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The standard system of generators for a Fuchsian group contains, in

general, some elliptic and parabolic transformations. It is not, how-

ever, well known that one can always choose a system of generators

consisting only of hyperbolic transformations.2 We will obtain this

result by establishing a stronger statement: there exists a convex non-

euclidean fundamental polygon, whose sides are identified by hyperbolic

transformations.

Clearly, fundamental polygons other than the "Fricke polygons"

are needed. Such polygons are considered in [6] where most of the

facts which we shall need are developed. We will often omit details

and proofs when they would be only slight modifications of those in

[6].

1. Preliminaries. A finitely generated discontinuous group G of

conformal self-mappings of the unit disc U is called a Fuchsian group.

Let it denote the canonical mapping of U onto U/G. Then U/G, with

the induced conformal structure, is a Riemann surface. Given integers

g, h, ra, Z and vi, • • • , vn satisfying

g > 0,    h > 0,    ra > Z > 0,
(1) -    -

1 < Vj < oo    for 1 ^ j g Z    and    Vj = »    for Z + 1 ^ j ^ ra,

we will say (following [3]) that G has signature

(g, h, ra; vi, ■ ■ ■ , v„)

if the following conditions are satisfied.

There exists a closed Riemann surface S of genus g, h disjoint do-

mains Ai, ■ ■ ■ , Ah and ra distinct points pi, ■ ■ ■ , pn on S, and a con-

formal map/of U/G onto S = S— {pi+i, ■ ■ ■ , pn, Ai, • • • , Ah) such

that zE U is not a fixed point of an elliptic element oi G ii f o 7r(z)

t^Pj, 1 ̂ j^l, and is a fixed point of an elliptic element of order Vj if

/ oiriz)=pj. In this case we will say that the surface 5 is of type

ig, h, n; vi, • • ■ , vn) and that G represents 5. Since (see [4]) U/G is a

surface of some type, every Fuchsian group has some signature.

We note that h = 0 (fe>0) is equivalent to the statement that G is

of the first (second) kind. Furthermore, by using Euler's formula and
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the formula for the sum of the angles of a hyperbolic polygon, it is

easy to see that there are no Fuchsian groups having signature

(1, 0, 0).
We recall [l], [3], that a homeomorphic self map w(z) of a domain

A is quasiconformal if it has generalized derivatives in A, satisfying a

Beltrami equation Wz = u(z)w2 where u(z) is measurable in A and

|ju(z)| ^k<l for z£A. There exists in U a unique solution to"(a) of

the above Beltrami equation, satisfying to(0)=0 and to(1) = 1. We

call it the normalized u-conformal self map of U.

If a depends continuously on a parameter, so does w". If a is com-

patible with the Mobius transformation A(z) (i.e., u(A(z))

= (AJAAu(z)), then A^ = w" o A o (to")-1 is a Mobius trans-

formation. Furthermore, to" maps fixed points of A into fixed points

of .4". A" is parabolic or elliptic of order v if and only if A is. If G is

a Fuchsian group generated by the transformations {^4,}, then the

transformations {A"j} generate a Fuchsian group G".

We may define quasiconformal maps of surfaces in terms of local

coordinates. Then, the map w" of U onto itself induces a quasicon-

formal map of U/G onto U/G". If S, S', and S" are three surfaces and

/", g" quasiconformal maps of 5 onto S' and S", respectively, both

satisfying the same Beltrami equation, then g" o (f")~l is a conformal

map of S' onto S".

\     QiQ^oA        L^l

stSh

Figure 1
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2. Standard models. Given nonnegative integers g, h, and n satis-

fying (1) but not

(a)  e = 1,    h = 0,    n = 0    or
(2)

(b){=0,   A = 0   or    1,

we construct a standard group with signature (g, h,n;vi, ■ • • , v„).

In the unit disc we construct a convex, noneuclidean polygon as

shown in Figure 1.

The 0>vertices, Z + l ^j^n, are on the unit circle, the sum of the

angles at the 0;,-vertices, 1 ̂ j ^ /, is 2it/vj (2ir if n = I = 0).

The sides in the interior of U are identified in pairs as shown in Fig-

ure 1. In general, there will be g — 1 collections of four sides (identi-

fied as shown) on the "left hand side" of the polygon, n — l points

Q2, ■ ■ ■ , Qn and h "gaps" (Su S{), ■ • ■ , (Sh, Si) on the "right hand

side."

We make the following clarifications and modifications:

(i) If h = 0 and n>l, Sh becomes Qi.

(ii)  li h = 0 and w = 0 or 1, Sh and Q2 become Qi.

(iii)  If h>0 and n — l, Q2 becomes S{.

(iv)  If h>0 and n = 0, we choose the polygon as in Figure 2.

Figure 2

That such a polygon can be constructed (with the prescribed

angles) in a canonical way may be shown by a simple continuity

argument (see [o]).
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The identification of a pair of sides may be realized by a Mobius

transformation (leaving U fixed) carrying one side into the other. For

definiteness, if the two sides have end points on the unit circle, we

choose the transformation: reflection in one side followed by reflec-

tion in the line of symmetry between the pair.

We have constructed a convex polygon whose sides are identified

by a sequence \Aj] of hyperbolic Mobius transformations. Let G be

the group generated by the Aj. Each set of G-equivalent vertices

form a cycle. The sum of the angles of a cycle of interior vertices is

2ir/v where v is a positive integer. Each vertex on the unit circle be-

longs to a cycle the sum of whose angles is 0 or it. (In the former case,

although the generators of G are hyperbolic, each vertex in the cycle

is the fixed point of some parabolic element in G.) The polygon satis-

fies the hypothesis of Poincare's theorem [2] and we may conclude

that G is a Fuchsian group with the polygon as a fundamental do-

main.

3. Deformation lemma. Let G be a Fuchsian group with a signa-

ture ig, h,n;vi, ■ ■ ■ , vn) having a iconvex) fundamental polygon whose

sides are identified in the same way as those of the polygon for the stand-

ard model with signature ig, h, ra; vi, ■ • ■ , vn). Let piz) be defined and

measurable in U and satisfy |m(z)| =h<l, zEU. Suppose also that

piz) is compatible with G. Let w* be the normalized p-conformal self map

of U. Then G" is a Fuchsian group with signature ig, h,n;vi, ■ • • , vn)

and has a convex fundamental polygon whose sides are identified in the

same way as those of the standard model.

The proof of this lemma is essentially contained in [6]. In particu-

lar, the case when h+n = 0 may be proved as is Lemma A3 of that

paper. We wish, however, to give here the proof for h+n>0, divorced

from symmetry considerations.

Proof. ih+n>0). Consider the groups G'", O^Z^l with G° = G.

Let P(0) denote the fundamental polygon with vertices { Vj} de-

scribed in §2. Let Pit) be the noneuclidean polygon obtained by join-

ing the points w'^iV/). Since, if two vertices of P(0) are identified by

AEG, their images are identified by A^EG1*, the sides of P(Z) are

identified in the same way as those of P(0). The sum of the angles of

any cycle of order v remains 2tt/v and parabolic vertices are carried

into parabolic vertices. Poincare's theorem may therefore be used to

insure that P(l) =w"(P(0)) is a fundamental domain for the group

G" if the interior of P(l) is simply connected. We will show that it is

convex. Let P={Z:0^Zgl, Pit) convex}.   T is nonempty  iOET)
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and open (to'" depends continuously on t). That T is closed follows

essentially from the fact that each interior angle of P(t) is always

less than ir since every interior vertex is the fixed point of an elliptic

transformation.

We conclude that T is the entire interval so that P(l) is convex

and hence a fundamental polygon of the group G".

4. Hyperbolic generators. Suppose now that F is a given Fuchsian

group with signature (g, h, n; v\, ■ ■ ■ , vn). As we have mentioned,

g, h, and n can never satisfy condition (2a). We assume here that

(2b) is also not satisfied. Let Gs be the standard group of §3 with

signature (g, h, n; vi, • • • , vn). Then U/Gs and U/F are both Rie-

mann surfaces of type (g, h,n;vi, ■ ■ ■ ,pn). There exists a homeomor-

phism / of U/Gs onto U/F, carrying the points corresponding to

fixed points of elliptic or parabolic transformations of Gs onto the

points corresponding to fixed points of F, and the h disjoint domains

of U/Gs onto the corresponding domains of U/F. We may assume

[3] that/ is a quasiconformal homeomorphism. Then / defines in Ps

(the fundamental polygon of Gs) a function u(z) =fi/fz- We extend u

to U by requiring that it be compatible with Gs, and observe that u

is then measurable and | u(z) | ^ h < 1 for zEU. Let to" be the normal-

ized /i-conformal self map of U. Then w" induces a jt-conformal map

to" of U/Gs onto U/Gs, so that g = w" o (/")_1 is a conformal map of

U/F onto U/Gs. Then F = L o Gs o L~l for some Mobius transforma-

tion L. But Gs has, as a fundamental domain, a convex, noneuclidean

polygon P, and L(P), which is also a convex, noneuclidean polygon,

is a fundamental domain of F.

We summarize these remarks in the

Theorem. Let F be a Fuchsian group with signature (g, h, n;

Vi, • • • , vn) where, if g = 0, his neither 0 nor 1. Then F has, as a funda-

mental domain, a convex, noneuclidean polygon whose sides are identi-

fied by hyperbolic transformations.

We note the

Corollary. Every Fuchsian group (with the above exceptions) may be

generated by a system of hyperbolic transformations.

Remark 1. If Fis a Fuchsian group satisfying condition (2b), then

F does not have a fundamental polygon whose sides are identified by

hyperbolic transformations.

Proof. Suppose such a polygon did exist. Let 5 be the number of
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inequivalent interior sides (i.e., the number of identifying transforma-

tions), r the number of "sides" on the unit circle (r = 0 if h = 0) and

k the number of cycles. It is easy to show, using Euler's formula,

that s = k — 1 ii h = 0, and s = k — r ii h = l. On the other hand, if every

transformation identifying pairs of sides were hyperbolic, we would

have s^k.

Remark 2. The result for h+n = 0 is, of course, not new, and the

"Fricke polygons" could also be used. For a surface with h + n>0

and a "canonical dissection," we observe that, if the quasiconformal

map/ (of §4) is chosen to be extremal, the construction of the polygon

is canonical.

Remark 3. Our choice of the form of the polygons was rather arbi-

trary and many other choices could have been made.
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