
A PARACOMPACT SEMI-METRIC SPACE
WHICH IS NOT AN M3-SPACE1
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E. A. Michael has shown that a regular Hausdorff space 5 is para-

compact if and only if any of the following is true: (1) every open

cover of 5 has a a-locally finite open refinement [8], (2) every open

cover of 5 has an open ^-closure preserving refinement [9], or (3)

every open cover of S has an open <r-cushioned refinement [lO]. The

Nagata-Smirnov Theorem [12] or [14] (see also Bing's Theorem 3 in

[l]) states that a P3-space with a <r-locally finite base is metrizable.

In [3] Jack Ceder defines an Mi-space to be a P3-space with a

cr-closure preserving base and an M3-space to be a Pi-space with a

<r-cushioned pair base (see Definition 1 below). By Michael's theo-

rems cited above both Mi- and Af3-spaces are paracompact, and in

view of the Nagata-Smirnov Theorem, one might suspect that they

would even be metrizable. In [3], however, Ceder shows that such

is not the case; in fact Mi- and M3-spaces need not be first countable,

and they need not be metrizable even if they are first countable.

Ceder does show, though, that a first countable M3- (and hence Mi-)

space is a paracompact semi-metric space, and he raises the question:

is this a characterization—i.e. is every paracompact semi-metric

space an Af3-space (and perhaps even an Mi-space)? A negative

answer is given to that question in this paper.

Also it was called to my attention by Professor Michael that a ques-

tion raised by C. Borges [2] is answered (in the negative) by the

same example below, which is a cosmic space (the regular continuous

image of a separable metric space [ll]) that is not an Af3-space.

Definition 1. Let P be a collection of ordered pairs of subsets of

the TV-space S such that, for each p = (pi, p2)EP, px is open and

P1C.P2, and such that, for every xES and every neighborhood U of x,

there is a pEP for which XEP1C.P2EU. Then P is called a pair base

for 5. Moreover, P is called cushioned if, for every QQP,

C\D{pi:pEQ} CU{p2:pEQ}

and P is a-cushioned if it is the union of countably many cushioned

collections.

An ilf3-space is a Pi-space with a cr-cushioned pair base.
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Note that Borges calls Af3-spaces stratifiable spaces in [2]. Also,

first countable M3-spaces are sometimes called Nagata spaces [3].

Definition 2. A Pi-space S is a semi-metric space provided that

there is a function d from SXS into the nonnegative reals such that

(1) for every (x, y)(E.SXS, d(x, y) =d(y, x) and d(x, y) =0 if and

only if x = y and

(2) for every x£5 and MQS, inf {d(x, y): y£M} =0 if and only

if x£Cl M (i.e., "the topology is invariant with respect to d").

All other terms are defined as in [7] or [13].

Alternative characterization of semi-metric spaces (Theorem 3.2 of

[4]: A Pi-space S is semi-metric if and only if there is a collection

{g(n, x):x£S, » = 1, 2, • • • } of open sets such that (1) for each

x£5, [g(n, x): » = 1, 2, • • • } is a local base for the topology at x

and (2) if y£5 and x is a point sequence such that, for each m, y

£g(w, xm), then x converges to y.

Theorem 1. There exists a regular Lindelof (and hence paracompact)

semi-metric space S which is a cosmic space (the continuous image of a

separable metric space) but is not an M3-space.

Proof. Such a space S is defined as follows. The points of 5 are

those points 2 of the complex plane such that either (1) Im z = 0 and

Re 2 is irrational or (2) Im z>0 and both Im z.and Re z are rational.

For each point 2£5 of type 1 (i.e., Im 2 = 0) and each natural number

n, B(n, z) = {x£5: Im x< | Re(x — 2)| <l/» or z = x} (i.e. the "bow-

tie region" of radius 1/n and vertex angle 45°) is a basis element for

S; and for each 2£5 of type 2 and for each n, the open disc of radius

1/n and center 2 is a basis element. The space is clearly regular since,

for every 2£5 with Im z = 0 and for each n, B(n, 2) has only the two

points z+l/n and z —1/n of 5 on its boundary (all points of its

boundary in the complex plane having at least one coordinate irra-

tional). Also 5 is easily seen to be semi-metric by the above alterna-

tive characterization, and 51 is clearly Lindelof. That 5 is a cosmic

space follows easily by the same argument given for Example 12.1 in

[ll]. Finally, 5 is not an Jl^-space. For suppose that there were a

ff-cushioned pair base P = (J{Q(i): 1 = 1, 2, • • • } for S. Then there

would be a second category subset M of the x-axis, with MCS, and

natural numbers m and k such that, for each x£M, there is a qG.Q(k)

such that

(*) B(m, x)CqiCq2C B(l, x).

Pick a rational number r in the closure (with respect to the Euclidean

topology) of M. Then r is in the closure of  {x£Af:x>r}  or of
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{xEM: x<r}; assume the former. Let R<ZQ(k) consist of all

qEQ(k) which satisfy (*) for some xEM with r<x<r + l/m. Then,

iory = (r + l/m,l/m),yEC\\J{pi:pER} but y<£l){p2: pER}-That
contradicts the assumption that Q(k) is cushioned. Thus ,S is not an

M3-space.

The questions remain (1) whether every M3-space is an Mi-space

(see [3] for the definition of an Af2-space, an "intermediate" space),

(2) what topological condition is necessary in order for a paracompact

semi-metric space to be an Af3-space, (3) whether every Lindelof

semi-metric space is a cosmic space, (4) whether every separable Ms-

space is a cosmic space (see [2]) and (5) whether every regular

countable space is an M3-space. For some theorems relating semi-

metric and Af3-spaces see [5], and for a necessary and sufficient con-

dition that an M3-space be metrizable (namely: that it have a point-

countable base) see [6],
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