
AN IDEAL CLASS INVARIANT OF KNOTS

R. H. FOX AND N. SMYTHE

In this note the row and column ideal class invariants of a matrix

(cf. [3]) are applied to the Alexander matrix of a knot to give an in-

variant for knots. We give an example of the use of this invariant to

distinguish a pair of knots which cannot be distinguished by their

elementary ideals, torsion numbers, or linking invariants.1

1. Let M be an mXn matrix over a commutative integral domain

R. For any integer k consider the &th compound matrix Mik), the

GK)
matrix whose entries are the kXk minor determinants of M, rows

and columns written in lexicographic order. If the rank of M is r,

Mm = 0 for k greater than r, whereas M(r) contains some nonzero ele-

ment. Further, M is equivalent to a diagonal matrix N over the

quotient field of R and, as may be easily seen, Mlk) is equivalent to

Nm. Since the rank of A(r) is 1, the rank of Af(r) is 1.

We recall that two ideals /, J are said to be equivalent if there

exist nonzero principal ideals P, Q such that PI = QJ. The ideal

classes of a ring under this relation form a semi-group with the prin-

cipal ideal class as identity.

By the ith row ideal p¿ of M is meant the ideal generated by the

elements of the ith row of MM. Suppose that both the ith and &th

rows contain nonzero elements. Writing M(r) = ||my|| and choosing q

such that JM.j is nonzero, we have for any j

miq   ma
det =0

mkq   mkj

since Mw is of rank 1. Thus miimkj = mkqmij and (mit)pk = (mkq)pi,

where (z) denotes the principal ideal generated by z. It follows that

mkq is nonzero and thus that any two nonzero row ideals are equiva-

lent. This equivalence class of ideals is called the row class of M.

Similarly we may define the column class of M.

2. There is defined for matrices over a ring R an equivalence rela-

tion by means of the following operations (see [l, p. 101]) ;
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1 We are indebted to P. H. Monsky for his suggestions concerning the algebra of

the example.
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(i) Permuting rows and columns;

(ii) Adjoining a row of zeros;

(iii) Adding to some row a linear combination of other rows;

(iv) Adding to some column a linear combination of other col-

umns;

(v) Adjoining a new row and column each of whose elements is

zero except for the entry 1 in their intersection.

Let G be the group of a knot, H its abelianization, JH the integer

group ring of H, i.e., the ring of L-polynomials. Further let A(t) be

an Alexander matrix for G, A(t) the Alexander polynomial of the

knot, and E an ideal in JH generated by one of the irreducible factors

of A(t). Then A(t) is a singular matrix over the integral domain

JH/E. The Tietze operations on the presentation of the group G

result in transformations of A(t) by means of the above operations

over the ring JH, and thus over the ring JH/E.

Now the row and column class of a matrix remain invariant under

the operations (i)-(v). This is clear for (i)-(iv); the operation (v) in-

creases the rank of the matrix, but does not change the elements of

the row ideals (column ideals) of the matrix. It follows that the row

class and column class of the Alexander matrix over JH/E are in-

variants of the knot.

3. The ring JH/E being somewhat unfamiliar, it is useful to give

a few elementary facts about it before going on to the example.

Suppose w is a root of the irreducible factor a(t) of A(t). If P(t), Q(t)

are elements of JH such that P(w)=Q(w), P(t)—Q(t) has w for a

root. Then every root of a(t) is a root of P(t)—Q(t) and therefore

P(t)-Q(t) = 0 mod a(t). Thus P(t) = Q(t) mod E if and only if P(w)

= Q(w). JH/E may therefore be imbedded in the algebraic number

field k(w), where k is the field of rationals. The norm of P(w) in k(w)

serves as a norm for P(t).

Since A(t) may be written in the form 1 + Ci(t — 1) + • • •

+Cih(t — l)u, we note that t — 1 is a unit in JH/E.

For a knot of genus 1 (see [2]) an Alexander matrix is

l + wn(*-l)       -tii(í-1)    0
A(t) =

v22(t - 1) 1 - v2i(t - 1)    0

and the Alexander polynomial A(t)=yt2+(l — 2y)t+y, where

y = vnv22—Vi2v2i- Since y(l — t)2 = —t mod A(f), every divisor of y is a

unit in JH/E. If P(t) is in JH, then P(w) is an algebraic integer of

k(w) =k(\/(l— 4y)) divided by some power of y, and its norm is a

rational number with denominator some power of 7. It is not difficult
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to see that P(t) is a unit in JH/E il and only if the numerator of its

norm is a product of divisors of y.

Since A (t) is of rank 1 in JH/E, the row class of A (t) is represented

by the ideal (l+i>i2(/-l), -Vn(t-l)), i.e., (1+»„(<-1), vn).

4. We compare two knots with 7 = 53. kx is any knot with Vu — 5,

v22 = 11, i>i2 = 2, D2i=l. &2 is any knot with »11=1, z>22 = 53, f12 = 1,

t>2i = 0. These knots have the same elementary ideals, torsion numbers,

linking invariants and Minkowski units. As the referee remarks, ki

may be taken to be the pretzel knot (25, —3, 13), and k2 the pretzel

knot (107, —1, 3), in which case by Trotter [4] ki is noninvertible

and k2 is invertible.

The row class of the knot k2 is clearly principal.

If R is the ring of integers of k(y/( — 211)), it is readily seen that

JH/A(t) may be imbedded in ¿(V(-211)) as the ring R' = R[l/53].
Under this isomorphism the ideal (5, 2t — l), which represents the

row class of ki, becomes the ideal I=(5, (52 + V( — 211))/53). Con-

sider the ideal J=(5, 52 +V(-211)) in R. Then JR' = I. If i" is
principal, generated by a, JR'=aR'. We may assume aEJ by re-

placing a by a -53" if necessary, so that /Dai?. Noting that the ring

of integers of k(\/( — 211)) is a Dedekind domain, we let K = aJ~1.

Then A Ci? and KR'=aJ~1R'= R'. It follows that A is a product of

prime ideals dividing 53i?. But the ideal 53^ is a product of the two

principal ideals (£(1 + V(-211))) and (i(l - V(-211))). Since the

norm of these ideals is 53 they are prime ideals. Thus if I were prin-

cipal in R', K would be principal in R and therefore J principal in R.

But 1 EJ since every element of J has norm divisible by 5. 5 is a

prime in R since 4-5=a2 + 211è2 has no solution in integers, so that if

/ were principal it would be generated by 5. On the other hand

52 + -\/( —211) is not a multiple of 5. Thus the row class of ki is not

principal, distinguishing it from k2.
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