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If G is a finite collection of simple closed curves in E2, E is a closed

subset of the sum of their interiors which does not intersect any of

them, and e is a positive number, then there exists a finite collection

H of mutually exclusive simple closed curves with mutually exclusive

interiors such that £ is a subset of the sum of the interiors of the

members of H and each member of H lies in the e-neighborhood of the

sum of the members of G. This theorem can be easily proved by ob-

serving, first, that it may be assumed without loss that no member of

G is contained in the interior of any other member of G, and then

that this condition implies that each component of E2 — G*, where G*

denotes the sum of the members of G, is bounded by a simple closed

curve.

The analogous theorem in E3 (with the elements of G being 2-

spheres) does hold, but is not susceptible of such a simple proof,

mainly because of the increased variety possible in the components of

E3 — G*. Nevertheless, it would seem to be a useful theorem in the

study of E3, and the present paper is devoted to a proof of this

proposition (Theorem 2). Certain special cases of this theorem have

been treated by Harrold ([4, pp. 618-619] and implicitly in [3]). In

particular, if E is assumed to have the property that each of its

components can be enclosed by arbitrarily small 2-spheres not inter-

secting E, then the conclusion of Theorem 2 can be shown to follow

from the results of [3],

In view of the approximation theorem of Bing, only the case in

which the members of G are polyhedral need be considered.

Theorem 1. Suppose Pi is the union of a finite number of disjoint

polyhedral 2-spheres in E3, P2 is a polyhedral 2-sphere in E3 and E is

a closed subset of the union of the interior of P2 and the interiors of the

2-spheres lying in Pi, such that E does not intersect PiUP2. Then if e

is a positive number, there exists a finite collection H of disjoint poly-

hedral 2-spheres with disjoint interiors such that (1) E is a subset of the

sum of the interiors of the members of H and (2) each member of H lies

in the e-neighborhood of PiUP2.

If P2 is contained in the interior of one of the 2-spheres lying in Pi,

then the collection of all 2-spheres in Pi which do not enclose other
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2-spheres of Pi can be used for H. Otherwise, let /i be a piecewise

linear homeomorphism of E3 onto itself such that fi(P{) is the union

of disjoint geometric cubes (the existence of such a homeomorphism

follows easily from Theorem 1 of [5]); since the unbounded com-

ponent of E3 — /i(-Pi) contains a point of fi(P2), there exists a polyg-

onal topological ray r having its end point, but no other point, on

fi(P2) and not intersecting fi(Pi). There exists a piecewise linear

homeomorphism /2 of E3 onto itself such that f2(r) is a straight ray

r' and such that there exists a 2-simplex <r on f2fi(P2) such that if

pEa and rp is the ray parallel to r' with endpoint p, then rP has only

the point p in common with/2/i(P2) and does not intersect/2/1 (Pi).

Let F=U{rp|^GBd a] and let X denote the closure of f2fi(P2) — a.

Then XU F is a polygonal set which is homeomorphic to a plane and

which separates fifi(Pi)-(fifi(P2)Ulntf2fi(P2)) from Int/2/i(P2) in
E3. There is a piecewise linear homeomorphism /3 of E3 onto itself

which takes XVJ Y onto a geometric cube C2 whose upper face is f¡(X).

Let f=f»fif 1. Then/ is a piecewise linear homeomorphism of E3 onto

itself which takes P2 onto C2, and f(E) — Int G lies entirely above the

xy-plane.

Let G=/(Pi). Since Pi is the union of a finite number of disjoint

polyhedral 2-spheres, it is a polyhedron; since/ is piecewise linear,

G is also a polyhedron. A slight deformation of G takes it onto a

polyhedron which has no vertex on the xy-plane; for convenience, it

will be assumed that G itself has this property. There is a positive

number Ô such that /->(Fj(GUG)) CFe(PAJP2). (Vr(M) denotes

the /--neighborhood of the point set M.) Consequently, if it can be

shown that there exists a collection H' of disjoint polyhedral 2-

spheres with disjoint interiors satisfying conditions (1) and (2) above

with E replaced by f(E) and e replaced by 5, then the theorem fol-

lows.

For each real number /, let a, denote the plane z = t and let Ut de-

note the set of all points of E3 lying above at. Let I denote the sum

of the interiors of the 2-spheres contained in G and let F=f(E).

Lemma 1. If I' is a component of If~\ Uo, then there exists a connected

polyhedral 2-manifold M such that (1) I' is the interior of M, (2) each

of MC\Ci and Mt~\ao is a 2-manifold with boundary, (3) (MC\Ci)

KJ(Mf\ao) = Mand (4) Bd(MPiG) = Bd(Mr\a0).

Proof. Let K = CiC\T. If p is a point of KC\ Uo, there is a neighbor-

hood V of p in G such that V is an open 2-cell and does not intersect

«o. Hence Ki~} Uo is an open 2-manifold.

Now suppose pEKC\a0. Let Pbe a triangulation of E3 under which
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G is polyhedral and has no vertex on a0. Then either p is in a 2-cell

of T or p is in a 1-cell of T.

Suppose p is in a 2-cell a of T. Let V=oC\ [/0; then F is a neighbor-

hood of p in K and F is a 2-cell.

Suppose p is in a 1-cell r of T. Let o\ and er2 be the two 2-cells of

T which have r as an edge. Let V= (ffinÏÏo)W(ff2nF0)W(rnt70).

Then F is a neighborhood of £ in K and F is a 2-cell.

Hence K is a 2-manifold with boundary, and Bd(X) =XP\a0. Let

L = BdiK). Since no vertex of G is on a0, it follows that every com-

ponent of L is a simple closed curve. Let K' =ao(~\I'. Then LQK'.

If pEK'—L, there is an open 2-cell F containing p and lying in

K'—L, so K' — L is an open 2-manifold. Now suppose pEL. Let /

be the component of L containing p. Either Int / or Ext /, but not

both, is "locally contained" in K', so it follows that there is a neigh-

borhood F of p in K' such that F is a closed 2-cell. Hence K' is a

2-manifold with boundary and Bd K'—L.

Let M = KVJK'. From the above remarks, it follows that if

L = K(~\K' and p is a point of L, there is an arc rps of L and two arcs

rpis and rp2s such that irpis)i~\L= {r\ W{s}, r^is lies except for its

endpoints wholly in K — L, rp2s lies except for its endpoints wholly

in K'—L, rpisKJrps is the boundary of a neighborhood V oí p on K

and rpisVJrps is the boundary of a neighborhood F' of £ on K'. Then

FU F' is a neighborhood of £ on K^JK' and is bounded by rpisKJrpiS.

Hence M is a 2-manifold without boundary. Furthermore, since

T' — T' = M, it follows that M is connected and 7' = Int M. (Suppose

M is the union of two disjoint closed sets A and B. Let Ua and t/Ä

be disjoint open sets containing A and B, respectively. Then

I' — ÍU¿\JUb) is a nonempty, bounded open subset of E3 and conse-

quently is not closed. But any limit point of I' — (Í7¿UÍ7B) which

does not belong to it is a point of 7' —/'. Since T — I' = MQ i/^W Ub,

this is a contradiction. Hence M is connected. Since I' is connected,

it is a subset either of Int M or of Ext M. Let r be a topological ray

(unbounded) starting from a point p oî M and having only p in

common with M. If PC Ext M, then IT\[r- {p}]^0, so r-{p}

El'- But this is impossible since I' is bounded. Hence 7'CInt M.

Now if I' ^ Int M, there is a point of Int M which is a limit point of

I' but does not belong to it. This is impossible since T — I' = M.)

Thus M satisfies all the conditions of the lemma.

The proof of Lemma 2 below was supplied to the author in a series

of conversations with Professor T. R. Brahana.

Lemma 2. Suppose X is a compact, connected, orientable 2-manifold
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and Xi (i = 1, 2) is a 2-manifold with boundary which is homeomorphic

to a subset of a plane. Suppose furthermore that

(1) X = XiVJX2.
(2) Xir\X2 = BdXi = BdX2.

(3) Every 1-cycle in Xi is homologous to zero in X.

Then X is a 2-sphere.

Proof. Let m¿ (i = l, 2) be the inclusion map of X¡ into X. Be-

cause of condition (3), wi*: Hi(Xi)—>Hi(X) is the zero map. Since

X2 is homeomorphic to a subset of a plane, each component of X2 is

a disk with a finite number of holes. It follows that every 1-cycle in

X2 is homologous to a linear combination of boundary curves of X2,

and hence since Bd X2QXi, every 1-cycle in X2 is homologous to zero

in X. Thus the map m2*: Hi(X2)-^>Hi(X) is the zero map.

The triad (X; Xi, X2) is proper in the sense of Eilenberg-Steenrod

[2, p. 34] and hence the following sequence is exact [2, p. 39, Theo-

rem 15.3]:

Ao 0o 4*o Ai
0 +- Ho(X) +- Ho(Xi) + Ho(X2) 4- H0(A) <- Hi(H)

<t>i $1 A2 d>2
Z- H^X,) + Hi(X2) +- Hi(A) +- H2(X) t- 0.

Here A =Xi(~\X2 and Aq, <pq and ipq are homomorphisms whose defini-

tions are irrelevant except for <pi, which is defined by the equation

4>i(vi, v2) = mi*(vi) + m2*(v2),        for (vu v2) E Hi(Xi) + Hi(X2).

Since mi* and m2* are zero maps, it follows that <pi is the zero map.

The following well-known and easily proved proposition will be

needed :

// Vi and V2 are finite dimensional vector spaces and fis a mapping of

Vi into V2, then dim/(Fi) =dim Fi-dim/"1^).

If mod 2 homology is used, the groups in the sequence (1) will be

vector spaces over the field of integers mod 2, so the preceding pro-

position will apply. Because of the exactness of the sequence, it fol-

lows that if / is any one of the maps <pq, Aq, ipq and g is the next map

to the left in (1), then

(2) the sum of the rank of the images of g and the rank of the image of

f is the rank of the group on which f is defined.

Let n denote the number of components of A and let «,• (* = 1, 2)

denote the number of components of Xi. Then H0(A) and Hi(A) each

have rank n, H0(Xi) has rank «i and Hi(X() has rank n — «,-. Let k

denote the rank of Hi(X). In the following table, each number in

the second row represents the rank of the group directly above it,
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and the number in the third row represents the rank of the image of

the incoming homomorphism. From (2), it follows that the sum of

any two adjacent numbers in the third row is equal to the second-

row entry immediately above the rightmost of these two. In the third

row, the zeros at the ends are obtained directly from the homomor-

phisms involved, and the other numbers are obtained by repeated

application of the above rule.

HoiX)

1

1

HoiXi) + HoiXi) +- HoiA)

»i + »j n

(«i + «2) — 1    n — («i + «2) + 1

+- HiiXi) + H1ÍX2) +- HiiA)

2» — («l + M2)

n- 1

n

1

EiiX)

k

E2ÍX)

1

0

The missing entry in the middle of the third row can be computed

by applying the rule from either side, obtaining k— [n — (ni+w2) + l]

from the left and n — (wi+w2) + l from the right. However, since (f>i is

the zero map, this entry must be zero. Combining these gives k = 0,

so that HiiX) = 0 and hence X is a 2-sphere.

It follows from Lemma 2 that if M is as in Lemma 1 and M is not a

2-sphere, then there is an annulus A lying in Mf~\a0 such that neither

of the boundary curves of A is homologous to zero on M. The next

lemma is designed to show that if such an annulus is removed from

M and replaced by a pair of suitably chosen disks, the result will be

a 2-manifold of genus less than M, or the union of two such manifolds.

Lemma 3. If M is a compact, connected, orientable 2-manifold of

genus p, A is an annulus on M bounded by simple closed curves /i and

J2 which are not homologous to zero on M and Di and Z>2 are disjoint

disks such that Di(~\M=Ji and DiP\M=Ji, then iM—A)^JD¿ÜD2 is
either a connected 2-manifold of genus p — i or the union of two disjoint

connected 2-manifolds each having genus less than p.

Proof. Let Xi = DiUDi, X% = M-A and X = iM-A)\JDi\JDi
= X\\JXi. Then (Af; A, X2) is a proper triad so the Meyer-Vietoris

formula xiM) = xG4)+x(Ar2) — x(inij), relating the Euler char-

acteristics of M, A and X2 holds [2, p. 53]. Let p denote the genus

of M. Then the above formula gives x(-^î) = 2 — 2p. Also, (X; Xi, Xi)

is a proper triad, so xi%) =x(-^i) +x(^2) — xCXV^-^2), from which it

follows that x(I) =4 — 2p. If X is connected and q is the genus of X,

then x(-2Q = 2 — 2q; equating these two values of xC^Oi we obtain
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q = p — 1. If X is not connected, then it is the union of two mutually

exclusive closed surfaces Yi and F2. Let 5,- (i= 1, 2) denote the genus

of Yi. Then X(F,) =2-22i, and since i-2p = X(X) =x(Yi)+X(Y2)
= 4: — 2(qi+q2), qi+q2 = p. If g< = 0, then F< is a 2-sphere and

Cl(Fj — Z?j) is a disk on Af bounded by /,; but this is impossible since

Ji is not homologous to zero on M. Hence ci and q2 are both positive,

so each is less than p.

Thus if M is as in Lemma 1 and is not a 2-sphere, it can be modified

by the deletion of an annulus and the addition of two disks so as to

obtain either one or two disjoint 2-manifolds, each of which is "more

like" a 2-sphere than M, in the sense of having a smaller genus. A

finite sequence of such modifications will change M into the sum of

disjoint 2-spheres; the next task is to show that these modifications

can be carried out in such an order as not to interfere with each other

and to end up with a set of 2-spheres satisfying the desired conditions.

Let Ii, I2, ■ ■ ■ , In be the components of Ii~\U0. Then if »Vj,

li(~\Ij = 0 and for each i, there is a connected, polyhedral 2-manifold

Mi satisfying, with respect to /,-, all the conditions of Lemma 1.

Let 17 be a positive number such that no point of F is within 77 of

any point of G^G, and replace G by the cube C{ obtained as the

union of a_,P\(GWInt G) and GH(£3- L7_,). (Recall that for each

real number /, at is the plane z = t and U\ is the set of all points of E3

lying above at.)

Any component of M(r\ao is a disk with a finite number of holes;

if D is such a component, then since every simple closed curve on D

is homologous to a linear combination of boundary curves of D, it

follows that if there is any simple closed curve on D which is not

homologous to zero on M¡ (where DEM,), then the boundary of one

of the bounded components of a0 — D is not homologous to zero on M¡.

Suppose now that not every Mi is a 2-sphere. Then by Lemma 2,

there is an annulus A lying in M¡(~\ao for some/, such that the bound-

ary curves of A are not homologous to zero in M,; by the preceding

remark, A can be chosen so that its inner boundary (i.e., the bound-

ary of the bounded component of a0 — A) is an inner boundary curve

of some component of Mj(~\ao. Hence there is an annulus ^4i lying

in ([]Mi)i^ao such that if G is the bounded component of ao — Ai,

then every simple closed curve (if any) in (\JMí)C\Qi is homologous

to zero on UM<.

Let Mi be the one of Mi, Mi, • • • , Mn which contains Ai. Let Ji

and J{ be the boundary curves of A\, with Ji enclosing J{ in a0. Let

h and t{ be numbers such that —tj <ti<t{ <0. There exist two mu-

tually exclusive disks Z>i and D{ bounded by Ji and J{, respectively,
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such that Di is the union of a disk in ah and part of the vertical

cylinder over Ji and D{ is the union of a disk in at¡ and part of the

vertical cylinder over J{. Let Mf =iMj-Ai)VJiDi^JD{). Then by

Lemma 3, M} is either a connected 2-manifold of genus less than that

of M¡ or the union of two disjoint such 2-manifolds. Furthermore,

M'i O-neighborhood (CiUC2'), M}C\F=0, and the interior, If, of
M'j contains I¡.

For each iytj, let Mi =Mf, and suppose that U"_! Mí is not the

union of disjoint 2-spheres. Then (again using Lemma 2), there is an

annulus A lying in some Ml such that the boundary curves of A are

not homologous to zero in UM/. Since Qi was chosen so that every

simple closed curve in (UAf,-)P\(?i is homologous to zero in UM,-, A is

not contained in Qi. Hence A is a subset of a component D of (UM¿)

C\ao which misses Qi, as before, we can choose an annulus A2 lying

in D such that ^42 is not homologous to zero on UM/ and such that if

Qi is the bounded component of «0 — ̂ 2, then every simple closed

curve in (UM/)P\Q2 is homologous to zero in UM/. It follows that

either Qi and Q2 are mutually exclusive or QiEQí- Let /2 and JÍ be

the boundary curves of Ai, with J2 enclosing JÍ in a0. Let i2 and tí

be numbers such that — t?<¿2<¿2' <íi. There exist two mutually ex-

clusive disks Di and D[ bounded by 72 and J{, respectively, such

that DiiDi ) is the union of a disk in a¡2(a¡¿) and part of the vertical

cylinder over J2ÍJ2). It follows that Z>2WD2 does not intersect

DiUD{ and hence if A2EMI and Mi' =iM¿ -A^\JiD,\JDl),
then Mi' is the union of a finite number of disjoint 2-manifolds each

of genus less than that of Mi. Also, Mi' is contained in the ^-neigh-

borhood of CAJC«', Mi1T\F=0 and the interior, U', of Mi' con-

tains I i.

A finite number of repetitions of this process will yield a collection

of sets Mf\ Mf\ ■ ■ ■ , M(„h\ each of which is the union of a finite

number of 2-spheres, such that the sum of the interiors of these 2-

spheres contains U/¿ and such that for each i, M/" is contained in

the ^-neighborhood of CiVJCl. If 17 is chosen to be less than the Ô

obtained at the beginning of the proof of Theorem 1, then the inverses

under/ of the 2-spheres contained in C{ U(UMÍA)) will be a set of 2-

spheres satisfying all the desired conditions.

Theorem 2. // G is a finite collection of 2-spheres in E3, E is a closed

subset of the sum of their interiors which does not intersect any of them,

and « is a positive number, then there exists a finite collection H of

mutually exclusive 2-spheres with mutually exclusive interiors such that

E is a subset of the sum of the interiors of the members of H and each

member of H lies in the e-neighborhood of the sum of the members of G.
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Proof. Suppose n is a positive integer such that the desired result

holds for any collection of n 2-spheres, and let G, E and e satisfy the

hypothesis of the theorem, with G consisting of n + 1 2-spheres

Qi, • • • , Qn+i. Let G' = {Qi, ■ • • , Q„} and let E' denote the part of
E lying in the sum of the interiors of Qi, • • • , Qn. It follows from the

induction hypothesis that there exists a finite collection H' of 2-

spheres satisfying the conclusion of Theorem 2 with respect to G',

E' and 5, where 5 is a positive number less than e/2 and also less than

the distance from E to E — E'. Then if Pi denotes the union of the

members of H and P2 = Qn+i, there exists a finite collection H of 2-

spheres satisfying all the conditions of Theorem 1 with respect to

Pi, P2, E and e/2. Since every member of H is contained in the e/2-

neighborhood of PiUP2 and PiWP2 is contained in the f/2-neighbor-

hood of the sum of the members of G, H satisfies all the desired condi-

tions.
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