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1. General Unitary Transforms are of the form

(1) f°(k(a,y))*f(y)dy=  fg(x)dx,
Jo J o

(2) f   (l(a,y))*g(y)dy=  ff(x)dx,
J o J o

where (k(a, y))* denotes the conjugate complex of k(a, y), with an

analogous interpretation elsewhere whenever a function is enclosed by

( )*. Together with (1) and (2) we also have the Parseval formula

as follows: writing (1) in the operational form Tf(y)=g(x) and sup-

posing that we also have Tfi(y) =gi(x) then

(3) f  f(y)(fi(y))*dy =  f  g(x)(gi(x))*dx.
Jo " 0

We shall refer to k(a, x); l(a, x) as a pair of unitary kernels.

Bochner [l] proves that k(a, x); l(a, x), (aSiO) form a pair of

unitary kernels if and only if condition (A) below holds and equations

(4), (5) and (6) are all satisfied: (A) considered as functions of x,

k(a,x)EL2(0, ™),l(a,x)EL2(0, «),

(4) I    k(a, x)(k(b, x))*dx = min (a, b),

/■  00

l(a, x)(l(b, x))*dx = min (a, b),
o

/» b /» a
(k(a, x))*dx =   I   l(b, x)dx.

a Jo

If (A), (4), (5) and (6) are satisfied and if in (1) f(x)EL2(0, oo) then

we also have g(x)EL2(0, <»). Detailed proofs can be found in Boch-

ner and Chandrasekharan [2, Chap. 5].

I prove the following theorem: Let k(a, x); l(a, x) be one pair of
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unitary kernels and p(a, x); q(a, x) be another pair of unitary kernels.

Then the functions m(a, x); n(a, x) defined in (7) and (8) below are

also a pair of unitary kernels.

(7) m(o, x) = —        (*(*, y))*p(a, y)dy,
OXJo

d    rx
(8) n(a, x) = —        k(a, y)(p(x, y))*dy.

dxJo

Evidently, if we know two pairs of unitary kernels we can, by means

of this result, find a large number of other pairs.

To prove the theorem we must establish (A), (4), (5) and (6) with

k(a, x) and l(a, x) replaced by m(a, x) and n(a, x) respectively.

Integrating (7) with respect to x from 0 to b we have

(9) f   (k(b,y))*p(a,y)dy=  f m(a, x)dx.
Jo Jo

We now look upon (9) as part of a general unitary transform such as

(1) with kernel k(b, y),f(y) =p(a, y) and g(x) =m(a, x). Since p(a, x)

is a kernel we have, from  (A), p(a, x) E L2(0,<x>) and therefore

m(a, x)EL2(0, =o), both regarded as functions of x.

Again, from (3), we have

/• co /» co

m(a,x)(m(b,x))*dx=  j    p(a, y)(p(b, y))*dy.
o Jo

Since p(a, x) is a kernel it must satisfy an equation analogous to (4)

and therefore

/» 00

m(a, x)(m(b, x))*dx = min (a, b).
o

If (8) is integrated with respect to x from 0 to b and the result is

regarded as a general unitary transform with kernel p(b, y), we can

prove similarly that n(a, x)EL2(0, <») (considered as a function of x)

and that

/» 09 f\ CO

(12) j    n(a, x)(n(b, x))*dx =   I    k(a, y)(k(b, y))*dy
Jo Jo

(13) = min (a, b)

from (4).

Finally from (8) we see that
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(14) f\n(b, x))*dx=  f   (k(b,y))*p(a,y)dy
J 0 J 0

(15) =   j   m(a, x)dx
Jo

from (9). This completes the proof, since we have now established

(A), (4), (5) and (6) with k(a, x) and l(a, x) replaced by m(a, x) and

n(a, x) respectively.

2. In [l] Bochner introduces two operators U and V, by means

of which he obtains relations between step functions and pairs of

unitary kernels. These operators can also be used to express the

relationships between the functions k(a, x), p(a, x), m(a, x) and

n(a, x).

If ga denotes the step function ga=l; 0<x<a, ga = 0; agx, then

the operators U and V are defined as follows:

(16) Uga = k(a, x);        VgB = l(a,x).

With the usual notation for inner product, namely

(17) (f,g)=  fKf(g)*dx,
J 0

we also have, from (6),

(18) (gb, Uga) = (Vgb, ga).

It is proved in [l ] that these operators are inverse to each other and

in [2, Theorem 78] that (18) can be extended so as to apply to all

functions in L2(0, °°) as well as to step functions.

Now, with U and V as defined by (16) let us define U' and V by

(19) U'ga = p(a, x); V'ga = q(a, x).

We have

(20) (m(a, x), gi) =  j   m(a, x)dx
J o

/, oo
(k(b, y))*p(a, y)dy

o

from (9)

(22) = (U'ga, Ugh)

from (17)
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(23) = (VU'g., gb)

from the extension of (18). Since b is arbitrary, it follows that m(a, x)

= VU'ga almost everywhere. In a similar manner, starting from (8),

we can also prove that n(a, x) = V Uga almost everywhere.
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A PROPERTY OF THE LAPLACE TRANSFORMATION

P. G. ROONEY

1. Introduction. While certain of the properties of the Laplace

transformation are so well known that they have become engineering

tools, there are others that have received very little attention, and

yet are very interesting. One of these comes about as follows. Let

f(s) be the Laplace transform of <j>(t), that is

S» CO

I f(s) =   I     e-"<t>(t)dl = £(<f>(l);s).
J o

Then under certain conditions,

II £(m;s)=^J\-^2f(£)dr,

this formula is given, for example, in [2, 4.1(22)]. At least one gen-

eralization of this formula is known, that giving £(t"<p(t2); s)—see

[2, 4.1(22) and (23)]—but we propose to generalize here in a differ-

ent direction, namely that of replacing the y~%12 in the right-hand

integral of II by y-1. Specifically, we propose to show that, under

certain conditions

Received by the editors November 29, 1956 and, in revised form, February 20,
1957.


