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Let/(-X") be a real valued continuous function which is defined and

non-negative for all points X of the Euclidean «-dimensional space.

If for any real X and all X

f(XX) =  \\\f(X),

the set 5 of points satisfying

f(X) è 1

is called a star body (cf. K. Mahler [l]). The function by which a

star body is defined is determined uniquely. Suppose now that 5 is

bounded. There exists a least number k such that for all X and Y

f(X+ Y) èHf(X)+f(Y));

this number k is called the concavity coefficient of 5. One has always

k ^ 1 and furthermore k = 1 if and only if 5 is convex. Let us denote

by An(k) the greatest number which has the property that there

exists an w-dimensional star body 5 with concavity coefficient k and

a lattice that has An(k) points on the boundary of 5 but no lattice

point except 0 as an inner point of S.

Minkowski [2] proved

(1) Mi) = 3» - 1.

The method used by Minkowski to show (1) can be generalized to

give estimations of A„{k) for any k. The following theorem will be

proved. As usual [a] is the greatest integer g a, t(n) is the Riemann

zeta-function and jli(î) the Möbius function.

Theorem 1. Define niiby nii=[2k]+i (i = l, 2, ■ ■ • ) and put

Pn(k) =     inf    m Z) ß(d)drn,
¿=1,2, • • • d\mi

Q«(k) = ¿ ß{i) ((2 [y] + l)" - l)-

Then
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(2) Qn(k) á An(k) g Pn{k).

Remark 1. Denoting by p¡ the prime divisors of mi one has

(3) £ ß(d)d~» =  II (1 - tD < I-

From this and (2) it follows that, if there are more than [2& + l]n — 1

lattice points on the boundary of a star body of concavity coefficient

k, then there is at least one lattice point besides the origin which is

an inner point of the star body. One sees in particular that Minkow-

ski's result (1) is not only true for k = l, but for all k with k<3/2.

Remark 2. Pn(k) is defined as the greatest lower bound of an

infinite set. It is however admissible to restrict the values of i to

the set of integers i' satisfying

1 á i' < Ç1'n(n)[2k+ 1] - [2k].

To prove this it is sufficient to show that for any i" with

i"^l'n(n)[2k + l]-[2k] one has

(4) ml.   £ ß{d)d~n â; [2k + 1]" 2: Pn(k).
d\mi"

[2k + i]n^P„(k) follows from (3), and denoting the prime divisors

of nti by pj one gets because of

II (1 - PTn) > rl(n)
Pj\m¡"

ml-  £   n{d)dr^ [2k + l]»f(«)   II  (1 - PTn) > [2k + 1]"
<¡|mi" Jtylmi"

which implies the first inequality of (4).

For large k, (2) can not be essentially improved since one has

Theorem 2. If k tends to infinity

(5) An{k) = 2»rKn)k» + o(k"),

(6) Pn(k) = 2»rW" + o(k»),

(7) Qn{k) = 2«r1(«)¿" + o(k").

Proof of Theorem 1. We prove first that A„(k) is a nowhere de-

creasing function of k. Let us denote by S a star body with concavity

coefficient k, diameter D, and with An(k) lattice points, say

P,:(i=l, 2, • • ■ , An(k)), on its boundary. By g we denote a half line

which contains no P, and ends at 0, by r a positive number with the
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property that all Pt have a distance not less than r from g, and by

G(u) a cone with an (« — l)-dimensional sphere of radius r for base.

Suppose that the axis of the cone is g and that the vertex and the base

of G(u) are at the distances u and u-\-D from 0, respectively. Let

G'(u) be the reflection of G(u) in 0.

Consider now the set S(u)=S—(G(u){UG'(u)). S(u) is obviously

a star body and has the same number of lattice points on the bound-

ary as 5. The concavity coefficient of S(u), say k{u), is k if u^D

and tends to infinity if u tends to 0. Since f(X) is continuous it is

easily seen that k(u) is also a continuous function of u. For any k'

with k'^k one can therefore find a number u' such that k' = k(u'). It

follows that An(k')^An(k) if k'^k.

To prove the right hand side of (2) one has to show that for

f-1.2, • ■ ■

(8) An(k) £m  EM^"",
i\m¡

where w<= [2Jfe]+*. If i is fixed one can find a k^k such that

nii = [2k] + i = [2k] + 1 = Wi (say)

and (8) follows because of A„(k)^An(k) if one can prove that

An{k) é il £ ß(d)d   .

(¡II»!

Instead of proving (8) for a fixed k and all i it is therefore sufficient

to prove (8) for ¿=1 and all k (k^l).

Let us write An(k)=A, Pn(k)=P, Qn(k) = Q and m\ = m. Suppose

that ei, e2, ■ ■ ■ , en is a basis of a lattice A. Any i?£A can be written

uniquely in the form R = Rm+mR'm where

n n

<=1 ¿-1

with integers x{, 7¿ that satisfy

0 S ï( < )».

There are mn possibilities for the Rm. Denote by (Rm, ni) the greatest

common divisor of X\, x2, ■ ■ • , x„, m\ by pi the prime divisors of m

and by C the number of Rm for which (Rm, m) = l. Counting all Rm

with pt\ (Rm, ni), pipj\ (Rm, ni) and so on, one gets

_ / m\n      ^_ / m \
mn ^ p{d)d-".

d\m
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If there are more than C lattice points on the boundary of a star

body 5 with concavity coefficient k, then either for at least one of

these points, say R, (Rm, m)>l or there are two points R, R on S

for which Rm = Rm. In the first case, the lattice point R/(Rm, m) is

an inner point of S. In the second case for the lattice point R'm — R'm

= {R — R)/m one has

/R-R\k _ 2k

so that Rm — R'm is an inner point of 5. It follows that

which shows (8) for i—\ and all k. As already remarked, this proves

the right hand side of (2). For the proof of the other side of the in-

equality (2), consider the closed «-dimensional cube of side length

2k with center at the origin and faces perpendicular to the coordinate

axes. Denote this cube by W(k). Let A be the lattice which consists

of all points with integers as coordinates. The greatest common

divisor of the coordinates of a lattice point P will be denoted by (P).

Counting all points of A contained in W(k) for which pt\ (P), pip¡\ (P)

and so on, where pi runs now over all prime numbers, one finds for

the number of primitive lattice points in W(k) i.e. lattice points P

with PEW(k) and (P) = l,

This expression is obviously the same as Q. Now let 5 be defined

as follows. Corresponding to any primitive point P, construct a cone

Gp with vertex at P and for base an (n — l)-dimensional sphere which

is contained in W(i) and has a radius so small that GpC\A = P. Fur-

ther let G-p be the reflection of Gp in the origin. Denote by 5 the

union of all Gp and W(l). By construction 5 is a star body that con-

tains Q lattice points on its boundary and none except 0 inside. It

only remains to show that the concavity coefficient of 5 is not greater

than k, or what means the same that for all X and Y

/X+Y\ f(X)+f(Y)
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where f{X) is the function which defines 5. If X has the coordinates

Xi (¿=1, 2, •■•,«) we define a function g{X) by

g{X) =    max     I Xi I •
i=l,2,...,n

Because of W(i)CSQW(k) one has

(11) |S(I)á/(I)^(I).
k

Multiplying inequality (10) by a suitable positive constant justifies

the assumption that X-\- Y/2 is on the boundary of W(k). Under this

assumption one has

/X+ Y\

Because of symmetry of the line which connects X and Y with re-

spect to a plane which contains a face of W{k) and the point {X-\- Y)/2

one gets

(13) g(X)^k + y,        g(Y)^k-y,

where |y| is the distance of X from the plane. (11), (12) and (13)

give (10).

Proof of Theorem 2. (5) is a consequence of (6) and (7). Since

Qn(k) is the number of primitive lattice points in W(k), (7) is a special

case of a well known theorem (cf. C. A. Rogers [3]). It is also easy

to derive (7) directly from the sum representation which has been

used to define Qn(k). We have now to prove (6). Corresponding to a

number N one can find for all sufficiently large k an integer r such

that

2k < r n Pi  and  2nkn = (r YL pA   + o(kn).
PilJV V    Pi\N       '

Choosing N so great that for a given e, | f_1(w)— LTp.i^ (1 ~PTn) \ <«

one obtains

inf    mï II (1 - PT") S (r H pX II (1 - PTn)
i-1,2,... Pj\m. \    pt\N      /    Pi\N

= (2»*» + o(*"))(r,(») + «)

and so, because of

P„(*) =     inf    m* £ /í(á)á"B =     inf    ml Ü (1 - /T"),
i = l,2,... d|m>- t-1,2,... P||m<
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k-"Pn{k) g 2»r1(») + 2"é + o(l).

Since this is true for any e, one has

k~"Pn(k) ^ 2»r1(») + o(l),

which gives together with (2) and (7) the relation (6).
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ON THE REPRESENTATION OF SEQUENCES AS
FOURIER COEFFICIENTS

P. G. ROONEY

If F£LP( — oo, oo), where l<p^2, then F has a Fourier trans-

form G £.£,„( — », oo), where p and q are connected, now and hence-

forth, by the relation

(i) rl + r1 - i-

However, except in the case p — 2, the collection of transforms does

not cover Lq{— oo, oo). In a recent paper [3], we gave a character-

ization of this collection of Fourier transforms.

A similar situation exists in the theory of Fourier series. If

FCiLp(0, 2ir), where 1 <pú2, and c= {c„} is the Fourier sequence of

F, that is

1   r2r
(2) cn = — \     F(t)e-intdl,

2tJ o

then [5, §9.1], cElq. That is

oo

Z)    I C„|« <   oo.
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