved: what

conditions (like differentiability, bounded variation, etc.) imposed

on / and g will assure that (R(/, g) = Q(I) even if neither of the func-

tions is real?

Note that the mapping

s-+(f(s),g(s)) (sei)

is a homeomorphism onto an arc L embedded in the space of two vari-

ables (real or complex, as the case may be), and that <R(f, g) = C(/)

if and only if every continuous function on L can be approximated

uniformly by polynomials in these two variables (with complex

coefficients). We are thus led to problems concerning uniform ap-
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proximation by polynomials in several variables, and in particular to

Theorem 4, which is an extension of a theorem of Mergelyan [3,

p. 18] (which states that if /£C(£), where £ is a compact set in the

z-plane with connected complement, and if/ is analytic at every in-

terior point of £, then / can be approximated uniformly on £ by

polynomials in z).

The reason for combining these results in one paper lies in the fact

that a certain algebra of dimension-raising mappings was found to be

useful in their proofs, and we begin by describing this algebra.

II. An algebra of dimension raising mappings. Let £ be a totally

disconnected bounded perfect set in the plane, such that the intersec-

tion of £ with any open set is either empty or has positive two-

dimensional Lebesgue measure. Let 5 be the Riemann sphere (the

plane plus the point at infinity) and let Ct be the subalgebra of Q(S)

consisting of all/£e(5) which are analytic in S—E.

Theorem 1. (a) Given z0££, e>0, 77 > 0, there exists a function

pE& such that \z—z0\ ^y implies \p(z) — (z—z0)~1\ ^e.

(b) For every fEa,f(E)=f(S).
(c) Cl contains a set of three functions which separates points on S.

Proof. Put
r r   dsdt

?(*) = - (« = s + it).
J J B   Z — U

Since zq(z)—>m(E)>0 as z—»00, q is not constant; q is evidently

analytic in S — E; to show that qEQ(S), suppose |zi— z2\ =5<1, let

2zs = Zi+z2, and divide the integral defining q(zi)—q(z2) into three

parts, corresponding to the intersections of £ with (1) \u — z3\ ^5,

(2) 5<|m — Zz\ £1, (3) 1<|m— z3\. Easy estimates of these integrals

show that the major contribution is furnished by (2) and that q has

a modulus of continuity of the form C5 log (1/5), a result stated (with-

out proof) in [2]. Hence d contains nonconstant functions.

To prove (a), let £r= {z££| |s—ZoJ ûr} and define

1      r r    dsdt
Pr(z) = -— - (« = * + it).

m(ET) J JErz — u

It is clear that limrj.0 Pr(z) = (z — Zo)~\ uniformly in \z — z0| ^v.

We prove (b) in accordance with a written communication from

J. Wermer: it is enough to show that iif(S) contains the origin, then

f(z) =0 for some s££. If/(z) 7^0 on £, then/has only a finite number

of zeros in the finite plane, say at zi, • • • , zk (counted with their

multiplicities), and the function
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*(«)=/w n (* - «*)-jt-i
is in a. Since g has no finite zeros, a single-valued branch of log g(z)

can be defined in the finite plane; but this contradicts the analyticity

of g and the fact that g( oo ) = 0.

To prove (c), choose a point aES—E such that q(a) 9*0 (where q

denotes the same function as above), and put <Zi(z)=g(2), q2(z)

= zq(z), q3(z) = (q(z)-q(a))/(z—a). Suppose Zi^z2 and qi(zi) = qi(z2)

= b; ii &5=0 then q2(zi) s^fe); if b = 0, then 53(21) 9*qz(z2). The theo-

rem follows.

Part (b) shows that every nonconstant/Gft maps the zero-dimen-

sional set £ onto a set of dimension 2 (actually, onto the closure of

an open set). With regard to (c), it is not known whether some two

functions in Ct separate points, even on £.

III. Maximal subalgebras of Q(X).

Theorem 2. If X is a compact Hausdorff space which contains a sub-

set K homeomorphic to the Cantor set,1 then <B(X) contains a closed sub-

algebra 9H with the following properties:

(i) 9TC separates points on X.

(ii) 9TÍ is a maximal subalgebra of Q(X) ; i.e., 911 is not a proper sub-

set of any closed proper subalgebra of Q(X).

(iii) If f=u+iv, where u and v are real, and /G3TC, then u(K) is

connected.

If h is a homeomorphism of K onto the Cantor set, then h can be

extended to a continuous real function on X (since compact Haus-

dorff spaces are normal) which, by (iii), is not in 9TL Consequently

m*e(X).
Proof. Let £ be as in Theorem 1, and form the following algebra

GisEQ(E): fE&B ii and only if there is a function gGCt such that

f(z) =g(z) on £. By the maximum modulus theorem, dB is closed. It

will be shown that QLe is contained in a maximal closed subalgebra of

6(£) ; whether ds is itself maximal is an open question.

By Zorn's lemma there exists a closed algebra (BC6(£) which is

maximal with the respect to the following properties: (1) &eE®;

(2) if /G<B and f = u+iv (u, v real), then u(E) is connected. Since £

is homeomorphic to the Cantor set, (B?¿e(£).

1 An example of an uncountable compact Hausdorff space which contains no copy

of the Cantor set is furnished by the set of all ordinals less than or equal to the first

uncountable, with the usual order topology. It is well known that every separable

metric compact space which is totally disconnected and perfect is homeomorphic to

the Cantor set.
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Suppose now that U3C®'CC(£), where (B?¿(B' and (&' is a closed

algebra. The choice of (B shows that there is a function/£(B',/ = w-r-ii»

such that u(z) > 0 on £1, m(z) <0 on £2, where £1 and £2 are nonempty

closed subsets of £, and £ = £iW£2. Covering /(£i) and /(£>) by

disjoint closed simply connected regions, we see via the Mergelyan

theorem [3, p. 18] that there is a sequence of polynomials Pn such

that Pn(w)—»1 if wEf(Ei) and Pn(w)—*0 if w£/(£2), uniformly. Since

(B' is closed, the function

g(z) = lim Pn(f(z)) = {* (Z ̂  EÙ'
b-.« 1.0 (z £ Es)

belongs to 03'.

Choose A£6(£). If Zo££2, Mergelyan's theorem2 [3, p. 18] shows

that h can be approximated uniformly on £1 by polynomials in

(z—Zo)_1, and we infer from Theorem 1(a) that there is a sequence

of functions 0„£Öä which converges to h uniformly on £1. Similarly,

there are functions ^n£û.B which converge to h uniformly on £2.

Combining these facts, we obtain

lim {g(z)d>n(z) + [1 - g(z)]Uz)} = *(*)
n—»«o

uniformly on £. Hence Â£(B', (B' = C(£), and (B is a maximal closed

subalgebra of C(£) which, by Theorem 1(c), separates points on £.

Now let X and K satisfy the hypotheses of Theorem 2; since K

and £ are homeomorphic, the continuous functions on £ can be

transferred to K, and (B gives rise to a maximal closed subalgebra

(BiCC(TC). Let SHI be the set of all/£C(Ar) whose restrictions to ¿T

are members of (Bi. It is obvious that 3TC satisfies (i) and (iii) ; to estab-

lish (ii), suppose 9TCC9Tl'Ce(X), where 311^311' and 911' is a closed

algebra.

If0£e(X) and e>0, there is some/£3H' such that |/(x)-<p(x)| <e

on K. Since X is normal, there is some gEG(X) such that g(x)

=/(x) —0(x) on 7C and | g(x) | <eonI. Put h = g+<p. Then A(x) —/(x)

= 0 on K, so that A-/£3TC, and A£3Tl'. Also, | A(x) -<p(x) \ <e on Z,
which proves that lM' = e(X). The theorem follows.

IV. Uniform approximation by polynomials.

Theorem 3. Suppose f, gi, • • • , gn£C(7), where I is the unit inter-

val, and gi, • • • , gn are real. If (R(f, gi, • • • , g„) separates points on I,

then (Rjf, gh • • • , g„) = 6(7).

* Actually, an earlier theorem of Lavrent'ev would suffice here (see the bibli-

ography in [3]).
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The remark made in the introduction shows that Theorem 3 is

equivalent to the following proposition : if L is an arc in the Euclidean

space Rn+2 of the variables (z, k, • • • , tn), where z is complex and

h, ■ • • , tn are real, then every member of Q(L) is the uniform limit

of a sequence of polynomials in (z, k, • • • , tn).

This proposition is a special case of the following theorem, where

we put (ii, ■ ■ • , tn)=t:

Theorem 4. Let K be a compact set in Rn+2, such that the set Kt

= {z\(z, t)EK}  does not separate the z-plane for any t. Suppose

fEQ(K), and put

ft(z) = /(*, t) (z E Kt).

If, for every t, ft is analytic at every interior point of Kt, then f can be

approximated, uniformly on K, by polynomials in (z, k, ■ ■ ■ , tn).

Proof. Let e>0 be given. Let T be the set of all / such that (2, t)

EK for some 2. For each tET there exists, by Mergelyan's theorem, a

polynomial Pt such that

I Pt(z) - ft(z) I   <€ (zEKt).

The compactness of K and the uniform continuity of / imply that

each tET has a neighborhood NtERn such that

I Pt(z) - f(z, s)\  <«      (sE Nt, (2, s)EK).

The sets Nt form an open covering of the compact set T from which

a finite subcovering can be extracted. Thus there exist polynomials

Qi and neighborhoods ViER" (luiUm) whose union contains T,

such that

\Qi(z)-f(z,l)\  <€        (tEVi,(z,t)EK).

Now let Oi be a continuous real function, positive in F¿, zero in

Rn-Vi, and put

ßi{t) -     frt + tt<(°4.     m (^ i úm, tET).
oi(t) + • • • + am(t)

The choice of Qi and ßi shows that

ßi(t) I Qi(z) - f(z, t) I   g eßi(t) (1 á *" S m, (z, t) G K).

Since ßi(t)+ ■ ■ ■ +ßm(t) = 1 for tET, we have

/(*,o-£ftwe<(o 2: &«){/(*, <)-&(*)}
<-l

= e
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for all (z, t) EK. But the functions p\ can be approximated uniformly

on T by polynomials in (h, • • -,/„), by the Stone-Weierstrass theo-

rem, and the proof is complete.

Theorem 5. Given a totally disconnected perfect subset K of the unit

interval I, there exists a closed algebra (R(f, g)CC(7) which separates

points on I, such that h(K) is the closure of an open subset of the plane,

for every nonconstant A£(R(/, g). In particular, (R(f, g) 5^6(7).

Proof. Let £ and ft be as in Theorem 1. Choose a nonconstant

<7i£ft such that gi(co)=0, put q2(z) = zqi(z), so that q2EGt, and let

£o= {z££|gi(z) = 0}. The mapping

*-»(?i(«),îî(*)) (zEE)

is one-to-one on £—£0, so that £ is mapped onto a totally discon-

nected bounded perfect set £* in the space i?4 of two complex vari-

ables (»i, W¡t).

If Piwi, w2) is a polynomial, then Piqi, g,2)£ft, and Theorem 1(b)

shows that <p(E*) is the closure of a plane open set for every noncon-

stant 0 £©(£*) which is the uniform limit of polynomials in (wu w2).

Since E* is homeomorphic to the Cantor set, this implies (in contrast

with Theorem 4) that not every 4>£©(£*) is a uniform limit of poly-

nomials in (wi, w2).

There exists an arc L in Ri which contains £* [l, p. 302], and we

can choose two functions/, g£6(7) such that the mapping s—*(Jis),

g(s)) is a homeomorphism of 7 onto L which carries K onto £*. Then

(R(/, g) has the desired properties.
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