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CONCERNING LOCAL SEPARABILITY IN LOCALLY
PERIPHERALLY SEPARABLE SPACES

L. B. TREYBIG

Alexandroff [l ] has shown that a connected metric space is com-

pletely separable if it is locally completely separable. In the previous

statement "completely separable" may be replaced with "separable,"

since these are equivalent conditions in a metric space. In his dis-

sertation (Texas, 1958) the author has shown an example of a con-

nected, locally peripherally separable [2], metric space which is not

separable, but which has the property that the set of all points at

which it is not locally separable is separable. The purpose of this

paper is to give a further result in this direction.

Theorem. If 2 is any connected, locally peripherally separable,

metric space which is not separable, then the set of all points at which 2

is not locally separable is uncountable.

Proof. On the contrary, suppose that there exists such a space 2

where the set M of all points at which 2 is not locally separable is

countable. Let M he denoted by P1+P2+P3+ • • • , where, if ij*j,

Pt9*Pj. For each positive integer re let G„ be the collection of all

locally peripherally separable domains having diameter less than 1/re.

Let d denote a positive integer and gi, gt, g3, • • • denote a sequence

such that for each re, P„ and gn are elements of gn and Gn+a, respec-

tively. Let H be a collection to which x belongs if and only if x is gf

lor some i. For each positive integer re, let G„' be the collection of all
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separable elements of G„. The point set M is closed because 2 would

not be locally separable at any limit point of M. For each point P

of S—M let j(P) denote the least integer * such that some domain

r of Gi has the property that if x and y are two intersecting domains

of G{ such that x+y contains P, then x+y is a subset of r. Let

r(P) denote some such r.

Suppose that no countable subcollection of Gd covers 5. Each point

on the boundary of II* lies on the boundary of g» for some i; if not,

5 would not be locally separable at such a point. Therefore H*—H*

is separable. Let Qx denote some countable subcollection of Gd which

covers H* — H*. Let M\ = Q* +H*. Since Qx is countable and each

domain of Qx is separable, Mx—H* is separable. There is a countable

set Ki dense in Mi — H* such that the set Q2 oi all r(P)'s for P's in

Ki covers Mx—H*. Let M2 = Mx + Q*. There exists a countable set

K2 dense in M2 — H* such that the set (?3 of all r(P)'s for P's in K2

covers M2 — H*. Let Af3 = M2 + Q* and consider a continuation of this

process.

The collection H+(QX+Q2 + Q_3 + ■ ■ ■ ) is countable and therefore

does not cover 5. Clearly [H+(Qi + Q2 + Qs+ ■ ■ • )]* is a domain;

so let P denote some point on the boundary of this domain. Let

K=(KX+K2+ ■ ■ ■ ). Let Rx denote some domain of Gd which con-

tains P and let xx denote the largest integer i such that Rx belongs to

G(. Let Tx denote a point of K in Rx. Let R2 denote a domain of

G'Xl+x which contains P and is a subset of Rx— Tx. Let x2 denote the

largest integer i such that R2 belongs to Gi and let T2 denote a point

of K in R2. Let i?3 denote a domain of G^+1 which contains P and is

a subset of R2 — T2. Let x3 denote the largest integer i such that R3

belongs to Gi, and so forth. d^xx<x2<x^< • ■ ■ . For each n,

x„>j(Tn); if not, for some re, Rn would be a subset of r(Tn) and P

would lie in Q* for some i. There exists a positive integer t such that

if x and y are two intersecting domains of G'Xt such that x+y inter-

sects Rt, then x+y is a subset of Rx. Therefore j(Tt)^xt. This yields

a contradiction; so H+(QX + Q2+ • • • ) covers S. Therefore for each

d some countable subcollection of Ga covers S. 2 is therefore separable;

but this is contrary to the hypothesis, so M is uncountable.
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