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1. Hitherto there have been considered [e.g., 1956, 1961 ]2 infra-

polynomials with some prescribed coefficients, that is to say, with

prescribed values of certain derivatives at the point z = 0. We now

generalize this concept by prescribing values of the polynomial and

of certain of its derivatives at given points zit z2, ■ - - , Zk, and study

the geometric location of its zeros in the complex plane. Thus the

present results are, broadly speaking, generalizations of the preceding

ones.

2. Let Zx, z2, - - - , zk be (distinct) points of the (open) complex

plane, and for each / (= 1, 2, • • • , k), let there be given complex

values wf\ wf\ • • ■ , wf^. Let A be the set of all polynomials A(z)

satisfying

A " (zj) = w¡        v = 0,1, ■ ■ ■ , m¡,  j=l,2,---,k.

We make the following

Definition. Let n be a positive integer, and let S be a pointset in the

(open) complex plane. An (», A, S) infrapolynomial is an element A(z)

of A of degree3 g », having the property : there does not exist a polynomial

B(z) belonging to A and of degree g» such that

B(z) féA(z),

| B(z) |   < | A(z) |   whenever z ES and A(z) j¿ 0,

B(z) = 0 whenever zE S and A(z) = 0 .

3. We set T= {zx, z2, • • • , zk}, and denote by P(z) the unique

element of A of degree g — 1+M, where M= ^J,x (f»/ + l) [cf. 1935,

Chapter III, Theorem 2]. Let « be a positive integer, and 5 a finite

(nonempty) pointset in the (open) complex plane whose (distinct)

elements we denote by fi, Ç2, ' ■ • , ?jv! we assume that 5 and T are

disjoint.
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4. Theorem l.4 Let Liz)=Ltf-iZN~1 + ■ ■ ■ +L0 be Lagrange's

interpolation polynomial to Piz)/Qiz) on S, where Qiz)

= llî-i iz-Zj)mi+1, and let Aoiz) s Piz)-Liz) Qiz).

(a) If N^n — M, then there exists no in, A, S) infrapolynomial.

(b) If N = n — M+l, then Aoiz) is the unique in, A, S) infrapoly-

nomial.

(c) If N = n — M+2, then a polynomial Aiz) is an in, A, S) infra-

polynomial if and only if it is of the form

JL       Kiz)
(1) Aoiz) + LN-1Qiz)Z^JljL

v=l Z — f v

where \,£0, £*, X,= l. Here g(z) m Uli (*-?,)•

Proof. Assume N^n — M, and let A (z) = H"=Q ayz* be an element

of A. Let Biz)=Aoiz) if A0(z)féAiz), and let B(z)=A0(z)+giz)Qiz)

if A o(z) = A (z). Then 5 (z) is of degree ^ n, it belongs to A, 5 (z) ^ ^4 (z),

and 5(z)=0 throughout S. Thus .4(z) cannot be an («, A, S) infra-

polynomial. This proves (a).

Consider now the two cases: (i) N = n — M+l, and (ii) N = n — M

+ 2, LN-i — 0. If Biz) is a polynomial of degree ^n belonging to A

and vanishing throughout S, we can set

Biz) =. Piz) - liz)Qiz),

where /(z) is a polynomial of degree ;án— M which equals Piz)/Qiz)

on 5. Thus liz)=Liz) and therefore Biz) = Aoiz). Hence A0(z) (which

is of degree ^w, belongs to A, and vanishes throughout S) is an

(«, A, S) infrapolynomial. Furthermore, if ^4(z) is an arbitrary

in, A, S) infrapolynomial, then since ylo(z)=0 throughout S, Aiz)

= A 0(z). Thus we have proved (b), and under the assumption LN^ = 0,

also (c).

We observe in cases (b) and (c) that if all the values wj"' are zero,

then P(z)=0, L(z)=0, A0iz)=0, LAr_1 = 0; and 0 is the unique

in, A, S) infrapolynomial.

Finally, we consider the case N—n — M+2, LN-i9^0. We may as-

sume A>1, since if N=l, Piz) is the unique polynomial of degree

en belonging to A, and therefore Piz) is the unique («, A, S) infra-

polynomial, which proves the assertion of (c).

Let A* denote the set of all polynomials of degree N— 1 with lead-

ing coefficient 1. For every polynomial Aiz) of degree =ra belonging

to A, let ^4*(z) generically denote the element of A* satisfying

* Compare [1961, Theorems 1 and 2].
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A(z) m P(z) + [-L(z) + LN-iA*(z)]Q(z)

=■ Ao(z) + Ls-iA*(z)Q(z).

For every Bx(z) EA*,

B(z) s P(z) + [-7(3) + LN_xBx(z)]Q(z)

is of degree á», belongs to A, and satisfies P>i(z) =B*(z).

From (2) we have

(3) A(z) = LN^xA*(z)Q(z)        throughout S.

From (2) and (3) it follows that a polynomial A(z) of degree ^«

and belonging to A is an (», A, S) infrapolynomial if and only if

A*(z) is an infrapolynomial on S, i.e., [1957, Theorem 13] if and

only HA*(z) is of the form J*ml \,(g(*)/i*-t>)) i^ = 0, Ztli X,= l).
From this, the desired result readily follows.

It may be noted that since Aoiz) =0 throughout S, we may set

Aoiz)=Poiz)giz) where Po(z) is a polynomial. In case (c), its degree

is gM-A+1.

5. We turn now to applications of Theorem 1(c). For the case

k=l, see [1961, Theorems 6b and 10].

Theorem 2. Under the conditions of Theorem 1(c) let two disjoint

circular regions Cx: \z — Ci\ ^ fi and C2: \z — c2\ ^ r2 (where

0^rlt r2< oo) contain, respectively, the set T and the zeros of A0(z).

Then C2 together with then — N-\-l circular regions \z—(cx — tc2)/(l — e) |

ú(rx-\-r2)/\ I— e|, en~N+2=l, e^l, contains all zeros of every (n, A, S)

infrapolynomial.

Proof. Let A (z) be an (w, A, S) infrapolynomial. By (1) and by the

end of §4,

A(z) = Po(z)g(z) + Ls-iQ(t) ZK   S
•■=i Z-ty

The case Ljv-i = 0 is trivial; so we assume Lat-it^O. Suppose that

A(zo)=0, Z0EC2. We may set [1950, §1.5.1]

£, X, 1

,_i Zo — f,     Zo — f
where ÇEC2. Hence

(4) («o - f)Po(2o) = - LN-xQ(zo).

Also, since Po(z) is of degree » — A+l, and its leading coefficient is

-LN-x, we have [1922]
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(s« - r)Po(zo) = - l^iízo - nn~N+i    (f £ C2).

Similarly, the right-hand side of (4) can be represented in the form

-LN^iizo-z')n-N+2 with z'£Ci. Thus

(zo - r)n-"+2 = (Zo - z')»-"+2.

Since Ci and C2 are disjoint, f'^ z', and therefore

z' - e?
Zo = ->

1   —   €

Hence [cf. 1949, Lemma (17, 2a)]

Ci — ec2

Zo -

,n-JV+2 1, í ?¿   1.

1   -

ri + r2

This completes the proof.

6. If we modify Theorem 2 by assuming that (i) G is \z — Ci\ Sïri

(and C2 is as before), or by assuming that (ii) C2 is | z — c2\ =r2 (and G

is as in the theorem) then we may similarly conclude (cf. loe. cit.,

Lemma (17, 2b)) that every zero z0 of an («, A, S) infrapolynomial

which does not belong to C2 satisfies

Ci — tc2

zo —

and

Ci — ec2

1

ri — rt

TT^TT

r2 — n

tn-N+2 = \>t9£ 1( in case (i),

en-N+2 - \} e7£ l( in case (ii).

7. In the special case of Theorem 2 in which k = 2, mi = m2 = 0,

Ln-it^O, Po(z) must be of the first degree, say, Poiz)= —LN-iiz — a),

and (4) may be written as

(z0 - f)(z0 - a) = (z0 - Zi)(zo — z2),       a £ C2.

Thus z0(zi+Z2—a —f) = 2iz2 —af. From the fact that G and G are

disjoint, one easily infers that the coefficient of z0 in the last equality

is not zero. Hence

Z1Z2 — af
Zo =-;-

Zi + z2 — a — f

Thus Zo lies in the image of G under the linear transformation 0(z)

= (ziZ2 — az)/(zi+z2 — a—z), and this image can be readily determined

in terms of c2, r2, z\, z2 and a.
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8. Theorem 3. Let the hypotheses of Theorem 1(c) hold with LA'_i^0,

and suppose also that all the m¡ are zero. Set

(5)        Po(z) / {7^1 n (2 - 2,)} - è — •
I       \ v-x ! »=i   Z — Z,

Let Zo be a zero of an (n, A, S) infrapolynomial A (z).

(a) If all the b, are ^0, then Zo cannot lie on a line or circle L which

separates T from S.

(b) Suppose bjfsO for j=l, 2, • ■ • , u(<k) and bj^O for j' = ¿i + l,
¡x-\-2, ■ ■ ■ , k. Then z0 cannot lie on a line or circle L which separates

Txfrom SW7Y Here Tx= {zlt z2, ■ ■ ■ , za}, T2= {z«+l, z„+2, ■ • ■,**}•

Note that Zl-i b,=-I.

Corollary. Under the hypotheses of Theorem 3(a), if TQDx and

SQD2 where Dx and D2 are disjoint segments of a line or disjoint arcs of

a circle, then Zo£7>iU7>2. Likewise, under the hypotheses of Theorem

3(b), if TxÇzDx and SUT2Ç^D2 where Dx and 7)2 are as before, then

ZoEDxVJD2.

[Compare 1950, §4.2.3., Theorem 2].

Theorem 3 follows by the method of the first paragraph of [1950,

§4.2.1.].

9. We shall now suppose that 5 and T are symmetric in the x-axis.

Theorem 4. Let the hypotheses (preceding (a)) of Theorem 3 hold,

and suppose both S and T are symmetric in the x-axis, T has no point

on the y-axis, and S lies in Re(z) >0. Suppose that A(z) is a real poly-

nomial, that by^O whenever Re(z„) <0 and bp^0 whenever Re(zK)>0,

and that bi = b¡ whenever z¿ = z¡. Then if z0 is nonreal, there exists (at

least one) nonreal point !; of 5W T such that z<¡ lies on or within the circle

tangent to the line 01- at £ and to 0| at £.

Theorem 4 and further results can be proved by the methods of

[I955] and [1961a]; compare also Marden [1949], who makes a

special study of the zeros of rational functions such as the second

member of (5).
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