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2 2 2 1 0? 0? 0? 0? 0? 0? 0?

3 3 3 3 1? 1? 0? 0? 0? 0? 0?

4 4 4 4 4 2? 1? 1? 0? 0? 0?

5 5 5 5 5 5 2? 1? 1? 1? 0?

2' 2< 2i 2«'->?

w ̂  2 which raises the dimension of each closed subset of X of positive

dimension? Could / be a map of I* into 74?

If there is such a map, Corollary (3) shows that it is sufficient to

consider only the 1-dimensional sets and hence, for compact X, only

the nondegenerate continua.
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COMMENTS ON OPEN HOMOMORPHISMS1

B. J. PETTIS

The present note consists of two comments on the openness of cer-

tain homomorphisms, between linear topological spaces (l.t.s.) in

the first case and metric groups in the second. Both comments pre-

sent only refinements on earlier results; the methods, however, are

somewhat different and may be of some interest.

Let 21 be any class of closed convex circled sets defined in every
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l.t.s. (e.g., those that are also finite dimensional, or compact, or

weakly compact, etc.) and in any l.t.s. X let ^.(X) denote this class.

Suppose further that if X is locally convex these are true: (1) the

family 2I(X)° = L4°:,4£2I], where A" is the set [f:fEX*, \f(a)\ <1
for every a in A ] and X* is the adjoint of X, forms a local base for a

topology, denoted by r(2l(X)°), with respect to which X* is an l.t.s.,

(2) for any closed linear subspace Y of X and any set B in Y, B is

in 21(F) if and only if B=AC\Y for some A in 21 (X), and (3)

(X*,r(2I(X)°))*=X.
Let Y be any closed linear subspace of any locally convex l.t.s. X

and consider i*, the adjoint of the injection map of Y into X, as a

homomorphism of (X*, r(2l(X)°)) into (Y*, r(2I(F)0)). Obviously

the continuity of i* follows from the "only if" part of (2). The open-

ness is more difficult; it has been shown by Dieudonne [4] when 21

consists of all finite dimensional closed convex circled sets, and by

Munroe [12] and Dieudonne [5] when 21 is formed of all compact

closed convex circled sets in a Banach space.

Theorem. The homomorphism i* is continuous and open.

The openness will be established if it is shown that for any A in

yi(X) the image set i*(A°) contains B° for some B in 21(F). The ob-

vious choice for B is Af~\ Y, an element of 2I( F) by (2). It is then suffi-

cient to show that if g£F* and |g(o)| <1 for every b in B then g

has a continuous linear extension/ on X such that \f(a) \ < 1 for every

a in A. To do this we first recall [9; l] that A is necessarily weakly

compact by (3) and the following theorem of Smulian's [14; 8; 3]:

a weakly closed convex circled set A in an l.t.s. X is weakly compact if

and only if it is weakly bounded and given any linear functional F on

X* such that \ F(f)\ ^1 whenever sup [|/(a)| : a£^4]^l there is an

element xF in X such that F(f) =f(xF) for every f in X*; when A is

weakly compact the element xF can always be chosen in A. The follow-

ing lemma, due to Dieudonne [5] for Banach spaces by a somewhat

different method, will obviously complete the proof.

Lemma. 7ra a locally convex l.t.s. X let A be a weakly compact closed

convex circled subset and Y a closed linear subspace. Let g be a continu-

ous linear functional on Y such that \g(b)\ <1 for every b in A(~\Y.

Then there is a continuous linear extension f of g on X such that \f(a) \

< 1 for every a in A.

For each / in X* let ||/|| =sup [\f(a)\: aEA], and let M
= [f: 11/11 < 1 ]. It is clearly sufficient to show that M intersects the set

N consisting of all elements of X* that are extensions of g. This we



i957l COMMENTS ON OPEN HOMOMORPHISMS 585

do by assuming M and N disjoint and applying Mazur's separation

theorem [10, 7; 3] to reach a contradiction. Clearly || || is a pseudo-

norm with respect to which M is a nonvoid open convex set, and N is

a linear manifold that is nonvoid by a theorem of Wehausen's [15; 3 ];

if they are disjoint Mazur's version of the Minkowski-Ascoli theorem

asserts the existence of a linear functional F on X* such that | F(f) |

<1 = | F(h)\ for every/ in M and every h in N. Applying Smulian's

theorem, there is some Xy in A such that F(f) =f(xp) for every/ in

X*. If xF is in Y then on choosing any h0 in N we have | F(h0) \ = 1

on one hand and | F(h0) | = | h0(xF) | = | g(xF) | < 1 on the other. Thus

xfQ. Y. But then, using Wehausen's theorem again, an element hi of

N can be chosen that vanishes at xp; hence F(hi) =hi(xp) =0, con-

trary to | F(h) | = 1 for h in N. Thus M and N must intersect.

Turning now to metric groups, let any open set about the identity

element be called a nucleus.

Theorem. Let h be a homomorphism from a separable complete

metric group X into a metric group Y, and consider these conditions:

(1) h is continuous and h(U) is somewhere dense in Yfor each nucleus

U in X, (2) h has a closed graph and h(X) is second category in Y,

(3) h is open and h(X) is second category in Y. Then (2) and (3) are

equivalent and both are implied by (1).

If (1) holds h obviously has a closed graph, and being a continuous

function sending each nonvoid open set into a somewhere dense set

it must send second category sets into second category sets [13, p.

298]; thus h(X) is second category in Y, so that (2) is verified. To

prove (3) in the presence of (2), first observe that if X is a complete

metric space and h is a function on X to another metric space and h has a

closed graph, then h maps each separable open subset of X into an

analytic set and therefore into a Baire set. This theorem, always stated

for continuous h, as proved in Hausdorff's book [6] needs only the

closed graph property for h. Thus, in the presence of (2), h(U) is a

Baire set for each nucleus U in X; the separability of X also implies

that h(U) is second category [13, Lemma 2]; since h maps each

nucleus into a second category Baire set in Y, it is necessarily open

[ll; 13]. The proof that (3) implies (2) is in [13, p. 303].

Corollary. If X and Y are separable complete metric groups and h

is a homomorphism of X onto Y, each of the following implies the other

two; h is continuous, h has a closed graph, h is open.

Since h(X) is second category and X is separable, h(U) must be

somewhere dense in Y ior each nucleus U in X. Thus it is sufficient
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to show that if h is open it is continuous. Let g be the natural iso-

morphism of Fonto X/K, where K is the kernel of h; since h is open,

g is continuous. The group X/K being second category and F being

separable, g(V) must be somewhere dense in X/K for each nucleus

V in F. The theorem can now be applied to g; since (1) implies (3),

g is open, and this in turn implies that h is continuous.

The last theorem and its corollary represent slight improvements

on results of Banach [2], Freudenthal, McShane [ll], and the

present author [l3, 3.2, 17.1, 17.2, and Theorem 7].
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