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symmetries. Moreover the original functions need not be rational;

for instance in Theorem 1 the m¡ (>0) and n¡ (>0) need not be

rational.
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NONLINEAR DIFFERENTIAL EQUATIONS
WITH FORCING TERMS1

FRED BRAUER

1. In this paper, we shall study the solutions of a differential equa-

tion containing a linear term with constant coefficients, a nonlinear

term, and a forcing term depending only on the independent variable.

We shall attempt to compare these with solutions of the equation ob-

tained by neglecting the nonlinear term. This is a problem which fre-

quently arises in physical examples, where the linear equation is

solved and its solution is used to describe approximately the motion

governed by the nonlinear equation. We shall see that the solutions

of the two equations do behave similarly if the nonlinear term is small

enough. This does not settle the question by any means, as in practice

the nonlinear term is frequently not small enough for our result to be

applicable.
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2. We wish to compare the solutions of the linear nonhomogeneous

system with constant coefficients

(1) x' = Ax + p(t)

with the solutions of the nonlinear system

(2) y'= Ay+f(t,y) + p(t).

Here x and y are w-dimensional column vectors, A is an nXn matrix,

p is an M-dimensional column vector function continuous on 0 St < <*>,

and / is an w-dimensional column vector function continuous on

OSK™, \y\ <oo. We will use |y| to denote any suitable norm for

vectors.

The comparison of (1) and (2) requires some knowledge of the

linear homogeneous system

(3) x' = Ax,

which has a fundamental matrix X(t)=e'A. It is possible to make a

linear change of dependent variable to bring A into any desired

canonical form, and it is no restriction to assume that this has been

done.

It follows easily from the variation of constants formula [2, p. 74]

that if all solutions of (1) are bounded on 0St < oo, then all solutions

of (3) are bounded on 0 St < 0°, and this is equivalent to

(4) | X(t) |  SK,        | X(t)X-\s) |  SK,       OáiáK«,

for some constant A>0. It is easy to deduce from the variation of

constants formula that the condition (4) together with the conver-

gence of fo"\P(t)\ dt implies the boundedness of all solutions of (1).

However, the convergence of this integral is by no means necessary

for the boundedness of solutions of (1).

We will require a bound on the nonlinear term /. We will assume

that there exists a continuous non-negative function X such that

/l  00 \(t)dt < OO .

0

This bound appears rather artificial, but we shall see in §3 that the

results of this section are not true with a weaker condition.

We require one preliminary result, part of which is essentially con-

tained in [3].

Lemma 1. Let a be a positive constant and let \be a continuous non-

negative function on 0 S t < <x> such that either /0"X(s)ás < =o or unit-.«, X(¿)

= 0. Then \imt^ e-'tfóe"'\(s)ds = 0.
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Proof. First we consider the case that X is integrable. Given any

€>0, choose t so large that f,°]2\(s)ds<e/2 and e-,"l2f'0/2X(s)ds<e/2.

Then

/> ¡/2 /. i/2
e°»X(s)ds g e-""2 J      X(s)ds < e/2,

o J 0

and

/■l n t /» oo

e"'X(s)ds ̂  I    X(j)dî á  I    X(í)¿í < e/2.
í/2 "I í/2 J t/2

Thus e~'"fi0e'"iX(s)ds/t for sufficiently large í, and limt,«, e~atJÔe"sX(s)ds

= 0. Now consider the case that X(t)—>0 as /—»<». If /0°VsX(s)ás< °o,

then the result is obvious. Otherwise, we can apply L'Hospital's rule

to give

lim    I    e'sX(s)ds/e" =  lim X(t)/a = 0.
t—»OO      «/   0 f—»00

The systems (1) and (2) are said to be asymptotically equivalent

if there is a correspondence between solutions x(t) of (1) and y(t)

of (2) such that

lim [y(t) - x(t)] = 0.
(-,00

Theorem 1. If all solutions of (1) are bounded on 0 út < °°, and if

f satisfies (5), then (1) and (2) are asymptotically equivalent.

Proof. Let x(t) and y(t) be solutions of (1) and (2), respectively,

with x(0) =y(0) =yo- Then, by the variation of constants formula,

x(t) = X(t)y0 +  f  X(t)X-\s)p(s)ds,
J 0

y(t) = X(t)y0 + f  X(t)X-i(s)p(s)ds + f X(t)X~\s)f(s, y(s))ds.
Jo J 0

Thus y(t) - x(t) = f^X(t)X-1(s)f(s,y(s))ds, and \y(t) - x(t)\

tiKf{>\(s)\y(s)\ds, using (4) and (5). This implies

| y(t) |   ^  | x(t) \ + K f \(s) | y(s) \ds,
J o

and if \x(t)\ ^L, the Gronwall inequality [l, p. 35] gives \y(t)\

^Lexp[Kf0tX(s)ds]^Lexp[Kf0"X(s)ds]. Since X is integrable, this

shows that every solution of (2) is bounded onO^K».
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Now we write X(t) in the form

>Xi(t)
X(t)

= /Xi(t)        0   \

= V o     x2(t))'

where Xi(t) and X2(t) are square blocks. We can also decompose the

identity matrix / into blocks of the same size, I=Ii+I2, where

/i
I 0

Then X(t)X-1(s) = X(t)hX-i(s)+X(t)I2X-i(s). We decompose X(t)

in such a way that Xi(t) contains all terms corresponding to char-

acteristic roots of A with negative real parts and X2(t) contains all

terms corresponding to characteristic roots of A with zero real part.

This can be accomplished by putting A into a form consisting of

such blocks. Note that since all solutions of (3) are bounded, every

characteristic root of A with zero real part is simple. Then there exist

constants a>0 and Af ¡gO such that

(6)
| X^hX-^s) |   S Me~°«-<\       0 S s S t < »,

I hX-l(s) I   S M, 0 S s < oo.

Now we can find a constant vector c such that

(7)

y(t) = X(t)c+ f X(t)X-i(s)p(s)ds +  f X(t)hX-i(s)f(s, y(s))ds
Jo Jo

/;
X(i)/,X-1(5)/(i, y(s))ds.

This follows immediately from the variation of constants formula

with the choice

■/.
c = yo + I    hX-^fis, y(s))ds.

J 0

The integral here is bounded by Mf0""\(s) \ y(s) \ ds (using (13)). Since

I y(s) I is bounded and X is integrable, the integral converges. Thus

the representation (7) is valid.
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We compare y(t), as given by (7) with the solution x(t) of (1)

given by

x(t) = X(t)c +  f X(t)X~1(s)p(s)ds.
J o

Then

y(t)-x(t)=  f X(t)hX-i(s)f(s,y(s))ds- f X(t)I2X-i(s)f(s,y(s))ds,
J o J t

and, because of (6), we have

e-"('-s)X(j) | y(s) \ds + M   J    X(i) | y(s) \ds.
o J t

Since | y (s) \ is bounded on 0i=/<<», the first integral on the right

side of (8) tends to zero as t—►» by Lemma 1, and the second

integral tends to zero because of the integrability of X. Thus

lim^oo [y(t)—x(t)]=0, and the theorem is proved.

Of course, Theorem 1 includes the homogeneous case, p(t)=0,

which is a result of Levinson [3]. The requirement that A be a con-

stant matrix was used only to permit the representation (7) and the

estimate (6). If the constant matrix A is replaced by a continuous

matrix A(t) and if it is known that the fundamental matrix X(t) of

x' = A (t)x satisfies

(9)      | X(t) |   ^ Ktr",       | XiQX-^s) \   á Kr*l*-*\       Í è î è 0,

then the proof of Theorem 1 can be carried out without decomposing

X(t), replacing (7) by

y(t) = X(t)yo +  f X(t)X~\s)f(s, y(s))ds.
J o

An estimate of the form (9) may be obtained in some cases if A(t)

is periodic or a constant matrix multiplied by a scalar function.

Theorem 1 can be applied to show that corresponding to every

solution of the nonlinear system (2), there is a solution of the linear

system (1) which behaves like it for large t. Thus, if there is resonance

in the linear case, then there must also be resonance in the nonlinear

case. However, it may be difficult to determine which solution of the

linear system behaves like a given solution of the nonlinear system.

To conclude this section, we give an elementary condition which

implies that all solutions of (1) tend to zero. In view of Theorem 1,

this yields a corresponding condition which implies that all solutions

of (2) tend to zero.
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Theorem 2. // X(t) satisfies (9) and either fô\p(t)\dt< co or

Unit..,,, p(t) = 0, then all solutions of (1) tend to zero as t—>«>. //, in

addition, f satisfies (5), then all solutions of (2) tend to zero as t—»oo.

Proof. The variation of constants formula, together with (9),

gives

| x(t) |   S K | x(0) | e~'* + K I   e-"«-«' | ¿(j) |¿s

for every solution x(t) of (1). Lemma 1 shows that x(t)—K). The state-

ment about solutions of (2) follows from this and Theorem 1.

3. Theorem 1 is not entirely satisfactory, because in practice it is

of interest to consider a perturbation / which is only assumed to be

o(\ y\ ) for small \y\, rather than to satisfy (5). The following example

shows that under this hypothesis, not only do we not have asymptotic

equivalence of (1) and (2), but there may be unbounded solutions of

(2) even though all solutions of (1) are bounded.

Let x(t) be the solution of x' — b(t), x(0)=x0, where & is a non-

negative integrable function and #o>0. Then x(t) =Xo+fo'b(s)ds is a

monotone increasing bounded function and tends to the limit

Xo+fo*b(s)ds>0 as ¿^oo. Let y(t) he the solution of y' = b(t)+y2,

y(0) —x0. Then

y(t) = xo+ f b(s)ds + f  [y(s)]2ds = x(t) + f  [y(s)}2ds.
J o Jo Jo

Thus y(t) ^x(t) for all t. Since limi<00 x(t) >0, lim inf^«, y(t) >0, and

y(t) cannot belong to L2(0, «>). Thus y(t) =x(t)+f0'[y(s)]2ds->oo  as

t—> oo .

We can obtain some information when the perturbation/ is o(\ y\ ),

provided the forcing function p is small enough. Our result requires

the use of the following form of the Gronwall inequality, more gen-

eral than the form given in [l, p. 35], but contained in the generaliza-

tion in [2, p. 37].

Lemma 2. Suppose r is a continuous non-negative function satisfying

an inequality

r(t) Sc+ f  [Kr(s) + \(s)]ds,       t ^ 0,
J o

where c and K are non-negative constants and 'S is a non-negative inte-

grable function. Then
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KO S ceK< + f \(s)eK^-'>ds,       t ^ 0.
J o

Theorem 3. Suppose that X(t) satisfies (9), and that for every e>0

there exists ô > 0 such that

(io) \f(t,y)\ &*\y\,      \y\ <à.

Choose e<cr/A and suppose

(11) | p(t) |   Ú «(<r - Ke)/2K,       OSK ».

PAera e»ery solution y(t) of (2) with |y(0)| <ô/2A caw ¿?e continued to

0St<<*>, and \y(t)\ <5/2 ora Ogi<oo.

Proof. As before, we can write

y(l) = X(t)y0+ f'x(t)X-i(s)f(s,y(s))ds+ f X(t)X~Ks)p(s)ds,
•I o " o

and (9) and (10) give

| y(t) |   S K | y01 e-" +  I    Ae-"(,-'>e | y(s) \ ds
J o

+  I    Ke~cU'B) | p(s) | ¿5,

J o

as long as \y(t)\ <S. We define r(t) =e"t\y(t)\, so that

r(t) SK\y0\  +  f  [Ker(s) + Ke"> \ p(s) \ ]ds.
J o

By Lemma 2, this implies

r(t) S eKtt \K\yo\  + f Ke" \ p(s) \ e-K"ds   ,
o

or

(12)      | y(t) |   S K | yo | tf-«^-*«>' + £*-(•-*•>« f   | /»(í) | e^K^'ds.
J o

Since |y0| <8/2K, the first term on the right side of (12) is less than

8/2 for allí ^0.
In view of (11), the second term is no greater than

Sg-it-wt j   e(«-K*)>ds/2(<j - Ke) S o/2.
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Thus I y(/)| <8 and (12) is valid for all i^O. In fact, (12) gives

I y(t) I   è K\y0\ ir<»-*Oi + ô[l - e-<*-*<><]/2

< —e-i'-K'i' -i-[1 - e-(*-x«><] b- —   for / > 0."2 2 2

Corollary. //, in Theorem 3, p(t)—>0 as i—>00, or J0°° | />(i) | ¿i < »,

/Aera y0)~*0 as i—>».

Proof. We can use Lemma 1 to show that the second term on the

right side of (12) tends to zero.

It is clear that the result of Theorem 3 remains true if p(t) is re-

placed by a function g(t, y), provided the bound (11) assumed for p

is replaced by a bound for g which is uniform in y for sufficiently small

\y\. It is also clear that if the bound on p is assumed only for /==: T,

rather than for i^O, then the result remains true for a solution y(/)

with |y(P)| sufficiently small. In this form, Theorem 1 is identical

with a well-known result [2, p. 327]. However, the proof given here

is more direct and gives an explicit estimate (12) of the size of the

solution.

If we are given that p(t)—*0 as /—><», then we can choose T suffi-

ciently large that (11) holds for t^T, and we can conclude that if

y(t) is a solution with | y(T) | sufficiently small, then y(t)—*0 as t—* <x.

However, we cannot conclude anything about the behaviour of solu-

tions y 0) with |y(0)| small.

Bibliography

1. L. Cesari, Asymptotic behavior and stability problems in ordinary differential

equations, Springer, Berlin, 1959.

2. E. A. Coddington and N. Levinson, Theory of ordinary differential equations,

McGraw-Hill, New York, 1955.

3. N. Levinson, The asymptotic behavior of a system of linear differential equations,

Amer. J. Math. 68 (1946), 1-6.

University of Wisconsin


