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1. Introduction. Andre Weil [4] has shown that for an Abelian

topological group G, an open divisible subgroup HEG is topologically

a direct summand of G. It is then immediate that with Abelian groups

each divisible group is a direct summand (algebraically) of every

group in which it is contained (give the groups in question the dis-

crete topology making them into topological groups). We will use

this observation to deduce an existence theorem for homomorphisms

between groups. Then making use of some results of Braconnier [l],

we give a necessary and sufficient condition for the existence of con-

tinuous nonzero homomorphisms between a compact connected

Abelian topological group and each compact connected Abelian

group.

The motivation for this work is an example due to W. Comfort of

a pair Gi, G2 of compact connected Abelian groups for which there is

no nonzero continuous homomorphism of Gi into G2. In the example,

Gi = circle, and G2 = iQa) , where Qa denotes the rationals with the

discrete topology. The example works because the elements of finite

order in Gi are dense in Gi while there are no elements of finite order

in G2. This leads to the conjecture that we can characterize the exis-

tence of continuous homomorphisms between compact connected

Abelian topological groups in terms of the elements of finite order in

the groups. We will show that this is indeed the case (see Theorem 3).

2. The existence theorem and its applications.

Theorem 1 (Existence). Let G be a torsion free Abelian group.

A necessary and sufficient condition for the existence of a nonzero homo-

morphism from each torsion free Abelian group H into G is that G con-

tain a nontrivial divisible subgroup D, so that G is the direct sum

DXG/D.

Proof. Observe that if xEH, and if O^yED then the function d>

defined by 4>inx)=ny, M£Z = integers, extends to a homomorphism

4>' of H into D, since D is divisible (Kaplansky [3]).

Conversely, suppose that G contains no divisible subgroups. Then
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if H is divisible, G contains no nonzero homomorphic image of H since

the homomorphic image of a divisible Abelian group is divisible.

In what follows G will denote a compact connected Abelian topo-

logical group, B will denote the subgroup of elements of finite order in

G, and B~ will denote its topological closure in G.

Theorem 2. B~ is a topological direct summand 0/ G, so that G = B~

XG/B-.

Proof. According to 25.30 (b) of [2], it suffices to show that G/B-

is torsion free.

We show first that B~ is divisible. Let xEB~, let w, a positive in-

teger, be given, and let {xa} EB be a net converging to x. Since the

elements of finite order form a divisible group it follows that for each

a there is a yaEB satisfying «ya = xa. Furthermore, since G is compact

B~ is compact and hence {ya} has a convergent subnet {yg} converg-

ing to yEB~. Obviously

«y = lim nyg = lim wya = lim x„ = x.
0 a a

Thus B~ is divisible.

Since B~ is divisible it is algebraically a direct summand of G. Thus

if xEB" we have x = xi+x2 where XiEB~ and x2E(B~)', the algebraic

complement of B~. Thus if nx EB~ then nx2EB~. Clearly this can

happen if and only if ffX2 = 0. Thus X2 has finite order and hence is in

73, a contradiction. This proves that G/B~ is torsion free, and the

theorem is proved.

Braconnier [l], has shown that if Gi and G2 are locally compact

Abelian groups and if d> is an open continuous homomorphism of Gi

into G2 then 4>, defined by <p~(x) =X °4>, is an open continuous homo-

morphism of G2 (the character group of G2) into A(<b~1{o}) (the

annihilator of the set d*-1 {0}). We will use this in the proof of our next

result.

Theorem 3. 7w order that the compact connected Abelian group G

admit a nonzero continuous homomorphism into each nonzero compact

connected Abelian group, it is necessary and sufficient that the torsion

subgroup 0/ G not be dense in G.

Proof. We make the following observation. If H is a compact con-

nected Abelian group then it is well known that 77, the character

group of 77 is discrete and torsion free.

By Theorem 1, there exists a nonzero continuous homomorphism h

from each H that is discrete and torsion free into G if and only if G
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is topologically isomorphic with DXG/D where D is divisible and

nontrivial. By the theorem of Braconnier quoted above the homo-

morphism h is nonzero and continuous from G into H if and only if h

is nonzero from H into G. Furthermore it is well known for discrete

Abelian groups D, that D is divisible if and only if D is torsion free.

Obviously D is nonzero in the present case, so that the torsion sub-

group of G is not dense in G. The converse is immediate from The-

orem 2.
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