
A NOTE ON THE SINGULARITIES OF HARMONIC
FUNCTIONS IN THREE VARIABLES

r. p. gilbert

The purpose of this note is to prove the following result:

Theorem 1. Let hn,m(X) be the homogeneous, harmonic polynomials

of degree n defined by the relation

r ? 1 ~| "       +n
tn = \(-xi - ix2) — + x3 + (xi + ix2) —      =   S hn,m(X)rm,

and let the analytic function of two complex variables f(t, f), and the

three-dimensional harmonic function H(X) be defined by the expansions

f(h f) = £  E anmtnr,    \t |   < R,    1 - « < I f I  < 1 + e,
n=0 m=—n

H(X) = £   £ anmhnm(X),       \\X\\ < R,
n-=0 m=.—n

which converge in the indicated regions. Furthermore, let the singularities

of f(t, f) be given in the form t=\f/(Ç), where \[/(Ç) is analytic in f. Then

H(X) is singular at X, providing X does not lie on the x3-axis, if and

only if X satisfies simultaneously the equations

S(X; f) - I - *(f) = 0,

and

¿S(X;f) = 0.'

Proof. We first note that the harmonic function in three variables

H(X), may be generated from the function of two complex variables

by the Whittaker-Bergman operator [2],

H(X) = B3(f, £, X")^~f f(t, f) ̂  ,
2« J £ ¿"

where / is defined as above, || X—X"\\ <e,X = (xi,x2,x3),X° = (x°, x°, xjj),

where £ is a regular contour in the f-plane, and €>0 is sufficiently
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1 This theorem is the analogue to Nehari's result concerning the singularities of

Legendre expansions [l ].
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small. We next consider the following two theorems proved by the

author in a previous paper [3].

Theorem A. If Z3=E{S(X; 0 = 0}, is the singularity manifold of

(1/W. D, then
i r       ¿tnix)^-—jjitA)~

2m J £ £

(where £ is the unit circle) is regular at X, providing this point does not

satisfy simultaneously the two equations S(X; £") =0, and (d/dÇ)S(X; f)
= 0.

Theorem B. Let H(X) =B3(g, £, <&) be a harmonic function regular

at infinity,2 and let V(r, £, p) be the function obtained from H(X) by

replacing Xi, x2, x% by

*i - j (p + p-o(i - ey<\

x, = ^-.(p - p~i) (i - ey\
2i

x% = rf.

Furthermore, let Z6=E{$(r, ¿, p) = 0} be the singularity manifold of

V(r, £, p) =H(X), XEC3 { C3 is complex three-space}, then the function

of two complex variables g(r, f), which may be obtained by the reciprocal

integral operator

1    f   T f   Kr + 0 dpi
g(T,i-) = B2(V;Tk;Ta,i-o)=—-\- V(r, {, p) - U

'ImJ TlLJ rt (r — t)2 p J

(Fi is the real axis joining —1 to +1, C77¿ T2 is the unit circle), is

regular at (r, f) providing this point does not lie on the "envelope" of the

three parameter family

T_/ST_r^+ -L(1 _it)i/«/£+A\l„o,«

subject to the auxiliary condition i>(r, £, p) =0.

In order to prove Theorem 1 we should like to show that each

possible singularity of 77(A") (as indicated by Theorem A) corre-

sponds under the reciprocal transform to an actual singularity of

g(r, £). The possible singularities of 77(X) are those

• tit, t) = £;_„ £11* anmr <»«>r\
' r, í, and p are complex spherical coordinates, defined by r= -{-(xl+xl+x])111,

i=xt/r, and p= +((*i+**«)/(*i—«ft))1".
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x e [e{s(x-, t) = 0} n e\^~- « o|] - f{f(z) = o}.

The possible singularities of a g(r, f) generated by the operator

B2(V; Tt; r0, fo) (where F(r, £, p) is a harmonic function with the

singularity  manifold  £{<£(r,  £,  p) =0} =;£{F(X) =0})   are  those

(t, f) £    £<r = - (xi — ix2) — + x3 + (xi + ix2) —>

HE{F(X) = 0}

(    / dx2\ t      dx3      ( dx2\ 1        )
r\E\-(i + i—)—+ — +(i + i—)- = o>

{    \ dxj 2       dxi      \ ôxi/2f       )

r\E{G(X) = 0} 1.«

Now, for each fixed XiEE{F(X) =0}, t= -(xx-ix2)r/2+x3

+ (xi+ix2)l/2f defines t as a function of f, T = d>(Ç\Xi); also, since

E {F(X) = 0} EE {S(X ; f) =/ -^(f ) = 0} one has then, ire gewera/, /or

X £ [£{F(X) = 0} H E{G(X) = 0}

f     / dx2\ f       <?x3      / dx2\  1 )
nE<-(i -i—)—+ — +(i + *—)—= o¡-,

{     \ dxj 2       dxi      \ dxj 2^       )

that T=t(t)^<t>(t)=t.

There are some exceptional points (on the x3-axis), however, which

may not correspond to singularities of g(t, f). This may be seen by

considering the method of proof used for Theorems A and B. Both

of these results were proven by using a modified form of an idea em-

ployed by Hadamard [l; 3; 4] in the proof of his theorem on the

multiplication of singularities. Essentially, the method was to con-

sider the initial domain of definition for a function given in terms of

an integral representation, and then to attempt to enlarge this domain

by continuously deforming the integration path, subject to the con-

dition that in this process the integration path at no time crosses a

singularity of the integrand. One notices from the reciprocal operator

B2(V; Tk; t°, f°), that the points £= ±1 then have a special status

in that they are fixed endpoints for the path of integration in the £-

plane. Hence, it is quite possible for a branch of V(r, £, p) =H(X) to

have a singularity at £= ± 1 (£=-x3/r), which does not correspond to

a singularity of g(t, f) at t = \j/(%).

* G(X) = 0 is an arbitrary relation between xi, x2, and xi.
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AN ALGORITHM OF J. SCHUR AND THE TAYLOR SERIES

E. H. CONNELL AND P. PORCELLI

In a recent announcement in the Bulletin (cf. [l]), the authors

outlined a proof that a differentiable function of a complex variable

in a region R has a power series expansion in some neighborhood of

each point of R (Theorem 3, [l]). The proof involved no integration,

but failed to yield the full radius of convergence and required that it

first be shown that all of the derivatives exist. In the last paragraph

of [l], it was mentioned that a variation of an algorithm of J. Schur

develops constructively the Taylor series for /, yields the full radius

of convergence, and gives the existence of all the derivatives of/as a

corollary. This procedure is developed in this paper.

The letter R will denote a bounded region in the complex plane.

Lemma 1 (cf. [4, p. 77]). Iff: R into E2 is continuous on R, differen-

tiable on R, and nonconstant, then

| /(z) |   <   max   | fit) | for all z £ R.
teR-R

Lemma 2 (Theorem 1, [l]). If pER and f is differentiable and
bounded on R — p, then f may be defined at p so that it will be continuous

and differentiable at p.

Lemma 3. If the polynomial, P(z) = a0+ai2+ • • • +a„zn, satisfies

\Piz)\ g I/or \z\gl,then \at\ g 1,7 = 0, 1, • • • , 77.

Proof. The conclusion holds for all polynomials of degree zero.

Suppose it holds for all polynomials of degree   ^k and P(z)=ffo

Received by the editors March 1, 1961.


