
POLYNOMIAL RINGS WITH A PIVOTAL MONOMIAL1

S. K. JAIN2

1. Amitsur in his paper on Finite Dimensional Central Division

Algebras [l] has proved that in a division ring D with center C,

(P: C) 5= ra2 < =o if and only if every primitive homomorphic image of a

polynomial ring P[x] is a complete matrix ring Ah, h^n, over a divi-

sion ring A. Equivalently speaking, a division ring is finite dimen-

sional over its center if and only if the polynomial ring over it has a

J-pivotal monomial (written as JPM). The object of this note is to

show that if R is a ring with a nilpotent (Jacobson) radical then the

polynomial ring P[x] has a JPM if and only if R[x] has a polynomial

identity. Amitsur's result then follows as a special case of our result.

Our proof of Theorem 1, in obtaining sufficiency, is on the same lines

as that of Amitsur.

2. We begin with

Theorem 1. Let R be a primitive algebra over its centroid C. Then

(P: C) ^ ra2 < oo if and only if every primitive homomorphic image of

R[x] is a complete matrix ring Ah, h^n, over a division ring A.

Proof of the theorem: Necessity. Let (P: C) ^n2 < <x>. Then it

is well known that R satisfies a minimal polynomial identity Sdix)

= zZ^xhxii ' ' ' x«d> °f degree d^2n. This identity also holds in

P[x]. Since a primitive ring with a polynomial identity of degree d is

a central simple algebra with a dimensionality ;£ [d/2]2, it follows

that each primitive homomorphic image of P[x] is a central simple

algebra of dimension ^ [<Z/2]2; and therefore it is isomorphic to Ar

for some division algebra A and for r t/=d/2 5jra. This proves necessity.

Before we obtain sufficiency we recall for convenience the defini-

tion of a J-pivotal monomial in a ring. Let Xi, • • • , X( be a set of

noncommutative indeterminates and let 7r(X) =\t1 ■ ■ ■ X^ be a

monomial of degree d in the X<. Let Px denote the set of all monomials

<r(X) =X;i ■ • • X,- such that either q>d or q^d with jh^H for some

ft^g. We call a monomial 7r(X) a right J-pivotal monomial for a ring

R if for every substitution \i = XiER, 7t(x)r is right-quasi-regular
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mod Y°zp* a(x)R, for all r£F. A ring with a right /-pivotal mono-

mial is called a right JPM-ring. Henceforth a JPM-ring shall mean a

right JPM-ring. It is proved in [2] that a ring R has a /-pivotal

monomial of degree d ii and only if every (right) primitive homo-

morphic image of R is a full matrix ring Dn over a division ring D

with h^d. A simple but an important consequence of the definition

of a JPM-ring may be recorded in

Sublemma. A homomorphic image of a JPM-ring is also a JPM-

ring. In particular, if R[x] has a JPM then its homomorphic image R

is also a JPM-ring.

Sufficiency. Let R be a primitive ring such that every primitive

homomorphic image of F[x] is a complete matrix ring An, h^n, over

a division ring A, viz., F[x] has a JPM of degree n. So that by the

sublemma R has JPM of degree re and consequently, it is full matrix

ring Ah, h^n over a division ring A. Therefore we have

R[x] = Ah[x]^(A[x])h.

We can assume that

R[x] = (A[x])h = Sh,       S = A[x].

Consider the maximal right ideal

I = (x — a)A[x],       aEA.

We note that each primitive ideal of A [x] will be maximal ideal of

A [x]. Therefore if P = p(x)A [x] (A [x] is a principal ideal ring) be a

primitive ideal contained in /, then P is a maximal ideal in A [x] = S.

Since 5 has unity, S/P is a simple primitive ring. Then the iso-

morphism

Sh/Ph S (S/P)h

gives that S„/Ph is a primitive ring. Accordingly, Sh/Ph^DT with

r^n. Further if Iu = (x — uau~l)A [x], 09*uEA, then it can be veri-

fied that

Ph = D (/«)*•

Since Sn/Ph=Dr, we can find r elements ui, ■ ■ ■ , ur such that

Ah[x} D (I,Ah 3 (IuAhr\(IuAk D • • •

D (/„)»n (iu2)hr\ • • • n (/,,)* = fa.

Observing that (Iu)h — (x — uau-^A^x], we can claim that p(x) is a

left common divisor of polynomials x — UtauT1 and therefore degree of
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pix) ^r. It follows therefore that for each a in A there exists a poly-

nomial pix) oi degree ^ra with coefficients in center such that

x — a is a right divisor of pix). Hence pia) =0. This implies A is an

algebraic algebra of bounded degree. By Kaplansky [5] A satisfies

a polynomial identity and is finite dimensional over its center. Hence

R = Ah is finite dimensional over its center ( = centroid, since P has

a unity). This completes the proof.

Next we prove

Theorem 2. Let Rbe a ring having its iJacobson) radical nilpotent.

Then R [x] has JPM if and only if R [x] has PI.

Proof: Necessity. Let J be radical of R and Jm = 0. Let P [x] have

JPM of degree ra. Let P be a primitive homomorphic image of

R = R/J. Then this, along with natural homomorphism induces the

diagram

P[x]->P[x]->P[x].

By the sublemma P[x] has JPM and therefore Theorem 1 gives that

P satisfies a standard identity of degree ^ 2ra. Consequently, R which

is a subdirect sum of its primitive images satisfies a standard identity

Sdix) =0 of degree d^2n. This implies P satisfies [S2n(x)]m = 0. The

sufficiency is easy and therefore omitted.

Remark 1. The theorem is still true for a ring R having its radical

satisfying some polynomial identity. For if J satisfies an identity

Pixi, ■ ■ ■ , xk)=0, then  R will   satisfy  p[S2„ix{, • • ■ ,  x^), ■ • ■ ,

i>2n(Xi,   "   -   *   , X^n) \==^J.

Remark 2. The theorem is also true for a ring P with a strongly

pivotal monomial and nil radical. For, in this case, radical will be

nilpotent.

Belluce and Jain [3] have shown that a primitive ring satisfies a

polynomial identity if and only if (1) it has at most a finite number of

orthogonal idempotents (written as Fl-ring), and (2) it has a nonzero

one-sided ideal satisfying some polynomial identity. This result along

with Theorem 2 gives the following,

Theorem 3. Let R be a primitive algebra over its centroid C. Then

iR'.C) ^ra2< oo if and only if R is an Fl-ring having a nonzero one-

sided ideal I such that every primitive homomorphic image of l[x] is a

complete matrix ring Ah, hf^n, over a division ring A.
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CORRECTION TO "ON MATRICES WHOSE REAL
LINEAR COMBINATIONS ARE NONSINGULAR"

J. F. ADAMS, PETER D. LAX AND RALPH S. PHILLIPS

We are grateful to Professor B. Eckmann for pointing out an error

in the proof of Lemma 4(b) of our paper [l]. This error invalidates

Lemma 4(b) and that part of Theorem 1 which states the values of

Q(n), Qh(ii). The error occurs immediately after the words "arguing

as is usual for the complex case, we find"; it consists in manipulating

as if the ground field A were commutative.

The proof of Lemma 4(b) can be repaired, as will be shown below,

but it leads to a different conclusion from that given. Our paper

should therefore be corrected as follows.

(i) In Theorem 1, the values of Q(n) and Qh(k) should read

"Q(n) = pQtn) + 4,        QH(n) = p(\n) + 5."

The two sentence paragraph following Theorem 1 should be de-

leted. It remains interesting to ask what topological phenomena (if

any) can be related to our algebraic results.

(ii) In Lemma 4, part (b) should read

uQu(n) + 3 g F(4re)."

The proof is as follows.

Let W be a ^-dimensional space of «Xre Hermitian matrices with

entries from Q which has the property P. The space Qn is a real vec-

tor space of dimension 4w. For each A E W and each pure imaginary

uEQwe consider the following real-linear transformation from Q" to

itself:
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