
ON COMPACT DIVISIBLE ABELIAN SEMIGROUPS

JOHN A. HILDEBRANT

The algebraic structure of divisible abelian semigroups has been

studied in [9] and [l]. Some results on the topological and algebraic

structure of compact uniquely divisible abelian semigroups have been

obtained in [4] and [5].

A statement of equivalent conditions for a compact abelian semi-

group to be divisible is presented in the present paper. Some of the

results in [4] are extended to subunithetic semigroups, which are the

fundamental building blocks of a divisible abelian semigroup.

1. Preliminary results.

Notation. Throughout this paper N denotes the set of all positive

integers, R denotes the set of all positive rational numbers, and R~~

denotes the additive semigroup of all nonnegative real numbers.

Definition. An element x in a semigroup S is said to be [uniquely]

divisible if for each nEN there exists an [unique] element yES such

that yn = x. If each element of 5 is [uniquely] divisible, then 5 is said

to be [uniquely] divisible.

If 5 is a semigroup, then E(S) denotes the set of all idempotent

elements of 5.

A semigroup on [0, l] under usual multiplication is called a U-

semigroup. A semigroup on [0, l] under multiplication defined by

xy = min(x, y) is called an M-semigroup. A semigroup on [(1/2), l]

with multiplication defined by x o y = max((l/2), xy), where xy is the

usual product, is called a C-semigroup.

Let U= [0, 1 ] be a Zf-semigroup, C= [0, 1 ] a C-semigroup, and S a

semigroup. The semigroup (SX U)/(SX {o}) is called the U-cone

over 5 and the semigroup (SXC)/(SX {o}) is called the C-cone over

S.

Lemma 1.1. Let S be a compact divisible abelian semigroup. For each

nEN, let Sn = Sanddefine V2: Sm-^Sn by T%(z) =zm'-i^/or m>n. Then

S* = Proj. Lim (Sn, T%, N) is a compact uniquely divisible abelian semi-

group. Moreover, if S is uniquely divisible, then S* is iseomorphic

(topologically isomorphic) to S.

Proof. Since 5 is divisible and abelian, each bonding map T^ is

an onto homomorphism. It follows that S* is a compact abelian

semigroup.
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Let x= (xi, x^ • • • ) be an element of S* and nEN- For each kEN,

let mik) = (n+k-l)\/k\n. Then mik)EN for each kEN. Let y

= CC(1), *»+?, • • • , <+*-i. • • • )• Then yES* and y" = x. Therefore

S* is divisible.

Suppose a = (ai, 02, • • • ) and 6 = (61, &2, • • • ) are elements of S*

and am = bm for some mEN. Then a3n = bf for each jGA. Let iGA.

Then there exists pEN such that rap>i. Now a™„ = &™p. Hence

mp(mp-l) • • • (i+1) mp{mp—1) • • • (i+1)

^i  == #mp =  Omp =  Oi

and thus a = b. It follows that S* is uniquely divisible.

The first projection ir and indeed every projection of S* to S is onto.

If S is uniquely divisible, then ir is a one-to-one continuous homomor-

phism of S* onto S, and thus, since S* is compact and S is Hausdorff,

t is an iseomorphism.

Notation. If S is a compact divisible abelian semigroup, then S*

denotes the projective limit of the system in Lemma 1.1 and ir denotes

the first projection of S* onto S.

Definition. A uniquely divisible semigroup S is said to be unithetic

if there exists xES such that S is the closure of the set of all positive

rational powers of x. The element x is called a (unithetic) generator of

S.
A divisible abelian semigroup S is said to be subunithetic if S* is

unithetic. If x is a unithetic generator of S*, then ir(x) is called a

isubunithetic) generator of S.

Theorem 1.2. Let S be a compact [uniquely] divisible abelian semi-

group and xES. Then there exists QES such that Q is minimal with

respect to being a compact divisible subsemigroup of S containing x.

Moreover, Q is [unithetic] subunithetic and generated by x.

2. Subunithetic semigroups.

Theorem 2.1. A compact semigroup S is subunithetic if and only if S

is the continuous homomorphic image of a compact unithetic semigroup.

Proof. Suppose S is subunithetic. Then S* is unithetic and

ir: S*-^>S is a continuous onto homomorphism.

Suppose Q is a compact unithetic semigroup and /: Q—>S is a con-

tinuous onto homomorphism. Then, by Lemma 1.1, Q* is isomorphic

to Q. Define /*: Q*^S* by /*((xi, x2, • ■ • )) = (f(xi), /(x2), • ■ • )■
Then /* is a continuous homomorphism of Q* onto S*. Let x be a

unithetic generator of Q*. Then S* is uniquely divisible and S*

= !/*(*)]• Hence S* is unithetic and thus S is subunithetic.
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It has been brought to the attention of the author by the referee

that the class of compact subunithetic semigroups consists of those

compact (submonogenic) semigroups which contain dense algebraic

homomorphic images of the nonnegative additive rational numbers

(see [6]).

Theorem 2.2. Let Sbea compact subunithetic semigroup which is not

a group. Then S is an abelian clan containing exactly two idempotents.

The kernel (minimal ideal) K 0/ S and the maximal subgroup H(l)

containing the identity (1) 0/ S are subunithetic groups. There is a con-

tinuous homomorphism xp 0/ R~ into S such that S = H(l)(\f/(R~))~

(closure in S). Moreover, S/K is subunithetic and is either the U-cone

or the C-cone over H(l).

Proof. The first three conclusions follow from [4, Theorem 3.1]

and Theorem 2.1, where \p = wa. They can also be established by using

the results and methods in [8] or [6]. The last result is a consequence

of [4, Theorem 3.4], Theorem 2.1, and the fact that the only sub-

unithetic semigroups on [0, 1 ] are the {/-semigroup and C-semigroup

(see [2]).

Definition. A semigroup 5 is solenoidal if 5 contains a dense

continuous homomorphic image of R~ (see [7]).

A group G is solenoidal if G contains a dense continuous homo-

morphic image of the additive real numbers (see [3]).

Theorem 2.3. Let S be a compact nondegenerate semigroup with

identity (1) such that H(l) = {1}. These are equivalent:

(i) S is subunithetic;

(ii) S is solenoidal;

(iii) S is the continuous homomorphic image 0/ a compact unithetic

semigroup.

Proof. The equivalence of (i) and (iii) is established in Theorem

2.1. The fact that (i) implies (ii) is a consequence of Theorem 2.2,

where S= (\p(R-))-. The fact that (ii) implies (i) will now be estab-

lished.

Suppose S is solenoidal and let d>: R~—>S be a continuous

homomorphism such that d>(R~) is dense in S. Then 5 is a

compact divisible abelian semigroup. Let a£i?~\{0J and x

= (d>(a), <p(a/2\), <t>(a/3\), ■ ■ ■ ) in S*. Let r = m/n; m, nEN. Then

ir(rx) =ir(mx/n) =mir(x/n) =nub(a/n) =<b(ma/n) =<p(ra). Thus tt(Rx)

=<p(Ra) is dense in 5. Since Rx is dense in [x] (see [4]), 7r([x]) is

dense in S. Therefore, since tt([x]) is closed, 5 = ir([x]), and thus S

is subunithetic.
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Notation. Let 2 denote theo-adic solenoid with a= (2, 3, 4, • • • )

(see [3]).

Example. The following is an example of a subunithetic semigroup

which is not solenoidal: Let C denote the circle group and U— [0, 1 ] a

([/-semigroup. Let S=CXU. Then S* = 2X£/ which is unithetic

[4, Theorem 4.2]. Hence S is subunithetic but not solenoidal.

Theorem 2.4. A compact abelian group G is subunithetic if and only

if G is solenoidal.

Proof. In [4, Theorem 2.3] it is established that a compact

abelian group is unithetic if an only if it is iseomorphic to 2A, where

card A^c. Therefore, any unithetic group is a continuous homo-

morphic image of 2C. Moreover, by Theorem 2.1, any continuous

homomorphic image of 2C is subunithetic. Thus G is subunithetic if

and only if G is the continuous homomorphic image of 2e. Hence, by

[3, Theorem 25.19], G is subunithetic if and only if G is solenoidal.

Theorem 2.5. Let Si and S2 be compact semigroups such that SiXS2

is subunithetic. Then each of Si and S2 is subunithetic and either Si or S2

is a group.

Proof. Let Q = SiXS2. Then Q* is unithetic. Define/: Q*->S*XS%

by/((xi, yi), (x2, y2), ■ • • )) = ((xi, x2, • • • ), (yi, y2, ■ ■ ■ )). Then/ is

an iseomorphism. Thus, by [4, Theorem 4.1], S* and S* are unithetic

and either SJ or S^ is a group. Hence Si and S2 are subunithetic and

either Si or S2 is a group.

Theorem 2.6. Let S be a compact first countable subunithetic semi-

group and G a compact finite dimensional subunithetic group. Then

GXS is subunithetic.

Proof. Let Q = GXS. Now S* is first countable and unithetic, and

G* is finite dimensional and unithetic. Hence, by [4, Theorem 4.2],

G*XS* is unithetic. Since Q* is iseomorphic to G*XS*, Q* is uni-

thetic. Hence Q is subunithetic.

As in the case for unithetic semigroups, the question as to whether

one or both of the conditions that S be first countable and G he finite

dimensional can be removed in Theorem 2.6 is open.

3. The semigroup A'x).
Definition. Let S be a semigroup and x a divisible element of S.

Define A'x) = {yGS: ym = xnsome m, nEN}~ (closure in S).

Theorem 3.1. Let S be a compact divisible abelian semigroup and

xES. Then D(x) is a compact divisible semigroup of S.
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Theorem 3.2. Let Sbea compact subunithetic semigroup and x a gen-

erator 0/ S. Then S = D(x).

Proof. Let y be a generator of S* such that x = ir(y). Let U be an

open set in 5. Then ir~1(U) is open in S*= [y]. Hence there exists

r = m/n, tn, nEN such thatyrET-1(£Oi and thus7r(ym) = (ir(y))m = xm.

Hence ir(yr)E UC\D(x). Thus each open set in 5 meets D(x). Since

D(x) is closed, S = D(x).

If 5 is a compact uniquely divisible abelian semigroup and xES,

then D(x) is the unithetic semigroup generated by x. The following is

an example of a compact divisible abelian semigroup 5 containing an

element x such that D(x) is not subunithetic:

Example. Let M be an M-semigroup with zero, and U= [0, l] a

{/-semigroup. Define the following closed congruence relation on

UXM:Q={((a, b), (c, d)):a = c£l/2 or (a, b) = (c, d)}. Let 5
= (UXM)/Q and <p the natural map of UXM onto 5. Let

x = <£((3/4, z)). Then S = D(x) and there is exactly one subunithetic

subsemigroup P=<f>(UX{z}) containing x.

Example. The following is an example of a compact semigroup 5

containing a divisible element x such that S = D(x) and 5 is not

divisible: Let 5 = [ — 1, 1 ] under usual multiplication and x = 1 /2.

4. Divisible semigroups.

Theorem 4.1. Let S be a compact abelian semigroup. Then these are

equivalent:

(i) Sis divisible;

(ii) each component 0/ S is a divisible subsemigroup;

(iii) each element 0/ S lies on a subunithetic subsemigroup;

(iv) S is the continuous homomorphic image 0/ a compact uniquely

divisible abelian semigroup.

Proof. It is immediate that any of conditions (ii), (iii), or (iv)

implies condition (i).

(i) implies (ii). Let C be a component of 5 and xEC. Let yEtr~1(x).

Then ir([y]) is a subclan of 5 containing x and hence tr([y])EC. Let

1 denote the identity of 7r([y]). Thenx= 1 -xECx and Cx is connected.

Hence CxCC and thus C is a subsemigroup of 51. Since x has roots in

"■([;y])> x has roots in C. Therefore C is divisible.

(i) implies (iii). This follows from Theorem 1.2.

(i) implies (iv). This follows from the fact that S is the continuous

homomorphic image of S* under ir.

Corollary 4.2. Let S be a compact divisible abelian semigroup such

that S—D(x) /or some xES. Then S is connected.
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Proof. Let T(x)= {yES:ym = xn some m, nEN}. Let C be the

component of S containing x. Suppose there exists a component Q of

S which is distinct from C such that T(x)DQ^U- Let yET(x)DQ.
Then there exist m, nEN such that ym = xn. Since C and Q are sub-

semigroups of S, yG<2, and xEC, ymEQ and xnEC. Thus CDQ^U-

This contradiction implies that P(x)CC Hence S = Ax) = (PC*0)-CC,

and thus S is connected.

Definition. An abelian semigroup S such that S = EiS) is called a

semilattice.

Corollary 4.3. Let S be a compact totally disconnected divisible

abelian semigroup. Then S is a semilattice.

Corollary 4.4. A finite divisible abelian semigroup is a semilattice.

Theorem 4.5. Let S be a compact abelian semigroup whose subgroups

are degenerate. Then S is divisible if and only if each element of S\.E(S)

lies on a U-semigroup or a C-semigroup in S.

Proof. If each element of S\EiS) lies on a [/-semigroup or a

C-semigroup in S, then it is immediate that S is divisible.

Suppose S is divisible and xGS\£(S). Then, by Theorem 1.2, x lies

on a subunithetic subsemigroup Q of S. It follows from Theorem 2.2

and the fact that the subgroups of Q are degenerate that Q is either

a [/-semigroup or a C-semigroup.
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