
A NOTE ON BANACH FUNCTION SPACES

H. W. ELLIS1

1. Introduction. Let (IXF, SXT, /iXc) denote the completion

of the Cartesian product of the (r-finite and complete measure spaces

iX, S, jx) and (F, T, v) [5]. If X is an arbitrary length function on

(X, 5, ju), B a Banach space of real valued functions on Y measurable

(E), each fx=fxiy) in EX(E) defines a real valued function fix, y)

=fxiy) on XXY. The purpose of this note is to study the relation

between the spaces EX(E) where B=Lli, A a length function, and the

spaces EXA of functions/(x, y), measurable (5XE), for which XA(/)

= X[A(/t)] defines a norm. Bochner [l] has shown that if X and Y

are Euclidean, fj, and v Lebesgue measure and Ex and EA are the

spaces of summable functions on X and Y then EXA and EX(£A) are

equivalent. Our principal result is

Theorem 1.1. £X(£A) is always equivalent to a subspace of EXA. In

order that £X(EA) be equivalent to EXA it is necessary and sufficient that

either (5) be a-atomic (X) or (L9), (L12) and (L13) all hold for A.

2. Terminology. The notation fix, y) will refer to a real valued

function defined on XX V,fx=fxiy) to a function on X valued almost

everywhere in a space of functions measurable (E) or to an X-section

of fix, y). If Q, Qa are subsets of XX Y, Qx, Qa,x refer to the sections

of Q, Qa determined by x [5, p. 141]. By/„(P) 17(E) is meant /i(P)

£MP)£ ■ ■ ■ and/(P)=sup„/n(P)^ oo for all points P. Measur-

ability symbols (5), (E), (5XE) will be omitted when no confusion

is likely to result. The definition of simple function will differ from

[5, p. 84] in that the constants will sometimes be vectors. We shall

write xe, X(E) as abbreviations for the characteristic function of £

and X(xb), respectively, fB for/xc

As in [3] X will be called a length function on (X, 5, /j.) if for every

measurable function u with 0^w(x);£ 00 for almost all x, X(w) is

defined with O^X(m)^ 00 and satisfies: (LI) X(w)=0 if m(x)=0 al-

most everywhere, (L2) X(w) ^X(wi) whenever m(x)^«i(x) for all x,

(L3) X(wi+tt2)^X(tti)+X(w2), (L4) \iku)=k\iu) for all k>0, and

(L5) X(m) =supX(m„) if un\u. In addition we shall sometimes im-

pose some or all of conditions: (L9) Either X is coarse or for every E

with X(£)<oo, X(e)-K), whenever nie)->0, eQE [3, p. 592], (L12)
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X(m) < oc , e>0 imply \(u — ue)<e for some e with \(e) < oo, [3,

p. 592] and (L13) X(m) < oo implies that X(w — mat)—»0 as N—>oc

where w.v(x) =min (A7, w(x)) [3, p. 577]. We shall suppose throughout

that Lx and LA contain at least one element different from zero. We

also suppose that X and Y contain no X, A-null sets of positive meas-

ure. The theorems remain true when such sets exist, the arguments

given below holding after they have been deleted.

If p(E) < <x>, E will be called cr-atomic if the union of the atomic

subsets of E (at most countable in number) differs from E by a null

set. If every EES with p(E) <«, 0<X(£) < °o is c-atomic we say

that (S) is (r-atomic (X).

The space of functions/*, valued in the Banach space B, Bochner

measurable outside a maximal X-null set and with X(/*) =X(|/T|) < oo ,

will be denoted by £x(73), the associated Banach space (with points

equivalence classes in £x(73)) by Ek(B). When XA(/) =X[A(/I)] is de-

fined for every f(x, y), measurable (SXT), £XA will denote the space of

measurable/(x, y) with XA(/) < cc , £XA the associated space.

3. Spaces of functions measurable (SXT).

Theorem 3.1. 7,XA is a Banach space.

Proof. Because of [3, Theorem 3.1 ], we need only show that XA is

a length function when X and A are length functions (assuming that

XA(/) is defined for every measurable/). That (L1)-(L4) hold is easily

shown. We verify that (L5) holds for XA. Suppose that/„(x, y) |/(x, y)

where each /„ is measurable (SXT). By [5, 34.B, 36.4] fn.x(y) is

measurable (T) for all n and almost all x. If x is such that /„,* is

measurable (T) for all n, A(fx) =sup A(/„,*) by (L5) for A. There is

thus a set N which is a countable collection of null sets, with A(/n,x)

t A(fx) in X-N. (L5) and the fact that \(g-h) =0 if g and h differ
in a null set then implies that

XA(/) = X   sup A(/M|I)    = sup XA(/BiI).
._   n J «

If XA is to be a length function it must, by definition, be defined for

every/(x, y) that is measurable (SXT). On the other hand if/(x, y)

is measurable (SXT), fx=fz(y) is measurable (T) for almost all x so

that A(/x) is a function of x defined for almost all x. If A(fx) is measura-

ble (S), XA(/) =X[A(/I)] will then be defined for every / measurable

(SXT).

Theorem 3.2. If f(x, y) is measurable (SXT), A(fx) is measurable

(S) if: (i) for each a^O, Ea= {x:A(fx)>a\ differs by a null set from
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E°a={x:u(Qa,x)>0\, where Qa={(x, y):|/(x, y)|>a}; or (ii)  (L9)

holds for A.

Proof, (i) Since Qa is measurable (SXT), v(Qa,x) is measurable

(S) [5, 35.A, 36.4] so that E°a and, by hypothesis, Ea are measurable

(5) for every a and therefore A(fx) is measurable (S). An example of a

length function for which (i) holds for every measurable/ is given by

&[g(y)] = ess. sup. g(y).

In the proof of (ii) we shall use

(A) If EEXX Fis measurable (SXT) then ££Ur A,XB{ where

p(Ai) < 00 , v(Bi) < 00 , i= 1, 2, • • • and the measurable "rectangles"

AiXBi are disjoint and not empty.

(B) If pXv(E)< oo, e>0, there exists H=(]nlAiXBi, p(Ai)<<*,

c(73i)<oo, i=l, 2, • • • , n, with pXv(EAH) <e, where A denotes

symmetrical difference.

(C) If /„(x, y) |/(x> y) and A(/„,,) is measurable for all n, then

A(/t) is measurable.

The definition of (XX Y, SXT, pXv) implies (A) and (B) and (L5)

for A and standard measurability theorems give (C).

(ii) We first suppose that p(X) < 00 , v( Y) < «=, A( Y)< 00 . If then

f(x, y) =xq. where Q is measurable (SXT), there is by (B) a sequence

{77n} of finite sums of finite measurable "rectangles" U; (AniXBni)

= 77„ with pXv(QAH„) approaching zero as w^oo. Each A(77„)x is

simple and therefore measurable (S). For a sequence e„>0, e„—>0, let

77re be chosen so that pXv (QAHn) <in. If En={x: v(QAHn)x>en),

p(En)<€n since pXv(QAHn) =Jx(QAHn)xdp(x) [5, 35.B]. Thus

\A(Qx)-A(Hn,x)\ ^A(QAIIn)x where, by (L9), sup A(QAHn)x-±0,

xEX — En, and p(En)^>0 as w^oo. There is thus a subsequence of

}A(77n)a;} converging almost uniformly to A(QX), which is therefore

measurable. If f(x, y) is simple the argument is similar, each set Qi

on which/is constant being approximated by sequences of collections

of rectangles. The extension to bounded and to arbitrary measurable

functions is routine using (C). The proof is then complete when

p(X)<a=, v(Y)< oo , A(Y)< oo .

Suppose that v( Y) < °o , A( Y) = oo and let K denote the family of

sets e£F, modulo null sets, with v(e)>0, A(e) < oo. If ea, e$ are in K

so is their union. (K will be empty if there is no function g(y) meas-

urable (T) with 0<A(gr)< °°.) TT is partially ordered by inclusion.

If 91 is a nest in K, by the Hausdorff maximal principle [7, p. 32],

there is a maximal nest 9TC in K which contains 31. If e£F— U{Af:

Af£9Tl} and v(e)>0, then A(e) = oo, since otherwise {M^Je} would
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be a nest properly containing 3TC. For i= 1, 2, • • • let Y, be an arbi-

tary set in 3H with p(F,) > (1 -l/2{) sup^egn f(i!7). Then j'(UFi)

= sup v{M)-£viY) and

00

(3.1)    F=F0+UFi,    A(c)= »if«C To,    K«) > 0;    A(F,-)<<»,

t = l, 2, • • • (cf. [8, §§2,3]). If/(x, y) is measurable (5XE), (A) and

the cr-finiteness of v permit us to assume that/(x, y) =0 for y outside

F=UT Bi with viBi) < co and combining the decompositions (3.1) for

all Bi shows that (3.1) holds for Y. Since /x is also c-finite we can as-

sume that fix, y) vanishes outside X = U™ X{ with niXi) < oo and

that, for 77n = Ui X{X Yit F'= F- F0, fH„ \fxyy as w^oo so that

fxxv is measurable by the first part of the proof and (C). Finally if

£x={y£F0:/(x, y)>0}, A(f.)=*> if v(Ex)>0,=AifXxi-) if v(E,)
= 0. Since {x: p(£z)>0} is measurable, A(/,) is measurable.

Remark. If X and A determine E1 norms, Theorem 3.2 is part of the

Fubini theorem.

If/(x, y) is measurable (5XE),/X is valued almost everywhere in

the space of real functions measurable (E). If /£ £XA, fx is valued

almost everywhere in £A, \(JX) =XA(/) < oo and /„££X(EA) if and

only if fx is Bochner measurable.

Lemma 3.1. In order that, for every f(x, y)££XA, /*££X(EA) it is

necessary and sufficient that either (i) (5) is a-atomic (X) or (ii) satisfies

(L9), (L12) and (L13).

Proof. Assume that (i) holds. The definition of iXXY, SXT,

nXv) implies that, if fix, y) is measurable (5X7) and 5o£5 is

atomic, there is a function fix, y) with fx constant in 50 and with

M XK5i) =0 where 5i={(x,y):/(x,y)^/(x,y)} (cf. [5, 16.4, p. 72]).
Let/££XA and suppose that /x(x) < <*>. If Xn= {x: Aifx)>l/n},

then Xo= {*: A(/„)>0} =U," Xn, M(A)=0 where N= {x: A(/.) = °° J,

and niX0 — Xn)—>0 as »—><». For each w,

0 g A(XB) ^ A(n/») g »A(/X) < co, xQXo- N.

Since A" is c-atomic (X) each Arn = Uj" , Ani + Nn where each .4„; is

atomic and niNn) =0. Then/* is equivalent (5X E) to/* which is con-

stant on each Ani. The proof that/* and/x are Bochner measurable on

X is then trivial. The extension to an arbitrary X is then a conse-

quence of the (T-finiteness of ju.

We next show that (ii) is sufficient. Since n is ff-hnite we can assume

that juiX) < oo. In the first part of the proof of Theorem 3.2 (ii) each

Xh„,x is'simple and it follows easily that xqx is Bochner measurable.
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The extension to Jx corresponding to a bounded, measurable J(x, y)

is easy. If f(x, y)££XAis not bounded, XA(/) < 00 implies that A(/x)

< 0= outside a ^t-null set X0EX. (L13) then implies that A(/—/#)„—>0

as 7V->oo, xEXo- For e>0 let EN= {x: A(f-fN)x>e}. For N

sufficiently large p.(Ei?)<e since p(X) < 00. This, with the Bochner

measurability of all the/w implies that /is Bochner measurable when

v(Y) < 00, A(F)< co. In the general case we can assume from (A)

that/(x, y) = 0 outside \J" B{ where v(B{) < 00 , A (73*) < 00 , i = 1,2, • •

Then /" =fxXulmBi is Bochner measurable for every m. For each x out-

side a X-null set, where e and N are as in (L12) and (L13),

HU  ~ U)   ̂    A(/x   - J*,*)   +   A(/",x   - f7)   +   MfN,X   ~ fN,xXe)
m m m

+   A(/.v,s  — /.V,x)« +  A(/w,:c  — fN.xXe)

^ 2\(fx-fN,x) + 2\(fN,x-fN,xXe) + NA (e U bA,

which can be made arbitrarily small by choice of N, e and m, using

(L12) and (L13). That/* is Bochner measurable then follows easily

as in the preceding paragraph.

Finally we show that at least one of (i), (ii) is necessary to ensure

that, for every g(x, y)££XA, gx is Bochner measurable. Suppose that

.S contains a set Si with p(Si) <m,0 <X(6i) < °° and suppose that Si

contains no atoms. Then 5 contains a sequence Sn of sets satisfying

Si = S2\JS3, S2 = St\JSi and in general 5< = 5yW5y+i for some j>i,

wherep(Si)>0,i= 1,2, ■ ■ ■ and n(St)-+0 as i-^00 (cf. [4, §2]). Sup-

pose that there is a non-negative function /(y)£7,A, a number 5>0,

and a collection of disjoint sets { T(} in ^with A(frj >5,i=l,2, ■ ■

Define g(x, y) =fT.(y) =fXT. for all xESit i = l, 2, • • • , g(x, y)=0
elsewhere. Then clearly g(x, y) is measurable (SXT) and, since

A(gz) SA(/„) for all xESu A(gx)=0 elsewhere, XA(g) ̂ A(/)X(5i) < 00

so that gE £XA. If for some n, Sn contains x but not x'£5i,

I g.(y) - gAy) I ^ /r,-(y),      Hg* - g*0 ̂  A(/r<) > 5.

Thus if x is fixed and {Sni} is the subsequence of {Sn} containing

x, the set of points x' for which A(gx — gx>)<8 is contained in f\S„i

and therefore has measure zero. If gx is an arbitrary simple function

on X, A(gx — gx)>8/2 for almost all x£5i so that gx cannot be Boch-

ner measurable. The argument of [4, Lemma 3.2] shows that there

always exists such a function/(y)£ZA, 5>0 and { Tt} if one of (L9),

(L12) and (L13) fails to hold so that the above construction gives a

counterexample if (i) and one of (L9), (L12) and (L13) fail to hold.
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4. The equivalence of the spaces EXA and £X(£A). Where /x, v

denote Lebesgue measure on (0, 1)=A"=F, Sierpinski [9] (using

the axiom of choice) has constructed a plane set Q having at most two

points in common with every parallel to the axes and not measurable

(SXT). For the function xe, AiQT) =0 for all x so that xqx is Bochner

measurable and in £X(EA) but not in £XA since it is not measurable.

This example shows that the statement of Theorem I in [l] is not

precise. We note that when the conditions of Lemma 3.1 are not

satisfied (for example if Lfi = L°°, and x, y, n, v are as in this para-

graph) £XA and £X(EA) can each contain elements with the correspond-

ing element not in the other. We note that for Sierpinski's example

there is a function (namely gx = 0) equivalent to fx in L^iL^) with

gix, y) measurable (5XE). That this is always the case is shown by

the following lemma which generalizes part of Bochner's Theorem I

[1].

Lemma 4.1. 7//x£Ex(EA) thenfx, the equivalence class of fx, contains

gx with gix, y)QLx/i.

Proof. First suppose that niX) < oo, X(X) < co. For «>0 the

Bochner measurability of fx implies the existence of a set £i£A" = £o

with m(-Ei) <e an(f a sequence of simple functions fx valued in 7A with

A(/x-/t)->0 uniformly in £0-£i. Each fix, y)QL*A and the f,

restricted to £o —Ei, form a Cauchy sequence in EXA and define a

function gi(x, y)QLxfL, vanishing in EiXF, with X(/x — gi,x)E0-Ei = 0.

Replacing Et by £,+i, i=l, 2, ■ ■ ■ , there is a sequence of sets £,■

with £i£E,+i, juUrT (£; — Ei+i) =/x(A), and a corresponding sequence

of functions g»(x, y)QLXK, vanishing outside E;_i —£,- with

(4.1) Xifx- gi,x)Ei_tEi=0.

Set gix, y) = J2i giix, y). Then gix, y)QLx", gx££x(£A) and, since

ifx—g^i/iEi-EH-i T ifx — gz) outside a null set, (4.1) and (L5) for X show

that gxQJx.
In the general case the set X0= {x: A(/x)>0} is measurable (5).

If Xn={x:A(fx)>l/n}, Xa = V? Xn and X(Xn)< «, «=1, 2, • • ■ .
Since X0 is cr-finite we can assume that niXn) < oo and that the Xn

are disjoint. An argument similar to that given in the first part then

completes the proof.

Lemmas 3.1 and 4.1 combine to give Theorem 1.1. Theorem 1.1 has

the following corollaries.

Corollary 1. If EA is separable or reflexive, EXA is equivalent to

L^L*).
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Corollary 2. LXA is separable (reflexive) if and only if Lx and LA are

separable (reflexive).

If LA is separable (L9), (L12) and (L13) hold by [4, Lemma 3.2].
If 7,A is reflexive they hold by [6, p. 206]. If 7LXA is separable (re-

flexive), Lk is separable (reflexive) since it is isometric to a subspace

of 7>A. Then Corollary 1, [4, Lemma 3.2] and [6, Theorem l.l]

give Corollary 2.

The basis problem for the spaces ZXA is equivalent to the basis prob-

lem for the spaces LX(LA) and is therefore partially solved by [2].

That the results of [4] do not apply directly to LXA is shown by the

fact that even when both X and A are levelling (i.e. have property

(L8) of length functions [3]) XA need not be leveling or even have the

weaker property (3.4) of [4]. This is shown by the following ele-

mentary example. Let X= Y=(0, oo), let S, T be the Lebesgue

measurable sets, p and v Lebesgue measure on (0, oo) and let EK = L2,

Lk = L1. Let 7?„={(x, y):n— Kx^n; n — Kyfin), R'n= {(x, y):

0<x<l, n— 1 <y^n\. Let fk(x, y) denote the characteristic function

of Ui R„, Afk the average of/* over 7v„U7?; in 7?„W7?i, n = l,2, ■ ■ ■ ;

=/t elsewhere. Then every fkELXA- but actual computation shows that

\A(Afk)/\A(fk)>k"2/2.
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