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1. Introduction. The notion of a naturally ordered1 point set in a

separable metric space and its consequences has proved to be not

only useful but interesting. Whyburn [3, p. 44 (2.1)] and Zarankie-

wicz [4] have proved that if G is any naturally ordered collection of

disjoint sets in a separable metric space, then at most a countable

number of elements g of G can contain a point which is not a conden-

sation point2 both of the collection Pg of all predecessors of g in G

and the collection Fg of all successors of g in G. This note shows that

the analogue of such a lemma holds in a hereditarily separable semi-

metric3 topological space; furthermore, a theorem due to G. T. Why-

burn [3, p. 45(2.2) ] related to this lemma is also true in such a space.

The proofs due to Whyburn and Zarankiewicz make use of perfect

separability and do not generalize to give the above results. Thus,

certain theorems which depend upon these fundamental results of

Whyburn and Zarankiewicz may be established for spaces which are

more general than separable metric spaces.

2. Condensation point theorem. Let G denote a naturally ordered

collection of disjoint sets in a semi-metric topological space 5. Fur-

thermore, suppose that G* (the logical sum of the elements of G) is

hereditarily separable. First, certain lemmas analogous to ones known

to be true for a separable metric space are established for a space S.
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1 A set N or collection N of sets in a topological space is said to be ordered or to

possess an order provided that a definition of "preceding" (indicated <) can be de-

fined for each pair of elements which is asymmetric and transitive. Suppose that for

xEN, Px denotes the logical sum of all elements of N preceding x and Fx the sum of

all those preceded by x (or following x). Then the_order in N is said to_be a natural

order if and only if for each xEN, Px ■ FX=PX Fx = 0 where Px and Fx denote the

closures of Px and Fx, respectively. Cf. [3, p. 41 ].

2 Suppose that C is a collection of point sets. Then a point p will be called a con-

densation point of the collection C if and only if for an open set D containing p, there

exists a subset U of D and an uncountable subcollection K of C such that if kEK,

then k • U is a point. Cf. [3, p. 44].
s If each of the letters x and y denotes a point of a topological (7i) space 5 and

there is associated with (x, y) exactly one non-negative real number d(x, y) called the

distance from x to y such that (1) d(x, y) =d{y, x), (2) d(x, y) =0 if and only if x = y,

and (3) each limit point of each subset M of 5 is a distance limit point of M and con-

versely, then the space S is said to be a semi-metric topological space.
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It should be noted that a hereditarily separable subset of S may fail

to be perfectly separable.4

The following lemma may be proved by an argument6 analogous

to one due to R. L. Moore.

Lemma 2.1. A necessary and sufficient condition that a subset M of S

be hereditarily separable is that every uncountable subset of M have a

limit point in S.

Lemma 2.2. An hereditarily separable uncountable subset N of S con-

tains a condensation point of N.

Proof. Suppose that Lemma 2.2 is not true. Then there exists

a number e>0 and an uncountable subset TVi of N such that for

p in A^i, there exists an e-neighborhood Ue(p) ~2)p where Ue(p) ■ N

is countable. Let a= Ue(pi), Ue(p2), Ue(p3), • ■ • , Ue(pz), • • • , de-

note a well ordering of the e-neighborhoods of the points of Ni while

«i denotes a corresponding sequence {pi} of points of Nx. Now, there

exists an uncountable sequence fi= {pn<} of points of Ni such that

(1) Pni = pi and (2) for z>l, pUz is the first point in «i which fails to

lie in ^xgn Ue(px) for each y<z. By definition of a and fi, no point

of ^pn, is a limit point of ^2pnt- This is impossible by Lemma 2.1

since N is hereditarily separable. Thus, Lemma 2.2 is true.

Lemma 2.3. An hereditarily separable, uncountable, and naturally

ordered subset N of S contains a point x which is both a limit point of

the predecessors Px of x in N and the successors Fx of x in N.

Proof. Suppose that N contains no point x such that xCPx. Thus,

there exists a number e>0 and an uncountable subset C of N such

that for c in C, Ue(c) ■ Pc = 0. By Lemma 2.2, C contains a condensa-

tion point p of C. Now, there exists a sequence {a} of points of C

which converges to p such that p<a+i<Ci for each i. For some k,

Ue(ck)^)p contrary to the definition of e. It follows that there exists

an uncountable subset G of C such that for c in G, cCPc; and further-

more, GDx such that xCFx. Thus, x satisfies the conclusion of

Lemma 2.3.

An application of these lemmas yields the following theorem.

Theorem 2.4. At most a countable number of the elements g of G can

contain a point which is not a condensation point both of the collection P„

* In a paper to appear in The Pacific Journal of Mathematics, the author shows

that in a normal semi-metric topological space, hereditary separability does not imply

perfect separability and hence metrizability.

* Cf. [l] and [2, Chap. I (Theorem 46)]. Perhaps F. B. Jones first observed the
truth of Lemma 2.1.
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of all predecessors of g in G and the collection F„ of all successors of g in

G.

Proof. Let N denote a point set such that for each g in G, g ■ N is a

point, and let L denote the set of all points p of A^such that pEPp,

pEFp, and p is condensation point of N. It follows by use of Lemmas

2.2 and 2.3 that N — L is countable. For p in L, there exist sequences

{xi} and {yi} of points of L which converge to p such that x,-<x,-+i

<£<y.-+i<y« for each i. If D is an open set containing p, then there

exists k such that TOx4. Since L is a subset of the naturally ordered

subset N, there exists an open set TOx* such that PPZ)RN. Now,

DRN is uncountable since xk is a condensation point of N. Simi-

larly, it follows that DFP is uncountable. Hence, Theorem 2.4 is

proved.

Remark. There exist examples6 of spaces which show that the con-

ditions that G* be hereditarily separable and semi-metric are both

necessary for the validity of Theorem 2.4. Although these spaces are

not subspaces of the number plane, their points lie in such a plane.

One of the fundamental theorems in Whyburn's theory of nonsepa-

rated cuttings as well as his cyclic element theory may now be proved

for a space S. From Theorem 2.4 and an argument analogous to that

given by Whyburn for [3, p. 45 (2.2) ], the following theorem may be

established. It is a generalization of Whyburn's Theorem (2.2).

Theorem 2.5. Any nonseparated collection G of cuttings of a con-

nected hereditarily separable point set M in a semi-metric topological

space S contains a saturated subcollection Q differing from G by only a

countable number of elements and such that each element q of Q is closed

in M, irreducibly separates M into just two components, and has po-

tential order 2 in M relative to Q.
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