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1. Introduction. Let P„ = (xi, x2, • • • , xn) be the free group on

which the braid group of n strings, Bn, acts as a group of automor-

phisms. If a is a braid in the subgroup An of Bn where

Bn/An = S„ = symmetric group of order nl,

that is, the subgroup with identity permutation, then (see [l]), as an

automorphism of Pn,

a(Xi) = T^XiT^Xx)-1       (i = 1, 2, • • • , re),

a(xxX2 • • ■ xn) = XxX2 ■ • • x„.

Let Qn be the subgroup of An which is generated by the braids

Ri = (<txo-2 • • • o-i-^fao-H-x • • - o-ny-n       (i = 2, • • •, re + 1),

where the <r,- are the usual generators of Bn. (See [l ; 4].)

A textile manufacturer asked the following question: Can one de-

cide whether or not a braid in A„ is also in Qn? (It is possible to

"weave" a braid in Qn while keeping its ends "tied together.") Shep-

perd [ó] solved the above decision problem using the generators and

relations of the braid group and subgroups. In this paper we give

another distinct solution working in terms of automorphisms of free

groups. In particular, we use formulas developed in [3; 4].
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2. The algorithm. To decide whether or not a in A„ is also in Qn,

we present the following:

Algorithm. Rewrite a as the automorphism

(1) a(bd = W{(b,)        (i - 1, 2, •••, re),

where bi = XiXi+1 ■ • • xn- Set bx = I, the identity element, in (1) and

freely reduce. Since the group Pi generated by bx is characteristic

under An, a now induces an automorphism a* of the free group
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F*_i = F„/73i. We have two possibilities:

(a) The automorphism a* is not of the form

(2) a*(bf) = Vibt, • • • , bn)biV(b2, ■•• , bn)~l       (i = 2, • • • , »),

that is, an inner automorphism of F^_v Then a is not in Qn.

(b) The automorphism a* is of the form (2). We now see if

(3) b[aibi)h' = V(R2, • • • , Rn)(bi)       (i = 1, • • • , n),

for any t where |/| <T. Here T is equal to the maximum length of

a(bi) plus the maximum length of V(R2, • ■ ■ , Rn)(bi). (Notice that

V(R2, ■ ■ ■ , Rn) is an automorphism acting on &¿.)

Case (a). If there is no / for which (3) is true then a is not in Qn.

Case (b). If there is a t for which (3) is true then a is in Qn, in fact,

a = Rn+iViR2, ■ ■ ■ , Rn).

Theorem. The above algorithm is a solution to the decision problem

of whether a braid in An is also in Qn-

Proof. As was shown in [3; 4], the braids A\- are the following

automorphisms of F„ :

(4) Riib,) = biüij bjbi ai} • • • (i = 2, • • • , »),

(5) Rn+iibj) = bibjb~[\

where

aiS=\l,

bi if/ < i,

the identity, if i ^ j.

It is known [5] that F„+i is in the center of Bn and that the other A,-

are free generators of a free subgroup. Therefore, for any ß in Q„,

(6) ß = Rn+iWiR2, ■ ■ ■ , Rn).

But, by (4) and (5), the induced automorphism of ß acting on F*_x is

ß*ibi) = Wib2, ■ ■■, bn)biWib2, ■ ■■, bn)-1       ii = 2,---,n),

an inner automorphism. (Another verification that the A;, i^n + l,

are free.) Thus a necessary condition for a in A n to be in Q„ is for

a* to be an inner automorphism of F*_x. Further, if (2) is true then,

by (4) and (5),

a = F(F2, • • • , Rn) mod 73,.
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Now, by (5) and (6), a is in Qn if and only if (3) is true for some t. A

simple cancellation argument in (3) will show that we need not con-

sider t if \t\ >T.
Thus the algorithm is a solution to the above decision problem.
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