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Introduction. The object of this note is to point out a striking

similarity between the properties of the set of normal subgroups of a

group with ascending chain condition for normal subgroups and the

properties of ideals of a commutative Noetherian ring. In particular

it will be seen that a normal subgroup equal to its commutator sub-

group is the intersection of pairwise complementary subgroups

(analogue of pairwise "relatively prime" ideals). And any normal

subgroup modulo which the whole group is semisimple, is the inter-

section of such subgroups which are irreducible.

The theory is based on making the analogy in the following way:

sum of ideals corresponds to the product of normal subgroups;

product of ideals corresponds to the commutator of the normal sub-

groups; and the residual quotient of ideals has an analogue introduced

here. The concepts prime ideal, irreducible ideal, and radical of an

ideal have analogues for normal subgroups as will be pointed out.

For the ideal theory one can consult Northcott [3] or van der

Waerden [4].

Preliminaries. In what follows G will denote a group, E the sub-

group consisting of the identity element alone, and A and B will de-

note normal subgroups of G. Then [.4,2?] will denote the subgroup

generated by the commutators [a, b] = aba~1b~1 where a is in A and b

in B; ah will denote the conjugate bab~l of a. AB will denote the

group generated by A and B, A(~\B their intersection. [A, A] =A(-1)

will be the derived group of A; and for n > 1 A(n) will be the derived

group of 4("_1).

Definition. The residual quotient of A by B, denoted by A:B,

will be defined to be the set of elements g of G such that for all b in B

\g, b] will be in A. It is clear that A'.B contains A since A is normal.

Modulo A, A'.B is the centralizer of 2?; and hence A'.B is a normal

subgroup of G.
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Some of the elementary properties of normal subgroups are listed

here.

(1) AB=BA.
(2) (AB)C = A(BC).
(3) [A, B] = [B, A] is normal in G.

(4) \A,BC] = [A,B][A, C].
(5) AQAB.
(6) [A, B]CAC\B.

(7) (j4n5)/[4,.B]isAbelian.

(8) \[AB]C]Q[\B, C]A][[CA]B}.
(9) If   {AC\BC\C)   is   its   own  derived   group   then  Ar\Bf\C

= [\A, B]C] = [[B, C]A]=[[C, A]B].
(10) [(Ar\B), AB]Q[AB].

(11) [(A:B),B]QA.
(12) AQ[A:B].
(13) (f)Ai):B = r\(Ai:B).
(14) A:(B!B2 ■ ■ ■ Bn)=A:B1r\ ■ • ■ C\A:Bn.

(15) A:B=A:AB.

Proof. (3) follows from the fact that [a, b] = [b, a]-1.

It is clear that the right side of (4) is contained in the left side. On

the other hand for a in A, b in B, c in C we have [a, be] = [a, b] [a, c]b

and hence the generators of the left side of (4) are contained in the

right side. (6) depends on the fact that [a, b]=a{ar1)b = bab~l. (8) is

the theorem on page 64 of [5]. (9) follows from (6) and (7).

The other statements are direct consequences of the definitions.

Radical groups. In what follows we shall assume the maximum con-

dition for normal subgroups; that is, if A is normal in G then G/A

has a finite principal series.

Definition. P is an irreducible normal subgroup of G if it is not the

intersection of two normal subgroups of G each properly containing

P.
Definition. If A is normal in G then the radical of A, denoted by

Rad A, is defined to be the group union of all normal subgroups K of

G such that for some nk, ir(n*' is contained in A. If A is its own radical

then A will be called a radical group or simply a radical.

Remark 1. When A is a normal subgroup of a group G such that

G/A has a finite principal series then for some n, (Rad A)(n) is con-

tained in A.

Remark 2. It should be observed that Rad A is the complete in-

verse image under the natural map from G to G/A of the radical of

G/A in the sense of Fitting [l ]; and that the radical of Fitting corre-
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sponds to Rad E as defined above. It is also clear that G modulo a

radical is semisimple.

Remark 3. Rad [A, B] = Rad (AC\B) = Rad AnRad B. The first
equality follows from (6) and (7) above. The second one is a direct

consequence of the definitions.

Definition. P is a prime normal subgroup of G or P is prime in G if

[A, B]QP implies that either A CP or BCP.

Remark 4. P is prime if and only if it is an irreducible radical. For

it is clear that if P is prime then it is a radical and it is irreducible.

On the other hand if P is an irreducible radical such that [C, D] is

contained in P; then [CP, DP] is contained in P. But CP(~\DP con-

tains P and is Abelian modulo [CP, DP]. Since P is a radical

CPC\DP = P; since P is irreducible either CP or DP is equal P and

hence either C or D is contained in P whence it follows that P is

prime.

Remark 5. P is prime if and only if G/P has a unique minimal

normal non-Abelian subgroup.

Remark 6. If P is prime then P'.A is G or P according as A is or is

not contained in P. This follows from the definitions with (11) and

(12).
Remark 7. Let c and d denote conjugate classes of elements of G

and let [c, d] and cd denote the union of all the classes containing

[c, d] and cd respectively, for c in c and d in d. Then P is prime in G

if and only if when the elements of [c, d] are in P it follows either

that those of c or those of d are in P.

Remark 8. If Ai, ■ ■ ■ , An are normal subgroups of G such that

[ ■ • • \A\, Ai] ■ • ■ An] is contained in the prime P then for some i

between 1 and n, Ai is in P. If S\, • • • , c„ are conjugate classes such

that the elements of [ • • • [cic2] • • ■ cn] are in P then for some i

the elements of ct- are in P.

Proposition. If A is a normal subgroup of G contained in the set

theoretic union of the primes Pi, ■ ■ ■ Pn, then A is contained in one of

them.

Proof. We shall prove that if A is contained in none of the primes

Pi for *' = 1, • • ■ n then there is a conjugate class of elements con-

tained in A but not in any of the primes P,-. For n = 1 this assertion

is clear. If we assume that the assertion is true for n — 1 primes then

for each i there is a class c,- in A whose elements are not contained in

Pi, ■ ■ ■ Pi-i, Pi+i, ■ ■ ■ P„. It is clear we need only to consider the

case where the elements of c,: are in Pi for all i since otherwise the propo-

sition follows. Then let c= IX?,: [ • • • [c~i, c2] • • • c;_i]c,+1] • • • ca].
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The elements of the jth factor of this product do not all belong to Pj

by the previous remark but the elements of all the other factors are

in Pj. It follows that for each j we can pick an appropriate class as

factor in the above product so that the product contains a class

in none of the Pi as was to be shown.

For further results concerning the case where a group is covered by

a union of groups one can be referred to the work of Neumann [2].

We shall need the following lemma.

Lemma. If A is a radical normal subgroup of G such that G/A has

a finite principal series, and if A is the intersection of B and C then A

is the intersection of any normal subgroups B' and C' where B'/B and

C'/C are solvable.

Proof. Let K=BT\C. If K^A then K contains a subgroup H

such that H/A is simple non-Abelian since A is a radical. But H

must be in B since otherwise HB/B would not be solvable contrary

to the fact that B'/B is solvable. Similarly // must be in C, and

hence H is in Bf^C contrary to the fact that Bf\C = A is properly

contained in H.

Corollary. // A is a radical such that A=Qi(~\ ■ ■ • C\Qn then

.4= Rad QXC\ ■ ■ ■ Pi Rad Qn.

If A =BiC\ ■ ■ ■ C\Bn where no P, can be omitted then we shall

say that we have a minimal decomposition of A.

Theorem. Every radical A of a group G such that G/A has a finite

principal series has a unique minimal decomposition as an intersection

of primes.

Proof. If A is irreducible then it is a prime. Otherwise let A = POC

where by the above corollary B and C can be assumed to be radicals.

But then by an induction argument on the length of the principal

series from A to G, we can assume that B and C have decomposi-

tions as intersections of primes; hence A has such also.

Now suppose A has two minimal decompositions into primes,

A=P,r\ ■ ■ ■ f^Pn = R1r\ ■ ■ ■ r\Rn; then either m = n and the P's

comprise the same set of groups as the R's or else it is possible to

pick a Pi or Rj which is contained in no other group from either set.

For definiteness suppose it to be Pi. Then by (13) and Remark 6

a-.p^Pi-.p^ ■ ■ ■ np„:Pi=Gnp2n • • • r>p„=p2n • • • r\pn.
On the other hand A:Pi = Ri:Pxr\ ■ ■ ■ nPm:Pi = PiPi • • • t~\Rm

= A =PiC\ ■ ■ ■ C\Pn and we have a contradiction since the decom-

positions were assumed to be minimal. We are forced to conclude

that the minimal decomposition is unique.
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The primes determined by the above theorem will be called the

primes of A.

Remark 9. If P is a prime containing a radical A with primes

Pi, • • ■, P„ then P contains one of the Pt. For [ • • • [Pi, P%] • • ■ P„]

CPjP^n • ■ • r\Pn=ACZP and hence the assertion follows from

Remark 8.

Remark 10. If A is a radical with primes P,- for * = 1, • • • , « then

A'.B = A if and only if 2? is contained in no P,-. For A = P\f~\ ■ ■ ■ C\Pn

and (PiH • • • r\Pn):B = Pi'.BC\ ■ ■ ■ r\Pn:B by (13); this, by Re-
mark 6, is equal to PiH • • • C\Pn=A if and only if B is contained

in no Pi.

When A'.B = A we shall say that B is relatively prime to A.

Remark 11. If both A and B are radicals with minimal decomposi-

tions A=PiC\ ■ ■ ■ C\Pn, B=RiC\ ■ ■ ■ f\Rm then A'.B = A if and
only if no Rj is contained in a P,. This follows from Remarks 9 and

10.

Remark 12. One might define a primary group Q to be such that

if [A, B]CQ then for some n either A(n) or 2?(n) is contained in Q. It

then follows that if Q is a subgroup of a prime P such that P/Q is

solvable, then Q is primary. On the other hand the analogy to ideal

theory breaks down here, for it is not true that if Q is primary then

Rad Q is a prime as the following example illustrates. Let H be iso-

morphic to the group of 2 by 2 matrices of determinant one over a

field of 5 elements. Then H has a center Z containing an element z

of order 2 and II/Z is simple. If K is the direct product of H and H'

where H' is another such group with center element z' of order 2,

let G = K/{zz'). Then it can be checked that the identity E of G is pri-

mary but Rad E is not prime since it is not irreducible.

Subgroups equal to their derived groups.

Definition. Two normal subgroups A and B of a group G will be

called complementary if G = AB. In this case we say each is a com-

plement of the other.

Remark 13. If A and B are complementary subgroups of a group

G equal to its derived group; and if A' and B' are normal in G such

that AI A' and B/B' are solvable then A' and 2?' are complementary.

For AB/A'B' must be solvable and then since G = Gm, G=AB =A'B'.

Remark 14. If G = G(1) and if A is a complement of B and also of

C, then A is also a complement of [2?, C] and BC\C. For AB=G

and AC = G. But because of (4) and (6), G = G<" = [AB, AC]
QA[B, C]QA(Br\C).

Remark IS. If A is a radical and if A and B are complementary in

G then B is relatively prime to A. For B cannot be contained in any
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of the primes of A since then G = AB would be also contained in a

proper subgroup of G. Remark 10 is then applicable.

Theorem. If G is a group equal to its derived group and if A =A(l)

is a normal subgroup of G such that G/A has a finite principal series,

then A is the intersection of pair-wise complementary subgroups d such

that d — Cj(I) and such that the d are not intersections of pairwise com-

plementary subgroups.

Proof. If A is not an intersection of pairwise complementary sub-

groups there is nothing to prove. Otherwise A is the intersection of

the complementary groups D and F which because of Remark 13

may be taken equal to their derived groups. The theorem now fol-

lows readily by an induction argument on the length of the principal

series from G to A. For D and F are each intersections of comple-

mentary subgroups Di and P.- equal to their derived groups and such

that the Di and the p equal to their derived groups and such that

the D{ and the P; are not intersections of pairwise complementary

subgroups; and each Di is complementary to each F, since D is

complementary to F and Dt contains D, Ft contains P.

Intersections of cosets. If for i= 1, • • ■ ,n,d are normal subgroups

of G let their intersection be denoted by C and for j=l, ■ ■ ■ , n let

the intersection of all the d except C, be denoted by Bj. Then it is

clear that modulo C the group generated by the Bj is the direct

product of the Bj. In case this direct product is equal to G we have

the following situation.

Proposition. Using the notations above, the following statements

are equivalent:

(i) G = P152 ■ ■ -Bn,

(ii) for every set of elements a\, ■ ■ ■ , an in g, fl"=1 aid is not vacuous.

Proof. Suppose G=BiB2 ■ ■ ■ Bn and suppose the aid are given.

Then for each i, G = dB; and hence the coset aid can be represented

as bid where bt is in P,. Then the element &i&2 ■ • • bn is in all the

given cosets. Thus, if G = BiB2 ■ ■ ■ B„, then (!"_! aid is nonvacuous.

Now suppose that for arbitrary a, in G, (1"=1 aid is not vacuous,

and let g be arbitrary in G. Then x = g (mod &) and x = l (mod C.)

for i — 2, ■ ■ ■ , n have a common solution; that is g — xCi where x

is in B\. But now an induction argument on the length of the princi-

pal series from G to C allows us to conclude that C\ is contained in

P2 ■ • • Bn. It follows that G = BiB2 ■ ■ ■ P„ as was to be shown.

Remark 16. When D",i a,C contains the element x then it con-
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tains precisely the whole coset xC. For the condition that x and y

are in ("!"„! aid is that xy~l is in C» for each * or that y is in the coset

xC.
Remark 17. If the C* are pairwise complementary normal sub-

groups of a group G such that G = G(1) and such that G/C has a finite

principal series, and if a* are arbitrary elements of G then the n con-

gruences x = ai (mod C<) have a common solution and all such com-

mon solutions make up precisely a coset of C. For in view of the

proposition above and Remark 16 it will be enough to show that the

Bi generate G. We do that as follows. There is a non-Abelian factor

between G and C2 since G = G(1); this factor must occur between C\

and C since Ci and C2 are proper complementary subgroups of G.

Then if d = f]^1 Cf, C\ must contain C; and by Remark 13 G,

d, • • • Cn are pairwise complementary. Then by Remark 14, G = Ci2?i

and an induction argument on n allows us to conclude that G is con-

tained in 2?2 • • • 2?„ whence G = 2?i2?2 • • • 2?n as was to be shown.

This above is of course, the analogue of the Chinese Remainder

Theorem.
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