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Let T denote the 2X2 modular group; that is, the multiplicative

group of 2X2 rational integral matrices of determinant 1 in which a

matrix is identified with its negative. Let T(n) denote the principal

congruence subgroup of V of level »; that is, the totality of elements

a of T such that

/l   0\
a == ± 1 I       (mod n).

Vo i/

Let G' denote the commutator subgroup of G, G any subgroup of T.

Finally, let Tn denote the fully invariant subgroup of T generated by

the «th powers of the elements of T. Then it is shown in [4] that

(r2)' D r(6)

and the same method can be used to show that

(r3)' D r(6).

Hence

(i) (r2)' n (r3)' d r(6)

and  the  question  arises  as  to  the  precise  relationship  between

(r2)'n(r3)' and T(6). The object of this note is to prove that these

are in fact equal.

We set

G = (r2)',      77 = (r3)'

and break the proof up into several lemmas.

Lemma 1. The group G is a free group of rank 4 and of index 3 in T'.

The group H is a free group of rank 5 and of index 4 in V.

Proof. It was shown in [l ] that T2 is the free product of two cyclic

groups of order 3, and V3 the free product of three cyclic groups of

order 2. Now J. Nielsen has shown [2] that the commutator subgroup

of the free product of k finite cyclic groups G< of order mit lèiûk

is a free group of rank
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1 + OT1OT2 • • • mk\— 1 + X) ( 1-
I ,_i \        mi

This implies that G is a free group of rank 4 and H a free group of

rank 5. Since T' is a free group of rank 2, Schreier's formula [3]

R - 1 + ßir - 1)

for the rank R of a subgroup of index ju in a free group of rank r shows

that G is of index 3 in T' and H of index 4 in T', completing the proof

of the lemma.

Lemma 2. We have

T' - Gff.

Proof. We note that the product is well-defined, since G is a nor-

mal subgroup of r2, Ha normal subgroup of T3, and TOT', TOT'

(see [l]). Hence G and H are normal subgroups of T'.

Consider the chains

T'DGHD G,       T'DGHD H.

The first implies that (T: GH)\3, and the second that (I": GH)\i.

Hence (T':GH) = l and so T' = GH, completing the proof of the

lemma. (This version of the proof was suggested by the referee and

editor.)

Lemma 3. We have

(r': r(6)) = 12.

Proof. It is well-known that (r: T') =6 (see [l] for example) and

that (r: T(6)) = 72. Since rDT'Dr(6) the result follows.
We are now in a position to prove our result.

Theorem. We have

T(6) = G(~\H.

Proof. By one of the isomorphism theorems (since G, H are normal

subgroups of T)

GH/G ̂  H/G C\ H.

By Lemma 2 this reduces to

T'/G ^ H/G C\ H.

Hence

)•

(r':G) = iHiGHH)
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and by Lemma 1 it follows that

(2) (H:GC\H) = 3.

Further, we have

(T':GÍ\H) = (T':H)(H:GÍMI)

and again by Lemma 1 it follows that

(3) (r':GHfl) = 4(H:Gr\H).

Together with (2), (3) implies that

(V':Gr\H) = 12.

Since GC\HZ)T(6) (formula (1)) and (r':r(6)) = 12 (Lemma 3) it
follows that T(6) = Gi\H, completing the proof of the theorem.

References

1. M. Newman, The structure of some subgroups of the modular group, Illinois J.

Math. 6(1962), 480-487.
2. J. Nielsen, The commutator subgroup of the free product of cyclic groups, Mat.

Tidsskr. B. (1948), 49-56. (Danish)
3. O. Schreier, Die Untergruppen der freien Gruppen, Hamburger Abh. 5 (1927),

161-183.
4. J. R. Smart, Modular forms of dimension —2 for subgroups of the modular group,

Thesis, Michigan State Univ., East Lansing, Mich., 1961.

National Bureau of Standards and

New York University


