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Generalizations of the ordinary, linear, homogeneous differential

equations with constant coefficients can be obtained by replacing the

usual operation of differentiation by more general differential oper-

ators. Special cases of these generalizations are obtained by consider-

ing equations of the form

n

(1) £ ak(od)ka = 0, a0 * 0,

or

n

(2) 2Z ak(dd)ka = 0, a0 ^ 0,

where o0, • • • , an are constants, d and 5 are the differential operators

used by de Rham and Kodaira [l ], and a is a differential form defined

on a manifold M. Assuming that If is a closed, orientable Rieman-

nian manifold of class C°°, it will be shown below that equations (1)

and (2) have solutions only for some special values of a0, ■ ■ • , an,

and their solutions are always linear combinations of the solutions of

the eigenvalue problems

(3) bda. - aa = 0, a ^ 0

and

(4) dôa - aa = 0, u^0

respectively. Thus there is an obvious analogy with the familiar case

where the solutions are built up from the solutions of the eigenvalue

problem —y"—ay = 0. However, in the closed manifold the eigen-

values must be positive, and the repeated roots of the auxiliary equa-

tions, associated with (1) and (2) contribute no extra solutions for the

differential equation.

These results will be established only for equation (1). Analogous

methods can be applied to (2), or this equation can be reduced to (1)

by means of the operator*. For the study of (1) it is convenient to

introduce the concept of afield system, defined as follows:
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1 The relevant results from [2] are listed in the appendix to this paper.
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Definition. A field system A is a doubly infinite sequence of differ-

ential forms a", n = 0, +1, • • • , that for each n satisfy one of the

following conditions:

(i) ctn is closed and an+l = 5a",

(ii)    an is co-closed and an+1=da".

It is shown in [2] that any exact or co-exact form determines a

unique field system in the manifolds under consideration. For exam-

ple, on the unit circle, a field system is given by a2" = sinx, a2n+1

= cos xdx, all n. In other manifolds it may be possible to obtain only

an infinite sequence with w = 0- For example, in the four-dimensional

space of special relativity, the electro-magnetic potential a, field ß and

current y form the first three elements of such a sequence since

ha = 0,        da = ß,

dß =0, iß = y,

hy = 0.

By a suitable choice of the index n, it may be assumed that a" is

co-exact. Then for all n, a2n+2 = dda2n and a2n~2 = <rsa2n, where 5 and

a are the operators defined in [2].1 The relation between these field

systems and equation (1) is given by the following lemma:

Lemma 1. A field system {an} is contained in two finite-dimensional

subspaces of the spaces Cp+1 and Tp of exact and co-exact forms if and

only if there exist constants Co, • • • , cm with Co, cm?¿0 such that

m

£c*(5á)*a°.= 0.
fc-0

Proof. If {a2n} is contained in a finite-dimensional subspace of

Tp there exist constants o0, • ■ • , at not all zero such that ^i_o aka2k

= 0. Letting or and or+m be the first and last nonzero constants above,

the preceding relation becomes ^™_0 aT+k(M)ka2' = 0; applying the

operator (<xs)r and writing ck = ar+k, one has

m

X) Ck(hd)ka° = 0, with Co, cm ̂  0.
t-o

Conversely, if the given equation is satisfied, applying the operators

as and ôd to it one obtains that or2 and a2m+2 are in the linear space

spanned by a0, • • • , a2m, and by induction a2n is contained in the

same subspace.

Theorem 1. If a2r=\a° for some X and r, then X is positive and

a2=X"ra°.



igéi] SOME DIFFERENTIAL EQUATIONS ON CLOSED MANIFOLDS 317

Proof. Assuming again that a0 is co-closed, then (a-1, a1)

= (a-1, dba.-1) = (5a-1, 5a_1) = (a0, a0) and similarly (ar, ar) = (a2r, a")

= X(a°, a0), showing that X>0. Similarly, if cos0r,r+2* is defined by

(a', ar+2i:) = ||ar||-||ar+2*|| cos 0r,r+2*, one obtains that

ll«°ll2
(5) COS B-r,r = J,-¡-j—n-¡7

and then

tCOS20_r+i,r-l~|-    cos 0r-2,r,
COS ö_r+2,r-2 J

since the right hand side of (6) can be expressed by means of (5) in

the form

IL-rfl||l II    -r+2||.l|    n||2.|Ur-2|| ||„^l||»

||a-r||.||a-r+2|| ||a-rfl||l.|ja^l||l ||«—*|| -1 j «'¡|

which immediately reduces to the right-hand side of (5). Next, using

(6) one can prove by induction that

r—i

(7) cos0_r,r =    û   (cos(9f_i,i+1)i-l<l.
i—r+l

Indeed, equation (7) is trivial for r=l, and it reduces to (6) when

r = 2. Assuming then that the equation has been proved for r — 2 and

r—1, one may substitute the values given by (7) for the quantities

in brackets in equation (6). The power of cos ö<_i,<+i that results from

these substitutions is precisely 2(r— 1 — |*|) — (r — 2— \i\)=r — |*|

which agrees with (7).

In particular, equation (7) implies that cos 02r,oácos d2,o. Since the

equation a2r = Xa° is equivalent to cos 02r,o = 1, one must have cos 02,0

= 1 also and hence a2 = pct° for some p. Iterating this result one ob-

tains that a2r = praa and pr=~K.

The preceding theorem shows that an arbitrary linear relation

Sï-o aka2k = 0 with coCt^O need not have a solution. However, if

there is a solution, then this solution must also satisfy a linear relation

2^Lt~o ckoc2k = 0 with CoCn^O and a0, a2, • • • , a2m~2 linearly independ-

ent. Such relations will be called minimal and their solutions are de-

scribed in the following theorems.

Theorem 2. Let a be a solution of a minimal linear relation

2_™-o c*(5d)*a = 0 with Cocm9^0. If the equation X)?-o ck~Kk = 0 has dis-

tinct (nonzero) roots Xi, • • • , Xm then there exist forms ßu ■ • • , ßm and

numbers bi, • • • , bm such that
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= 2-, \ a>-i-c>-i ) « •
¿=1  \ Cm /

hdßi = Xtßi, i = 1, • • • , m,

and
m

a = Z bißi.
«-1

Proof. Let a0, • • • , om be any numbers that satisfy the conditions

Oot-íO and om^0, and let (3= X)"o »**", with a2<= (hd){a. Then,

(8) /S= £(o.- — cl)au,
,_i \ Co     /

(9) hiß

Therefore, hdß = \ß, for some X, if and only if

Oo 1 / om       \
(10) o¡-d = — I Oi_i-c¿-x 1, í = 1, • • • , m.

co X \ cm       /

Since the relevant equations are homogeneous one may use the nor-

malization Oo = Co in (10) and then, by induction, one obtains that

/        am\ ^
(11) o, = c. + ( 1-) 2s Cik'-', s = 1, • • • , ».

\ Cm /  ,'=o

For s = m, this equation reduces to

m

(12) 0 = (cm - am) }Z CiX'-"1.
i=0

If cm = am, then as = c, for all 5 and ß = 0. If cOT?íam, then (12) implies

that (10) has a solution only if 2^1?-o CiXi = 0, i.e., if X is a solution of

the characteristic equation. If this equation is satisfied, am may be

chosen arbitrarily and o, is given by (11) to obtain a solution of (10)

and hence a solution of hdß=\ß. To complete the proof it must be

shown that the matrix that gives the ß's in terms of the a's is non-

singular. But from (8) and (11), the (r, s) entry in this matrix is pre-

cisely (1 —am/cm) 2*-o CiX<_' and this matrix can be obtained by ele-

mentary row operations from the matrix with components coV'- This

matrix is nonsingular if co^O and if the Xr's are distinct and nonzero.

Theorem 3. If a satisfies the linear relation n?_0 (ôd— X¿)n>a = 0,

then a also satisfies the linear relation Yl?=o (&d —X¿)a = 0.

Proof.   Let   ß= 11*1 (Sá-Xf)"*a,   so   that    (ôd-X0)n»/3 = 0.   If
Mo = 2w + l, then
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0 = ((hd - Xo)2n+1,S,

(hd-\0)ß) = ||(5d-Xo)"+1/3||2

implying that (hd— X0)n+1/3 = 0. Similarly, if n0 = 2n, then

0 = ((hd - \0)2"ß, ß) = H (id - x„)»pi|2,

implying that (Sd— Xo)"/3 = 0. Thus, by iteration one obtains that

(5d-X0)/3 = O, or (í¿-X0)IIr-i (5d-X<)B,'a = 0. Since the operators
(Sá—X<) all commute, the argument can be applied successively to

each Xj to obtain the desired result.

Remark. If a is assumed to be co-derived then any root X< = 0 of the

characteristic equation may be neglected since oap? = 0 and ß = dy

imply j8 = 0. Thus Theorems 2 and 3 show that the solutions of (1) are

linear combinations of the solutions of (3).

The preceding theorems have shown that the solutions of equa-

tions (1) and (2) are linear combinations of the solutions of (3) or (4).

The remaining results describe some properties of the solutions of

these equations. Here it is assumed that a and ß are both p-forms, and

the generalized Wronskian w(ct, ß) will be defined by

«A (dß)*     ß A (da)*      ha Aß*        hß A a*

w{a'ß)-\\a\\.\\dß\\   INI-IIA-II+ IM-IN   NI-INI'
Theorem 4. // dSa = a2a, dhß = b2ß and a27±b2, then a/\ß* and

hot/\(hß)* are derived forms. Similarly, if hda = a2a, bdß = b2ß and

a2y^b2, then aAß* and daA(dß)* are derived forms.

Proof. If dba = a2a and dhß = b2ß, then

(13) d(ha A ß*) = a2a A ß* ~ ha A (hß)*,

(14) d(hß A a*) = b2ß A a* - hßA (ha)*.

Since aAß* =ßAa* and 5aA(aß)* = (aß) A(5a)*, the preceding equa-

tions imply that

a A ß* = (o2 - b^dlha Aß* - hß A a*],

ha A (hß)* = (o2 - b^dl^ha Aß* - a2hß A a*].

Similar methods apply when bda = a2a and hdß = b2ß.

Theorem 5. If dôa = a2a and ddß = b2ß with a, b positive, then

(i) cos 6a,ß = cos 6ia,Sß,

(ii) cos 0„,a = 0 iia2 ^ b2,
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(iii) w(a, ß) = w(8a, 5/3),

a Aß*       Sa A (5/3)*
(iv) dw(a, ß) = (a - b) ..   ,.  ..   ,. + .,     ,.  ..    ,.  •

\\a\\-\\ß\\       \\8a\\-\M

Proof. Since a2(a, ß) = (dÔa, ß) = (5a, 5/3) = (a, doß) = b2(a, ß),

cos0a,„ = Oif aVô2, and ||ôa|| -aj|o||, \\Sß\\ =b\\ß\\. Therefore,

(5a, 5/3)
COS OicSß = j.-rr-7¡-¡r =  COS 6a,ß if a = b.

NI-NI
Also, by definition of w,

Sa A (doß)*      Sß A (doa)*
W(8a, 5/3)  = T,-n-fl-r.  — j.-n-r¡-¡r = w(a, ß),

||5a|H|</ô/3||       ||5/3||-||dôa||

and using equations (13), (14)

a2aAß*~ (8a) A (5/3)*      b2a A ß* - (8a) A (Sß)*

*** ß) = \\8a\\.\\ß\\ •-IMI-IMI
which reduces to (iv) using ||5a|| =aa, \\8ß\\ =bß.

Appendix. The operators s, <r.

For each form a of class C°° defined on the manifolds under con-

sideration, there exists a unique co-derived form aa, a unique derived

form sa and a unique harmonic form aff such that

a = do-a + 8sa 4- «#.

This equation determines two operators s and a with the following

properties:

(1) If a is a p-iorm and ß is a £ + 1 form, then (sa, ß) = (a, aß).

(2) In the space of derived forms, sa is the inverse of ¿5.

(3) In the space of co-derived forms as is the inverse of 8a
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