
LOCALLY FLAT STRINGS AND HALF-STRINGS1

C. LACHER2

1. Definitions. Rn denotes euclidean »-space, Hn = Rn~1X [0, =°)

CP", Bn is the unit ball in Rn, and 5" is the one-point compactifica-

tion of Rn. An n-string, n-half-string, n-cell, n-sphere, is a set which is

homeomorphic to Rn, Hn, Bn, Sn respectively. An n-manifold is a

space M such that each point of M has a neighborhood homeomorphic

to P"; an n-manifold with boundary is a space each point of which has

a neighborhood whose closure is an »-cell. If M is an w-manifold with

boundary, the set of points of M which have neighborhoods homeo-

morphic to R" is denoted by M (the interior of M) and M— M is

denoted by M (the boundary of M). Let M be a ^-manifold with

boundary contained in the w-manifold N; Mis locally flat at the point

p(EM if there is a neighborhood U of p in N such that (U, UC\M)

is homeomorphic to the pair (Pn, P*); M is locally flat at the point

^G-M" if there is a neighborhood U of £ in N such that (£/, UC\M)

is homeomorphic to (P", #*). The symbol « will be used to mean

"is homeomorphic to."

2. Statement of results.

Theorem 2.1. Let X be a locally flat k-half-string in the n-manifold

M, k^n. Then there is an open set U in M containing X such that
(U,X)~(R",Hk).

Theorem 2.2. Let X be a locally flat k-string in the n-manifold M,
k<n. Then there is an open set U in M containingX such that (U, X)
~(R", Rk).

Theorem 2.3. Let X be a closed, locally flat k-half-string in Rn,
k^n,n>3. Then (P", X) ~ (P", iP).

Corollary 2.4. Let Q be a k-cell in S", k^n, n>3, and suppose that

Q-p is locally flat, where pGQ. Then (Sn, Q)~(Sn, Bk).

Corollary 2.5. Let M be a k-manifold with boundary contained in

the n-manifold N, k^n, n>3. Suppose that M is locally flat in N, and
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denote by E the set of points of M at which M fails to be locally flat. Then

E does not contain an isolated point, and hence E is either empty or

uncountable.

The following corollary gives the solution to a problem proposed

by R. H. Fox ([4, Problem 21]).

Corollary 2.6. If n>3 and if D is a wild (n — 2)-cell in R" such

that D — p is locally flat for some point p, then p must be an interior

point of D, and D must be a "mildly wild" cell in Rn; i.e., if E is a cell

which is locally flat in D and which contains p on its boundary then E is

tame in R".

For an example of a cell satisfying the hypothesis of Corollary 2.6

see  [6].

Special cases of some of these results are known. Theorem 2.1 (with

k = n) is proved in [l], Theorem 2.2, (with k — n— 1) and Theorem 2.3

(with k = n) follow from the work in [3]; and Theorem 2.2 (with

k^n — 3) follows from [5]. The three dimensional analogue of The-

orem 2.3 is known to be false.

3. Preliminary lemmas. Let M be an w-manifold and let X be a

locally flat &-half-string in M, k^n. It is well known that locally flat

cells in Rn are trivially embedded in Rn. The proof of this result car-

ries over to yield the following lemma, since any compact subset of

X is contained in a locally flat &-ce!l in X. (See §6.)

Lemma 3.1. If K is a compact subset of X then there is an open set U

in M such that KCUand(U, Uf\X) ~ (R", Hk).

Lemma 3.2. Let U, V be open sets in M such that (U, U(~\X)

«(Rn, H«) « (V, Vr\X) and (U(~\X) C (VC\X). If C is a compact sub-

set of U then there is a homeomorphism g of M onto itself such that

(1) g\X = identity,

(2) g\M—U = identity, and

(3) g{V) contains C.

Proof. Let W = <p(Ur\V), where <p: (U, UriX)~(R», Hk). W is

an open subset of Rn containing Hk. Let/ be a homeomorphism of Rn

onto itself which is the identity on Hk and outside of some compact

set and such that/(PF) contains <p(C). Then define g on M by g=(p~1f<t>

on U and g = identity otherwise.

Lemma 3.3. There exists a sequence Vi, V2, ■ ■ ■ of open subsets of

M such that

(1)   (Vit 7/\a0«(2?», IP) for each i;
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(2) F,C F,+i for each i; and

(3) ZCUr.i Vt.

Proof. Let Pi, P2, • • • be a sequence of compact sets whose union

is X, and let Ui, U2, • ■ • be a sequence of open subsets of M such

that (Uit LTinX)«(P", IP), KiCUi, and (U^X) C(Ui+1(^X) for
each i. Let hi-. (Ui, Utr\X) «(Pn, Hk) be a particular homeomor-

phism. The existence of the Ui, hi follows directly from Lemma 3.1.

We shall apply Lemma 3.2 recursively on the Ui.

Step 1. Apply Lemma 3.2 with U=UU V= U2, and C= Ci = h^l(Bi)

WPi, where B\ is a (round) ball in Rn centered at the origin. Let

g = g2 be given by 3.2, U2 = g2(Ui), and h^hg^1. Note that h\ maps

the pair (U2, U$r\X) homeomorphically onto (Rn, Hk) and that c72

contains h^iBJKJKi.

Step 2. Apply Lemma 3.2 again, with U=U2, V= U3, and C=&

= h^1(B2)[UK2, where B2 is a ball in P" centered at the origin so that

h(Ci)CA- Let g = g3 be given by 3.2, U3 = g3(U3), and &i = h»&1.
Then h3 maps (U3, U3C\X) homeomorphically onto (Rn, Hk) and U3

contains h^1(B2)^JK2.

Continuing this process, we get a sequence ffi, U2, ■ ■ ■ of open

sets in M and a sequence hi, h~2, ■ ■ ■   of homeomorphisms such that

(a) h. (Ui, Ui(~\X)~(R", Hk) for all i;

(b) hr+^Bi+ODK^Bi) for all i; and
(c) fc+\(Bi+1)DKi for all i.
Define V{= Jijl0^, t=l, 2, • • • . Since P,- is an open (round) ball

centered at the origin in P", condition (1) follows from (a). Condi-

tions (2) and (3) follow from (b) and (c) respectively, and the lemma

is proved.

4. More lemmas. Let M be an w-manifold and let X be a locally

flat fe-string in M, k<n. For 2 = 1, 2, 3, Lemma 4.i is the same as

Lemma 3.i except that Hh in 3.i is replaced by P* in 4.t. Otherwise,

the statement and proof of 4.i is identical with that of 3.i.

5. Proofs of theorems. We give the proof of Theorem 2.1. Theorem

2.2 follows from §4 in exactly the same way that Theorem 2.1 follows

from §3.

Proof of Theorem 2.1. (This proof is similar to one given in [2];

however, for the sake of completeness, the following modification is

given.) Let X be a locally flat ^-half-string in the w-manifold M, and

let Vi, V2, • ■ ■ be a sequence of open subsets of M as given by

Lemma 3.3. We may assume that each F,- has compact closure.

Sequences Qi, Q2, ■ ■ • of w-cells in M and gi, g2, • • • ofembeddings
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gi- (Qu QiC\X)^(Rn, Hk) will be constructed so that

(a) QiC.Qi+i    for each i;
(b) gi+i\ <2. = g<    for each i;

(c) \Jr.iQi = Ur.i V(;    and
(d) U?-1g<(Qi)=R".

Then we may define U=\J",i Qi and g = Ul"ig,- so that g: (U, X)

~ (R", IP) is a homeomorphism.

For each t>0, Bt denotes the ball with center 0 and radius / in R".

Let Qi = hi1(Bi), gi = h\Qi, and consider h2hi1(B2)<ZRn- Note that

h2(Vi) is a compact subset of Rn, so that there is a homeomorphism

<t>2: Rn^Rn such that <p2 = identity on h2h^x{Bi), </>2 = identity outside

some compact set in Rn, <j>2(Hk)=Hk, and faihihi1 (B2)) contains

h2(Vi). (See next paragraph for a construction of <p2.) Then define

Q2 = h2~1<p2h2hi1(B2) and g2 = hih2~1<p2~lh2\ Q2. Notice that g2\Qi

= hih2-1<t>271h2K1\Bi = hi\Qi = gi, QiC&, ViCQ2, and g2(Q2, Q2f\X)
= (B2, B2C\Hk).

The homeomorphism <p2 may be obtained as follows. Let A be a

ball with center h2h^l(Q) such that A<Z.h2hlx{pi). Then there is a

homeomorphism \p: Rn^Rn such that \p = identity outside of B2,

\p(Hk)=Hh, and \f/(Bi)(Zhih^1(A), and there is a homeomorphism

if/: Rn~R" such that i^ = identity outside some compact set, ^ = iden-

tity on A, ^{Hk)=Hk, and yj/QhJh1^)) contains h2(Vi). Both \p

and \p are homeomorphisms which map each half-ray emanating

from the origin onto itself. Then <p2 may be defined by

Chjti \js   hxh2  \f/h2hi \f/hih2      on h2hi (B2),
</>2   =    \ —1

ty    outside of h2hi (B2).

Continuing in this way, the sequences Qx, Q2, ■ ■ ■   and gi, g2, • ■ ■

may be constructed, and the proof is complete.

Proof of Theorem 2.3. Let X be a closed, locally flat ^-half-string

in Rn, n>3. Theorem 2.1 supplies a neighborhood U of X in Rn and

a homeomorphism h: (U, X)«(Rn, Hk). Suppose that Y is a locally

flat, closed, (w —1)-string in Rn such that YC\Hk = 0 and such that

h~1(Y) is closed in Rn. It is known [3] that locally flat, closed, (« — 1)-

strings in Rn are trivially embedded if n>3; thus, if we can find Y,

and if V is the complementary domain of Y which contains Hk,

then the homeomorphism g = h\ h~l(V) can be extended to a homeo-

morphism (R», X) « (R", Hk).

To complete the proof, Y must be constructed. If Bt is the ball of

radius t and center 0 in R", hr1 \Bt\s uniformly continuous for each

t. Choose 6,->0 so that any set of diameter less than e; in Bi is mapped
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by h~l onto a set of diameter less than 1. Let Y be a closed, locally

flat (n — l)-string in P" such that Yf\Hk = 0 and such that distance

(y, Hkr\(Bi-Bi^))<€i for each yG FPi(P,-P,_i), t=l, 2, • • ■ .

It is then clear that a sequence {y,} C F tends to infinity if and only

if {h~l(yj)} tends to infinity, so that hrx(Y) is closed in P". This com-

pletes the proof of 2.3.

Corollary 2.4 follows immediately from 2.3. To prove Corollary

2.5, use 2.4 to prove that a &-cell in P", n>3, may not fail to be

locally flat at precisely one point if that point is a boundary point,

and then apply this result locally to a supposed isolated point of E.

6. Appendix. The referee has pointed out that there is no proof of

the statement "Locally flat cells in Rn are trivially embedded in Rn"

available in the literature. The following lemma yields a proof of this

statement via the generalized Schoenflies theorem. Moreover, Lem-

mas 3.1 and 4.1 of this paper follow directly from this lemma. The

argument below was indicated to me first by Prabir Roy who at-

tributed it to a seminar at the University of Wisconsin.

Lemma. Let D be a locally flat k-cell in the n-manifold M. Then D

has a neighborhood U in M such that (U, D)~ (Rn, Bk).

Proof. Since D is locally flat, there are open sets U\, ■ ■ ■ , Us in

M such that D is covered by the Ui and such that (C/„ UiC\D) is

homeomorphic either to (P", Hk) or to (P", Rk) for each i. Let

{Di, ■ ■ ■ , Dr] be a rectilinear subdivision of D with the following

properties:

(1) each Di is a &-ceIl piecewise linearly embedded in D,

(2) each Dt is contained in some Uj,

(3) Ei = Di\J ■ ■ ■ KJDr is a fc-cell for each i,

(4) DiC\Ei+i= P/,r\P,+i is a (k — l)-cell piecewise linearly em-

bedded in both Di and -E.+i-

For each t = l, ■ ■ • , r — 1 construct a homeomorphism hi of M

onto itself such that hi(Et) = P,+i. Letting h be the composition of the

hi, his a homeomorphism of M which maps D = E\ onto DT = ET. Since

Dr has a neighborhood of the desired type, the proof is complete.

Construction of hi. From conditions (1) and (2) it follows that there

is a Uj and a homeomorphism <bi: U,~Rn such that <pi(Ujf\D) = Hh

and <pi(Pi) =BkC\Hk. Let rpi be a homeomorphism of P" which is the

identity outside some compact set and which takes Hk onto Hk — Bk.

Define hi on M by

(<t>i "Ai^i     on Pi,
hi =  <

(.identity   on M — Pi.
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Clearly hi takes Ei onto E2. h2, ■ ■ ■ , hT-i may be constructed in a

similar manner.
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