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ON THE SECOND COHOMOLOGY GROUP OF A KAEHLER
MANIFOLD OF POSITIVE CURVATURE

R. L. BISHOP1 AND S. I. GOLDBERG2

1. Introduction. A. Andreotti and T. Frankel proved that a 4-

dimensional compact Kaehler manifold of strictly positive sectional

curvature is analytically homeomorphic with complex projective 2-

space, and the latter conjectured that this is true in all dimensions

[2], [5]. In this note, evidence is given in support of this conjecture.

In fact, the following theorem is proved.

Theorem 1. Let M be a complete Kaehler manifold of strictly positive

curvature. Then, the second Betti number h(M, R) is 1, i.e., dim H2(M, R)

= 1 where H'(M, R) is the ith cohomology group of M with real coeffi-

cients.

Since the 2-form defined by the Ricci tensor of M is closed, and in

fact, is also co-closed if the scalar curvature is a constant, we obtain

immediately

Corollary (Koszul-Matsushima [7], [9]). A homogeneous Kaeh-

ler manifold of strictly positive curvature is an Einstein space, i.e., a

space of constant mean curvature.
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The above theorem was established by M. Berger [l] for manifolds

of dimension 4. We employ the same method of proof; however,

his reduction of a 2-form of bidegree (1, 1) led to difficulties which

could not be resolved in higher dimensions. For example, in dimen-

sion 6, he proved that if the sectional curvatures are positive, and the

ratio of the smallest to the largest sectional curvature is 0.15, then

b2{M, R) is 1.

Theorem 2. If holomorphic curvature is positive, i.e., K{X, JX) >0

for all X {see §2), and the maximum holomorphic curvature is less than

twice the minimum holomorphic curvature {i.e., M is \-holomorphically

pinched with\>\/2), then b2{M, R) = 1.

This is an immediate consequence of the inequality

2X- 1
K{X, Y) + K{X,JY) ^-

(see [l, formula (4.5)]).

2. Notation and formulae. A Kaehler manifold is considered as a

Riemannian manifold with metric ( , ) admitting a self-parallel skew-

symmetric linear transformation field / (the almost complex struc-

ture tensor) such that Ji= — identity. The relationship between the

curvature transformation R{X, Y) {X, YÇiTp—the tangent space

at PÇlM) and the metric is given by

R{X, Y) = Dix,y] - [Dx, Dy]

where Dx denotes the operation of covariant differentiation in the

direction of X, and

2{X, DzY) = Z(X, Y) - X(Y, Z) + Y{X, Z) + {Z, [X, F]>

-(X,[Y,Z])+(Y[X,Z]).

Let M be a Kaehler manifold with almost complex structure tensor

/. Then, for any X, F£ Tp,

(i) R{JX, JY)=R{X, Y),
(ii) K{JX, JY)=K{X, Y),

where K{X, Y) is the sectional curvature function, and when X, Y,

JX, /Fare orthonormal,

(iii)  (R{X, JX)Y, JY) = K{X, Y)+K{X, JY).

3. Normalization of a real form of bidegree (1, 1). The idea of the

proof of Theorem 1 is to show that a real harmonic 2-form a has the

property that at each point PC.M there is an orthonormal basis

{Xi, JXi\ of Tp, i = i, • ■ • , dimcAf, such that the only nonzero
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components of a are aii,=a(Xi, JXi), i* = dimcM+l, • • • , dim M.

It will then follow that a is a multiple of the fundamental form ß of

M. In this connection Berger [l] proved the following result:

If a real harmonic 2-form a of bidegree (1, 1) on a compact Kaehler

manifold M of strictly positive curvature has the property that at each point

P£M there is an orthonormal basis {Xt, JXi) of Tp such that the only

nonvanishing components of a are a(Xit JXi) then ais a multiple of the

Kaehler form fi of M. If the curvature requirement is replaced by "M

is holomorphically pinched with holomorphic pinching > 1/2," the same

conclusion prevails.

We show that every harmonic 2-form of bidegree (1, 1) has the re-

quired normalization. In fact, it is shown that every real form of

bidegree (1, 1) can be so normalized.

Lemma. Let %bea real form of bidegree (1, 1). Then, there is an ortho-

normal basis {Xi, JXi} such that the only nonzero components of i- are

of the form £(X,-, JXi).

Proof. Let S{X, Y) = £(JX, Y). The fact that £ is of bidegree (1, 1)

is equivalent to £(X, Y) = £(JX, JY) for any X and F. Thus, for S

we have

S(X, Y) = - t(X, JY) = £(/F, X) = S(Y, X).

Moreover,

S(JX, JY) = - £(X, JY) = S(X, Y).

Hence, 5 is a symmetric bilinear form which is invariant under J. If

X\ is a characteristic vector of S, so is JXX. Consequently, we can

choose an orthonormal basis [Xi, JXi) inductively so that the

only nonvanishing components of 5 are of the form S(X¡, Xi)

= S(JXi, JXi), which reverts to the desired statement for £.

4. Proof of Theorem 1. Since curvature is positive, there are no

holomorphic 2-forms [3]. Consequently, a harmonic 2-form is of

bidegree (1, 1). The remainder of the proof is standard, i.e., the

Bochner-Lichnerowicz technique is applied [4], [ó], [8]. Indeed, the

essential step is to make proper use of the formula

Fit) = EI  (Ka + Kij.Ki-u.y - 4T,RwS«*a*
i      J>t,i» «J

where

Kii=K{Xi, X,), Kij* = K(Xi, JX¡) and RWi. = {R{Xh JXt)X¡, JX¡).

In fact, this is what Berger did to obtain his result quoted above,

from which Theorems 1 and 2 follow by use of the lemma.
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Added in proof. Theorem 2 is a substantial improvement of a cor-

responding result due to S. Kobayashi [Topology of positively pinched

Kaehler manifolds, Tôhoku Math. J. 15 (1963), 121-139] who showed
that if X>(22w-17)/(26w-19), where m = dimcM, then b2{M, R)
= 1.

Incidentally, the proof of the main result in his paper is greatly

simplified by virtue of Theorem 1 above (see also [R. L. Bishop and

S. I. Goldberg, On the topology of positively curved Kaehler manifolds,

Tôhoku Math. J. 15 (1963), 359-364]).
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