
ON THE NORMALITY OF AN ANALYTIC OPERATOR1

JOHN BUTLER

1. Introduction. Let T(z) be a function of the complex variable z,

\z\ <y, whose function values are closed operators with fixed domain

3) independent of z on Hilbert space §, and such that for all/G3),

T(z)f is analytic in z for \z\ <y, /G3). The purpose of this note is

to investigate the set Z of points z where T(z) is normal.2 The set Z,

apart from degenerate cases, is shown in Theorem 6 to consist of one

or more analytic arcs through the point z = 0. The nature of Z is of

interest in the analytic perturbation of normal operators. An applica-

tion of Theorem 6 to this theory is given in Theorem 7.

2. Preliminary facts. It is convenient to state some known facts

upon which our results are based. The real zeros of an analytic func-

tion </>(£, n) are studied in the following theorem of Bliss:

Theorem 1. Let <j> be a complex valued function of the two complex

variables £ and n which is defined by a convergent series $(%, n)

~ 22m,n~o amnt;mr]n about the origin. Let <p(0, 0) =0. Then there exists a

neighborhood N of (0, 0) such that the set Z of those real pairs (x, y)

which lie in N and satisfy <p(x, y) = 0 consists of a finite number of dis-

tinct arcs. Each such arc has a representation of the form

(2.1) x = at",        y = bf + b'V + • • • , 0 g t < h,

where the exponents are integers, the coefficients are real, and a and b are

not both zero.

We use the following two theorems of Rellich about symmetric

operators with fixed domain:

Theorem 2. Let T(x) be a family of symmetric operators depending

on the real parameter x, having a fixed domain 3), for x in a neighbor-

hood of x = 0. Let T(x)f be analytic in x for /G35, and suppose T(0) is

self-adjoint. Then T(x) is self-adjoint for x in a neighborhood of x = 0,

[4, III, p. 561].
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Theorem 3. If T(x) satisfies the hypothesis of Theorem 2 and if in

addition for some p in the resolvent set of T(0) the operator (p — F(O))-1

is completely continuous then there exists e>0 and a set of functions

{j'.-(x)} analytic for —e<x<«, such that for —e<x<e the spectrum of

T(x) consists of the set of points {vt(x)} [4, V, p. 478].

We shall need the following lemma about self-adjoint operators

depending on two real parameters:

Lemma 1. Let S(x, y) be a family of self-adjoint operators depending

on the real parameters x, y, and having a fixed domain 35, for x, y in a

neighborhood of (0,0). Let a setof linear operators Smn, m,n = l, 2, • • •

exist with domain 35 such that for /£ 3)

00

(2.2) S(x, y)f=   E Smnfxmyn
m,n=0

and the series converges absolutely and uniformly in x, y in a neighbor-

hood of (0, 0). Then in some neighborhood of (0,0) the Cay ley transform

U(x, y) of S(x, y) is a bounded operator which is expressible as an ab-

solutely and uniformly convergent series in x, y whose coefficients are

bounded operators.

Proof. Let R = ( — i — S(0, 0))-1. Since — i is in the resolvent set of

5(0, 0) the operator R is bounded with range 35. Let 7 > 0 be such that

(2.2) is absolutely and uniformly convergent in x, y for |x| +\y\ ^y.

If if, rj are complex numbers the series E",n-o Smnfl-mrin is absolutely

and uniformly convergent in if, rj for | i|| + | ij| Sy and defines an oper-

ator S(£, ?;) dependent on if, 77. The operator .S(if, r))R is bounded

since it is closed and has domain §. Let 2l7 = max|{|+|,|S7 ||S(ij, v)R\\-

From the identity

(2.3) SmnR=-f       f     S(Z,v)RZ-m-1v-"-1dltdv
4x J |,|_7J 1 Ei—T-

it follows by taking norms that

(2.4) \\SmnR\\ < My-m~n.

By definition the Cayley transform is

(2 5) U{X' y) = {i ~ S(X' y)){~l~ S{%' y))~l

= (i - S(x, y)RR~\-i - S(x, y))->.

Using (2.4) it follows that the operator (+i — S(x, y))R is expressible

as an absolutely and uniformly convergent power series in x, y for
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|x| +|y| gy/2, whose coefficients are bounded operators. Also using

(2.4) for |x| +|y| <y(l+M)~l/2

co

\\(S(x, y) -S(0, 0))R\\ g    £   \\Sm»R\\ | *|»| y|» < 1
m-\-n=l

and the series

CO        / 00 \   v

(2.6) ~R Til-   22   SmnRxmy»)
v=0 \       m+n=l /

is absolutely and uniformly convergent in x, y. The series (2.6) may

be rearranged as a power series in x, y since it converges absolutely

and uniformly. It is known (cf. [8, p. 326]) that

(-» - S(x, y))"1 = - F(l + (S(x, y) - 5(0, O))*)-1

OO / 00 \   V

= -RlZl-   Z SmnRxmyA .
»=0 V       m+n=l /

Therefore the operator (—i — S(x, y))~l may be written as an abso

lutely and uniformly convergent series in x, y for |x| + \y\

gy(l-jrM)~1/2. Since by (2.5) U(x, y) is the product of two opera-

tors, (i — S(x, y)R and R~l( — i — S(x, y))-1, which are expressible as

absolutely and uniformly convergent series in a neighborhood of (0, 0)

it must have the same property.

The connection between the spectrum of a normal operator and

that of corresponding self-adjoint operators is given by the following

theorem of Jamison. Although Jamison has stated this theorem for

bounded normal operators the proof extends step for step to the un-

bounded case.

Theorem 4. Let T be a normal operator and let u belong to the spec-

trum of T. If Si, S2 are defined on the domain of T by the equations

1
(2.7) Si = (T+ T*)/2,       S2 = — (T - T*)

2i

then Reju is in the spectrum of Si and Im p. is in the spectrum of S2,

[3, p. 104].

3. The set Z. Before investigating the zero set Z of an analytic

operator, which is done in Theorem 6, it is convenient to consider the

zero set of an analytic element of an arbitrary Banach space ?.3 This

is done in Theorem 5 which is based on the following lemma:

3 I am indebted to the referee for this preliminary formulation of the problem.
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Lemma 2. Let f be a function of the two complex variables £ and 77 with

values in a Banach space 2 which is defined in a neighborhood of the

origin by a convergent series /(if, 77) = Em,»-o/m»if"!7?n, />»»££• Let

/(0, 0)=0. Suppose that /(if, 77) ̂0, and that in every neighborhood of

(0, 0) there is a nonzero real pair (x, y) such thatf(x, y) =0. Then there

exists a neighborhood Ni of (0, 0) such that the set Z of those real pairs

(x, y) lying in Ni and satisfying f(x, y) =0 consists of a finite number of

arcs each of which has a representation of the form (2.1).

Proof. Choose y>0 such that the series for/(if, 77) converges for

|£| +|,| <y. For/*£S* we have /*(/(£, 77)) = E^o/*(/-) if y so
that the functions/*(/(if, 77)) are expressible as convergent series in

£> V, |?| +M <7- Since by assumption /(0, 0)=0 it follows for all

/*££*, /*(/(0, 0))=0. Also the assumption/(if, 77)^0 implies there

must exist at least one/* such that/*(/) ^0.

The function/*(/) satisfies the hypothesis of Theorem 1. Therefore

by Theorem 1 we may choose a neighborhood N of (0, 0) and h such

that the real zero's of/*(/(£, 77)) =0 consist of a finite number of arcs

of the form (2.1).

Let C= {x(t), y(t)} be an arc of the form (2.1) on which fi*(f) =0.

The arc C= {x(t), y(t)} will be defined to be a common arc for/ if

for each functional /* and each interval 0<t<to there exists a t*,

0<t*<t0, such that f*(f(x(t*), y(t*)))=0. If an arc C is a common

arc then we have/*/(x(0, y(t))=0 for all/*£8* since f*f(x(t), y(t))

is analytic in t, 0<t<ti, and hence f(x(t), y(t))=0. If C is not a com-

mon arc then for some/* we must have f*f(x(t),y(t)) 9*0 in some inter-

val 0<t<to and therefore f(x(t), y(t))9*0 in that interval. Choose a

neighborhood Ni of (0, 0) such that for all of the arcs which are not

common arcs f(x(t), y(t)) 9*0 for x(t), y(t) in Nlt t9*0. Then/vanishes

in Ni only on common arcs and/vanishes identically on these, which

was to be shown.

Using Lemma 2 we have the following theorem:

Theorem 5. If f(x, y) is a function of two real variables x, y into a

Banach space 8, whose values for \x\ +\y\ ^y can be given by an ab-

solutely and uniformly convergent series in x, y which vanishes at the

origin, then in some neighborhood of the origin the zero set Z of this func-

tion either (i) reduces to a point, or (ii) fills a full neighborhood of the

origin, or (iii) consists of a finite number of analytic arcs.

Proof. Let Em-n=o/mnXmy", /„„£? be the series for f(x, y). If

if, 77 are complex numbers then the series 22m-n-ofmn^mvn converges

for I if I +\rj\ <y and defines a function /(if, 77) which coincides with

f(x, y) when if, 77 are real.
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If f(x, y)=0 then conclusion (ii) holds. If f(x, y)f^0 then either

every neighborhood of the origin (0, 0) contains a point x, y such that

f(x, y) = 0 or else there exists some neighborhood of the origin in

which/(x, y) does not vanish, except for x = y = 0. In the latter case

conclusion (i) holds and in the former case conclusion (iii) holds since

we may apply Lemma 2 to/(£, n).

We now apply the previous theorem to an analytic operator.

Theorem 6. Let T(z) be a closed operator on !q depending on a com-

plex parameter z, \ z\ <y, satisfying the properties:

(a) T(z), T*(z) have fixed domains 3) for \z\ <y.

(b) T(z)f, T*(z)f are analytic in z, \z\ <y, /G3).
(c) F(0) is a normal operator.

Then in some neighborhood of the origin the set Z of points z where T(z)

is normal either (i) reduces to a single point or (ii) fills a full neighbor-

hood of the origin or (iii) consists of a finite number of analytic arcs.

Proof. Define a set of operators Tk, k = l, 2, • • • on 3) by letting

Tkf=gk where gk is the coefficient of the /feth term of the series for

T(z)f. The operators so defined are linear. A result of Sz.-Nagy [5,

Theorem 4] states that if T(z) is a closed operator with fixed domain

3) for \z\ <y and T(z)f= £4"_0 Tkfzk for/G3), \z\ <y, where Tk are

linear with domain 3), then constants a^0,b^0, p^O exist such that

(3.1) ||zy|| g P»-K4f\\ + b\\T(0)f\\), k = 1, 2, • • • .

From (3.1) it follows that T(z)f can be written as an absolutely and

uniformly convergent series in x, y, x = Rez, y = Imz, |x|+|y|

<p~l/2. Similarly T*(z)f can be written as an absolutely and uni-

formly convergent series in x, y in some neighborhood of (0, 0).

Define operators Si(z), S2(z) corresponding to T(z) on 3) by (2.7).

The operators .Si(O), ^(0) are commuting self-adjoint operators since

F(0) is normal. By (2.7) the elements Sx(z)f, S2(z)f may be expanded

in absolutely and uniformly convergent series in x, y of the form

(2.3) in a neighborhood of (0, 0) since T(z)f, T*(z)f can be. Also by

(2.7) 5i(z), S2(z) are symmetric for \z\ <y.

Using Theorem 2, Si(x), S2(x) are self-adjoint for real x in a real

neighborhood of x = 0, — ei<x<ei. Next for fixed x, — €i<x<ei, we

apply Theorem 2 to Si(z), S2(z) as functions of y to conclude that

5i(z), S2(z) are self-adjoint for y in a neighborhood of the x-axis,

— e<y<e. By reference to the proof of Theorem 2 [4, III, p. 561] it

may be shown by a straightforward argument that e may be chosen

independent of x, — ei<x<d so that Si(z), S2(z) are self-adjoint in a

complex neighborhood of z = 0.



738 JOHN BUTLER [August

Let 27i(z), 272(z) be the Cayley transforms of the self-adjoint oper-

ators Si(z), S2(z). The operators 27i(z), 272(z) are elements of the

Banach space 8 of bounded operators. The operators 27i(0), U2(0)

commute since Si(0), S2(0) commute. By Lemma 1 the operators

Ui(z), U2(z) may be written as absolutely and uniformly convergent

series in x, y in a neighborhood of (0, 0). Let f(x, y) = Ui(z) U2(z)

— U2(z)Ui(z). The operator/(x, y) may be written as an absolutely

and uniformly convergent series in x, y in a neighborhood of (0, 0).

Also/(0, 0) = 27i(0) 272(0) - 272(0) 27^0) =0. The operator/(x, y) there-
fore satisfies the hypothesis of Theorem 5 so that the zero set Z of

f(x, y) has the form stated in the conclusion of Theorem 5. Since Z

is the set where 27i(z), 272(z) commute it follows that Z is the set where

the spectral measures of Ui(z), U2(z) commute. This implies that Z

is the set where Si(z), S2(z) commute. A necessary and sufficient con-

dition that T(z) be normal is that Si(z), S2(z) commute [6, p. 360] so

that T(z) must be normal for z in the set Z. This proves the theorem.

4. Remarks. If Z is a full neighborhood of z = 0 and T(z) is a

bounded operator, T(z) = En-o Tnzn, then S. L. Jamison has shown

that { Tn} is a commuting family of operators [2]. If dim !Q = m< oo

and T(z) =A +zB where A, B are normal operators H. Wielandt has

shown that Z is either a straight line, or a point, or a full neighborhood

of z = 0 [7]. He gives a sufficient condition for Z to be a full neighbor-

hood of z = 0, in which case A and B commute.

5. An application. We apply Theorem 6 to prove a theorem about

analytic perturbation of a normal operator whose inverse is a com-

pletely continuous operator. The proof is based on Theorem 3, which

is the corresponding theorem for symmetric operators, together with

Theorem 4.

Theorem 7. Let T(z) be a closed operator on § depending on the

parameter z, \z\ <y, and satisfying the properties:

(a) T(z), T*(z) have fixed domain 35, for \z\ <y.

(b) T(z)f, T*(z)f are analytic in z, \z\ <y,/£35.
(c) F(0) is a normal operator with a completely continuous inverse.

(d) T(xn) is normal on a set of real positive numbers {xn} such that

limn..00x„ = 0.

Then there exists 5>0 and a set of functions {pi(x)}, analytic for

0gx<5, such that for 0^x<5 the spectrum of T(x) is equal to the set

Proof. By Theorem 6 and hypothesis (d) there exists 5'>0 such

that, for 0^x<5', F(x) is normal with domain 35.
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Define the operators 5i(x), S2(x) for — S'<x<5' by (2.7). These

operators are symmetric for — 5'<x<8'. Si(x)f, S2(x)f are analytic

in x, —5'<x<o',/G3), by hypothesis (b). Since by hypothesis (c)

F-1(0) is completely continuous, F(0) has a countable discrete spec-

trum. Choose a point a in the resolvent set of F(0) such that Im a^O.

Since Si(0) is self-adjoint a is in the resolvent set of Si(0). (a— F(O))-1

is a completely continuous operator and (a — Si(0))~l is a bounded

operator. The second resolvent equation holds for a and is the easily

verified identity:

(a - Si(O))-1
(5.1)

= (« - F(O))-1 - — (« - F(0))-1(F(0) - T*(0))(a - Si(0))~\

The operator (F(0) - F*(0))(a-5i(0))-1 is closed and defined for all

/G§ which implies that it is a bounded operator. By (5.1) (a — Si(0))~l

is the product of (a— F(0))-1 times a bounded operator so that it is

completely continuous. A similar argument shows that, for some f3,

(/3 —52(0))_1 is completely continuous. We have now shown that

5i(x), S2(x) satisfy the hypothesis of Theorem 3 so that there exists

5>0 and two sets of functions {aj(x)j {^.(x)} analytic in x, — 5<x

<5, such that 8<8' and for — 5<x<5 the spectrum of Si(x) consists

of {as(x)} and the spectrum of S2(x) consists of |p\(x)}. Given any

p. in the spectrum of F(x), 0^x<5, by Theorem 4 there is an element

oti(x) of the spectrum of Si(x) and an element /3;(x) of the spectrum of

S2(x) such that/x=a,(x)+i/3;(x). It is readily shown that if ju = ai(x0)

+i/3y(x0) is in the spectrum of F(xo) for a particular x0 then p(x)

= a.i(x)-\-i(5j(x) is in the spectrum of T(x) for all x, 0^x<5. There-

fore for 0 gx <8 the spectrum of F(x) consists of a set {/x,(x)} of func-

tions analytic in x, 0^x<5, as was to be shown.

Each individual eigenvalue ju«(2) OI Theorem 7 is known to be

analytic in a complex neighborhood of z = 0 (cf. [3; 8]). The conclu-

sion of Theorem 7 cannot however be strengthened to assert that

the set {pti(z) ] are all analytic in a complex sphere \z\ <S since the

eigenvalues pn(z) may have branches which approach the x-axis as

*—»oo. An example of this using symmetric operators is given in [4,

V, p.483].
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ON A THEOREM OF MAGNUS

EDWIN HEWITT AND EUGENE P. WIGNER1

1. In a recent paper [2],2 W. Magnus has shown that analogues

of the Fourier inversion and Plancherel theorems hold for matrix-

valued functions on the real line R. We propose to show that these

theorems actually hold for an arbitrary locally compact Abelian

group, and that Magnus's inversion integral (1. c. (1.4)) can be

simplified. For all group- and integral-theoretic notation, terms, and

facts used here without explanation, see [l].

2. Let G be a locally compact Abelian group, written additively,

with character group X. Elements of G will be denoted us", "t", and

elements of X by "x", with or without subscripts. The differential of

Haar measure on G [X] will be denoted a^fox] and these measures

are to be so chosen that equality obtains in the Fourier inversion

theorem [l, p. 143] and Plancherel's theorem [l, p. 145].

2.1. Let 27 be a continuous ra-dimensional unitary representation

of G, so that: U(s+t) = U(s)U(t) for all s, tEG; 27(0) =7; and all

coefficients Ujk of 27 are continuous functions on G. Then the reduc-

tion theorem states that there exist a unitary matrix V and char-

acters xii " " • » Xn£-^ such that
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