
A NOTE ON NYMAN'S FUNCTION SYSTEM

GABRIEL KLAMBAUER

Bertil Nyman [l] proved that the Riemann hypothesis is true if

and only if the set

{[a/x]-a[l/x]\, 0<«|1,

is fundamental in L2(0, 1). We are concerned here with this function

system and shall in the sequel denote it by {fa(x)}.

1. The graph of fa(x). Every function of the system {fa(x)} has

the following properties:

(a) For a fixed a, the function/„(x) has jumps at the points of the

form { 1/(m + 1) } and {a/w}, where «= 1, 2, 3, • • • . These points of

discontinuity form a partition of the unit interval and on the resulting

set of subintervals of the unit interval the function fa(x) is constant,

respectively.

(b) |/«(*)| <1 for all/«(je) of {/«(*)} and 0=x = l.

(c) For rational values of the parameter a there occurs a certain

periodicity pattern; in view of its simplicity, we shall not elaborate

on it.

2. The evaluation oiJlfa(x)dx and the integrals flxmfa(x)dx, where

«i=l, 2, • • • , ». Introducing the auxiliary function y = a/x, con-

sider the expression

— (a/x — [a/x]) + a(l/x — [l/x]) on the unit interval.

Since

/• all /»l/;

(a/x — [a/x])dx = a   I (l/x — [l/x])dx
aiu+i) Ji/ü+i)

for/ = 1, 2, 3, • • • ,

it follows that

/fa(x)dx =  -
0

Now we set

I(m) =   f xm(l/x - [l/x])dx.
Jo
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a/xdx =• a In a.
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Since

xnia/x — [a/x\)dx = am+1  I xm(l/x — [l/x])o\r,

al(i+l) Ji/u+i)

we obtain

/xmfa(x)dx = (a — am+1)I(m) — a I    xm~1dx

0 J a

= (a - am+1)(/(m) - 1/tw).

We shall denote

and

/.

i
xmfaix)dx = Fia, m),

/.

i

/„(*)<** - F(a, 0),

and

7(7»)   -  1/777 =  £(777).

Evidently, £(777) <0 for 777= 1, 2, • • ■ , 77.

3. The inner product flP(x)fa(x)dx, where P(ac) is a polynomial.

Let £(x) =ao+aix+a2x2+ ■ ■ ■ +anxn be a  polynomial with  real

coefficients. Then

/» 1 nP(x)fa(x)dx = Z otFia, k).
0 ¡t_n

We assume that fl0P(x)fa(x)dx = 0 for all 0 <a á 1, but that fl(P(x))2dx

¿¿0 which means that P(x) ^0. Thus

n

Z «*£(«, *) = 0 for a G (0, il.

Writing out the last expression we have

aoalna = - (<xi£(l) + a2£(2) + • • • + anK(n))a

+ aiK(l)a2 + a2K(2)a3 + ■ ■ ■ + anK(n)an+l

for all «G(0, l]. If öo = 0, then the coefficients of the polynomial ex-

pression above must vanish; since £(777) <0 for m = l, 2, • • • , ra, it

follows that ai = a2= • • • =a„ = 0 also. It can not be, however, that

ao^O since then we would have an identity relation between a tran-
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scendental and an algebraic function. Thus we reached a contradic-

tion and P(x)=0 which means that fl(P(x))2dx = 0.
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A NOTE ON THE LIPSCHITZ CONDITION IN
METRIC SPACES

NORMAN LEVINE

Let/: Mi—>M2 be a single valued transformation where Mi and M2

are metric spaces with metrics di and d2 respectively.

Definition. /: Mi—>JV72 is termed Lipschitzian if and only if there

exists a finite constant K such that d2(f(a), f(b)) ^KdL(a, b) for all

a, bEMi.

Theorem. Let { Mi, di} be an infinite sequence of metric spaces and

fij.k- Mi-^Mj continuous for all positive integers i, j and k. Then for

each i there exists a metric d* for Mi which is equivalent to di such that

fij.k- Mi-^Mj is Lipschitzian relative to d* and d* for all i, j and k.

Proof. Without loss of generality we may assume that each ¿, is

bounded by 1 on Mi. Let a, bEM, and define

00

d*.(a, b) = d,(a, b) + £ 1/2«+*»+- ••+»«+**+•••+»,
a-i

■"ni(./n2,ni,A:i   "       ' Jnq,nq-i,kq-i]>,nq,kq\a),   •   •   •   {O)),

where the summation runs over all «i, • • • , nqESq and ki, • ■ ■ , kq

ESq, Sq being the set of all finite sequences of positive integers with q

elements; juxtaposition of the/'s of course means composition. Then

d* satisfies all of the axioms for a metric on M,. The proof will be

complete when we show that (1) d* is equivalent to d, on M, and

(2) fi,j,k'. Mi—*Mj is Lipschitzian relative to d* and d*. To show (1)

let y EM, and {yn} be an infinite sequence in M,. Suppose

limn¿f(y, y„) = 0. Then lim„ds(y, y„)=0 since d.(y, y„)^d*(y, y„).

Conversely suppose limn d,(y, y„) =0. We note first that

Received by the editors December 29, 1960, and, in revised form, March 18, 1961.


