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1. Introduction. A classical theorem of Riemann asserts that a

simply connected Riemann surface is isomorphic to one of the follow-

ing surfaces: (i) the complex plane C2; (ii) the unit circle or (iii) the

Riemann sphere. A higher dimensional analogue to Kahler manifolds

is the following:

Theorem. Let V be a simply connected complete Kahler n-manifold

with constant holomorphic curvature k; then V is isomorphic to one of

the following:

(i) the complex number space Cn (& = 0), or

(ii) the complex unit hypersphere K in Cn ik < 0) or

(iii) the complex projective space (feX)).1

This result can be proved by using a well-known theorem of

Bochner on "normal coordinates" [l ] as in [5] or [6] or can be proved

by using E. Cartan's "repere mobile" as in [3].2 We call these three

spaces normal domains. On the other hand, it is easy to construct

counter examples if any one of the conditions "simply connected" or

"complete" is removed from the theorem.

It is well known that the normal domains N listed in the theorem

admit a transitive Lie group G of analytic isometries of m2+2m

parameters; thus 7Y is a homogeneous space with the structure group

G and with the unitary group C/(m) as its isotropy group. Conversely

we have the following (cf.  [7])

Theorem 1. Let V be a simply connected,3 complete Kahler manifold

of dimension n admitting a group of isometries of dimension n2+2n;

then V is isomorphic to a normal domain.

Proof. It is known ([7, Lemma a, p. 168]) that the group of

isometries IoiV) acts transitively on V; the argument of ([7, p. 169,

(b)]) proves that  V is of constant holomorphic curvature. Conse-
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1A complete Kahler manifold with k>0 is necessarily compact and is simply con-

nected (cf. [2], p. 528).

2 Igusa and Hawley assume that V is compact but Cartan's method works for

complete Kahler manifolds; a proof along these lines has been given by the author in a

mimeographed seminar "Seminaire C. Ehresmann" 1961 (Paris) on "Espaces syme-

triques de E. Cartan."

3 Cf. footnote 1.
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quently,  V is isomorphic to a normal domain by the theorem cited

above.

2. In what follows, we study the geometry of some bounded do-

mains. Let D be a bounded domain in Cn whose Bergmann metric is

complete and let us consider the holomorphic curvature (of the Berg-

mann metric) of D. We first assert that the holomorphic curvature of

D cannot vanish everywhere; otherwise, 7), being complete, there

exists an analytic local isometry </> of D into Cn by Lemma 3 [6]; then

qbr1 can be extended to an analytic mapping of Cn into D which is

locally single-valued and isometric (cf. [6, Lemma 2]). This is impos-

sible in view of the fact that D is bounded. On the other hand, if the

holomorphic curvature of 7) is strictly positive, then D will be com-

pact (cf. [2, p. 527]); consequently, being a compact submanifold of

Cn, D has to be a single point. Thus we have the following

Proposition. Let D be a bounded domain in Cn whose Bergmann

metric is complete; then its holomorphic curvature cannot be everywhere

positive or everywhere zero.

Examples of such domains are given by homogeneous bounded

domains in Cn. We shall prove below a partial converse, namely the

following

Theorem 2. Let D be a bounded domain in Cn whose Bergmann

metric is complete; i/ the holomorphic curvature o/ D is a constant, then

D is analytically isometric to a hypersphere K in Cn.

Proof. We may assume that D is of constant negative holomorphic

curvature by the above Proposition. We can construct, as in Lemma 3

of [6], an analytic mapping (possibly multivalued) <b of D into K

which maps a neighbourhood of pED isometrically into a neighbour-

hood of zero in K. On the other hand, since K is simply connected,

there exists a single-valued analytic isometry \p of K into D by Lemma

3 of [6] which extends cpr1. We may remark that, if K(z, z) is the

Bergmann kernel of D, then the set U= {z\ K(z, £) =0, zED, £ a fixed

point in D}, is an analytic set of dimension « —1 and <j>: D— U—*K

is single valued [8] and analytic; moreover D— U is connected. Thus

if (qhi(z)Y are local-coordinates of <p, then each <bi(z) is bounded; thus

4> may be extended to holomorphic mapping of D into K by Hartog's

theorem (for n ^2). We prove now that <b\f/ is identity on K; clearly

<pip is an analytic local isometry of K into K which is identity on a

neighbourhood of zero; consequently (pip is identity on K. Similarly,

* Recall that &,= 7*«({, l){d/d£?) log (K(z, £)/K(£, £)), a = l, • • • , n.
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we may prove that \p(p is identity on D; in fact, since \p(f> leaves pED

fixed, it is linear by a well-known theorem of H. Cartan [4]. More-

over, since the Jacobian of \j/(p at the origin is a unitary matrix, it fol-

lows that \p4> is identity on D.

Corollary 1. Let D be a bounded domain in C" whose Bergmann

metric is complete; if D has constant negative curvature, then D is

homogeneous.

Corollary 2. Let D be as in Corollary 1; then D is simply connected.

It may be pointed out that it is unknown whether a bounded

homogeneous domain is simply connected or not. In conclusion, we

may remark that nothing is known about Kahler manifolds (compact

or not) of strictly negative holomorphic curvature; in the compact case,

these manifolds are known to be projective algebraic and admit no one

parameter groups of holomorphic transformations.
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