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1. Introduction. The object of this work is to generalize the defini-

tion of cycle [l ] to an arbitrary Latin square, exhibit the relation of

cycles to sequences of inverses, commutativity, the law of keys,

Steiner triples and consider some problems which they suggest. It is

essentially independent of [l ] ; the relation of cycles to local homology

plays no role here.

2. Cycles and their terminology. Let L be an n Xn Latin square or,

alternatively, let Q be a quasigroup of order n. Let M be the set of n2

ordered triplets ijk, where k is the entry in the ith row and jth col-

umn of L. If 5 is the set of n2 ordered pairs ij, and if 7r,:Af—>S is

the projection parallel to the ith coordinate (for example, ir2(ijk)

= ik), then for each i, l^i^3, t< is onto S (or equivalently is

one-one). There is clearly a one-one correspondence between Latin

squares L of order n and sets M of n2 ordered triplets for which the

Ti are all onto 5. Let T:S—*S be the involution defined by T(ij) = (ji)

and Pi'.M—tM be -k^Ttcí. For each i, 1 ̂ i^n, let MtQM be the set

of triplets which contain i. Each ¿£ Mit with leading element i, gener-

ates what we shall call a cycle on i in the following manner. If

6 : Mi-^Mi denotes P2PiP3, the cycle beginning with t shall consist of

the triplets

t, Pit, PiPitei, Pidt, PiP3et, en, • • •, PiP3en-H

where n is the smallest positive integer such that 0"t = t. The length

of the cycle is the integer n. The number, k, of elements in a cycle C

is the number of i, 1 ,£*;$*, which appear in at least one triplet of

the cycle; C will be called a cycle with k elements.

If M contains the n triplets (iii), 1 ̂ i^n, M will be called idem-

potent. A triplet iiii), or the cycle of length one containing (iii), will

also be called an idempotent triplet or idempotent cycle respectively.

3. Relation of cycles to sequences of inverses. Let Q be a loop,

that is, a quasigroup with unit element 1. For x£Q distinct elements

x, xi, x2, • ■ • , x«_i of Q, defined inductively by

XiX = 1, XîXi = 1, X3Xi = 1, • • •

and satisfying xx„_i = l, form a sequence of left inverses on x [2,
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p. 448]. Two sets of left inverses are either identical or disjoint. Thus,

Q is partitioned into sets of left inverses.

Theorem 3.1. There is a one-one correspondence between sets of left

inverses in Q and cycles on 1.

Proof. Let x, Xi, x2, • • • , x„_i be a sequence of left inverses and

x„=x. Associate with this sequence the following cycle on 1:

(lxx), P3(lxx), PiP3(lxx), 0(lxx), P3e(lxx), PiPsÔ(lxx),

• • • , PxPißn-xi\xx).

(Explicitly

(lxx),   (xlx),     (XiXl),   (lXiXi),   (XilXi),     (X2X1I), • • • ,     (xx„_il).)

Conversely such a cycle on 1 determines a set of left inverses.

4. Cycles of length one. The following theorems illustrate how re-

strictions on the cycles influence L (or Q).

Theorem 4.1. The following conditions are equivalent :

(a) M is idempotent and each cycle is of length one ;

(ß) Q satisfies the identities :

(1) a2 = a,       (2) abba = a, all a,bEQ-

Proof. Assume (a). Since M is idempotent (1) is valid in Q and

(2) is valid if a = ft. If "a" is not equal to "ft" consider the cycle on "a"

containing the triplet (abc). This cycle, consisting of three elements,

must be of the form (abc), (bad), (cda), i.e. c = ab, d = ba, a = cd. This

establishes (ß). The converse is proved similarly.

Theorem 4.2. The order, n, of a quasigroup Q satisfying (1) and (2)

above is congruent to 0 or 1 (mod 4).

Proof. Consider the set C of n(n —1)/2 unordered pairs {a, ft}

a9*b, a, bEQ- Define 4>:C^>C by <b{a, b} = {ab, ba]. Because of (1)

and (2) <j>2 is the identity mapping of C, and <b has no fixed elements.

Thus, <f> induces a pairing of the elements of C. Hence n(n —1)/2 is

even and the theorem is proved. (Alternate proof. In the notation of

[l], Z=(n)(n —1)/2 (mod 2), coupled with Z = n(n — 1), implies the

theorem.)

Since conditions (1) and (2) are preserved under direct products of

quasigroups, the set of integers \n} for which there exists Q of order

n satisfying (1) and (2) is closed under multiplication. For »=4 the

following Q satisfies (1) and (2), and is in fact unique up to an iso-

morphism :
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abed

a c d ft

abac

ft d c a

c   a    ft d

Thus for « = 4*, k = 0, 1,2, • • • there exists Q oí order n satisfying

(1) and (2). A brief enumeration of cases shows, however, that there

is none of order 5. Brück1 has established the existence of such Q for

n = 2k, & = 2, without the use of direct products.

Equations (1) and (2) suggest the equations:

(1) a2 (2') abba= ft.

It should be noted that (2') is not easily translatable into the notation

of cycles.

The first proof of Theorem 3 goes through unchanged to show that

the order of Q satisfying (1) and (2') must be congruent to 0 or 1

(mod 4). A brief enumeration shows that there is none of order 4 and

that the following two are, up to isomorphism, the only Q of order 5

satisfying (1) and (2'):

e d

c e

ft    a

a

b

d

ft

a

b

c

e

Brück1 has shown that if all the prime factors of n are congruent

to 1 (mod 4) then there exists a Q satisfying (1) and (2'). It is inviting

to conjecture that there exists Q of order n satisfying (1) and (2) if

and only if n = 1, or is of the form 4&; similarly that there exists Q of

order n satisfying (1) and (2') if and only if n is of the form 4k + i.

5. Cycles with three distinct elements where Q is idempotent. In

this section a natural correspondence between sets of "Steiner's

Triples" [4, p. 204] and idempotent algebraic systems satisfying the

"bilateral law of keys" [3, p. 420] is used to establish an existence

theorem. A cycle containing at most three distinct elements is either

1 In a letter to the authors.
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of length two or idempotent. If not idempotent it takes the form

(3) (abc), (bac), (bca), (acb), (cab), (cba).

Theorem 5.1. Every cycle of Q is idempotent or contains exactly three

distinct elements if and only if Q satisfies the bilateral law of keys

ab-b = bba = a.

Proof. If every cycle of Q is idempotent or of type (3) above then

ab-b = cb = a and b-ba = b-c = aso Q satisfies the bilateral law of keys.

Conversely assume that Q satisfies the bilateral law of keys. If (abc),

(bad)QM then the bilateral law of keys implies (acb) and (&¿a)£Af.

The cycle on aan beginning with (abc) must be (abc), (bad), (bda),

(acb), (cae), (cea) • • • . But (abc)(E.M implies (cZ>a)£if so e = b and

the cycle is of the form (abc), (bad), (bda), (acb), (cab), (cba). Further-

more, (cba), (bad)ÇzM imply respectively (cab), (dab)Ç.M so that

c = d. The cycle is thus of the form (3). Observe that the bilateral law

of keys, therefore, implies commutativity [3, p. 420].

Theorem 5.2. An idempotent quasigroup Q of order n, the cycles of

which contain at most three distinct elements, exists if and only if

w = l, 3 (mod 6).

Proof. Each cycle of the form (3) containing three distinct ele-

ments is completely determined by these three elements. Let X be the

mapping which assigns to each of these cycles, C, the unordered

triplet, XC, consisting of its three elements. If Q is idempotent, there

are n idempotent triplets. If, furthermore, the cycles of Q contain at

most three distinct elements, the set of all unordered triplets XC is

a set of n(n —1)/6 Steiner's Triples, (i.e., a set of unordered triples

on n elements which contain every unordered pair », j, Í9íj exactly

once), which exist if and only if n = \, 3 (mod (6)) [4, p. 204].

The triplets of cycle (3) are the set of all possible permutations of

three distinct elements. The converse of Theorem 5 follows immedi-

ately. To a Steiner's Triple, associate the six ordered permutations

of its elements. Adjoin to this set the triplets (iii), 1 S¡t:g». This total

set of triplets defines a quasigroup Q, where the triplet (abc) defines

the binary operation a ■ b = c in Q.

Combining Theorems 5.1 and 5.2 we have

Corollary 5.3. An idempotent quasigroup of order n satisfying the

bilateral law of keys exists if and only if n = 1, 3 (mod 6).

6. Other cycles of length one or two. The most general type of

cycle of length two on "a" is

(4) (abc), (bad), (eda), (afe), i fag), icga).
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A cycle of length two contains at most seven distinct elements. The

following theorem is obvious from (4).

Theorem 6.1. If Q is a system in which every cycle is of length one

or two, then for a, b,fEQ, if iaf)iba) =a then (ab)(fa) =a.

Theorem 6.2. If Qis commutative, every cycle of Q is of length one or

two.

Proof. Because of commutativity, a cycle on "a," starting with the

triplet (abc), proceeds

(5) (abc), (bac), (dea), (aed), (ead), (fda) • • • .

But since  (dca)EM, commutativity yields  (cda)EM.  This fact,

coupled with (fda) EM, imply c=f so cycle (5) closes.

Of the other possible systems with cycles of length equal to one

or two, this paper will consider only two types of cycles which give

rise to familiar algebraic systems :

(A) (abc), (bad), (eda), (ade), (dab), (cba);

(B) (abc), (bad), (bda), (acb), (cae), (cea);

where ft, c, d, e are not necessarily distinct.

Theorem 6.3. A quasigroup Q satisfies the right law of keys ab-b = a,

[3, p. 420] if and only if every cycle is idempotent or of type (A).

Proof. It is easy to check that if every cycle of Q is idempotent

or type (A) then Q satisfies the right law of keys. Conversely if Q

satisfies the right law of keys, (abc),(bad), (eda)EM imply respec-

tively (cba), (dab), (ade) EM so a cycle on "a" beginning with (abc)

becomes

(abc), (bad), (eda), (ade), (dab), (cba)

which is (A).

Theorem 6.4. For every integer n there exists a quasigroup of order n

satisfying the right law of keys.

Proof. This will be proved by construction of a quasigroup satisfy-

ing the theorem. Let G(-) be an abelian group of order n and binary

operation (■). Let Q(o) be a quasigroup of order n on the same ele-

ments as G but with the binary operation (o) defined by x o y

=x-i.yit) x¡ yEG, where "kn is any nonzero integer. If k = l, Q is

clearly a quasigroup in which (xoy) o y = x. Furthermore, Q has a

left identity, namely the identity of G.

Ii k = 2, the elements of Q satisfy the identity xox = x and Q(o)
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is diagonal but not necessarily a quasigroup. Clearly x o y — z o y im-

plies x = z. However, x o y = x o z implies

(6) y-y = z-z.

If m is even, G always has distinct elements y and z satisfying (6). If

n is odd, G may be chosen as the cyclic group of order n in which the

identity (6) implies x = z. In this latter case Q is a quasigroup. We

have also proved :

Corollary 6.5. For every odd integer n there exists an idempotent

quasigroup Q of order n satisfying the right law of keys.

Theorem 6.7, to follow, implies that if n is even there is no such Q.

Clearly by an identical proof we have

Theorem 6.6. A quasigroup Q satisfies the left law of keys bba = a

if and only if every cycle is of length one or of type (B).

Similarly Theorem 6.4 and its corollary have immediate duals with

"right law of keys" replaced by "left law of keys."

Theorem 6.7. If Q is an idempotent quasigroup in which each cycle

is either idempotent or of length two, then the order of Q is odd. Moreover,

such a Q exists for each odd order.

Proof. Select a£(X Define <p:Q— {a}—*Q— {a} in the following

manner. If è£Ç—{a}, let <p(b) be the solution,/, to (ab)(fa)=a. By

Theorem 6.1, <p2 is the identity. Moreover, as is clear from the proof

of Theorem 3.1, <p has no fixed elements. Thus Q— {a} must contain

an even number of elements. The second example of Theorem 6.4

establishes the existence of such Q of each odd order.

Theorem 6.7 generalizes the fact that there is no symmetric diag-

onalized Latin square of even order. Also, it is interesting to note that

Theorem 6.7 implies that the construction used in the proof of Theo-

rem 6.4 must break down if n is even and thus proves that an abelian

group must have a subgroup of order two.
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