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In this note, we will consider the class of all finite undirected graphs

with simple edges and no loops [l]. Let G, Gi, G2 denote graphs. Let

o(G) =the number of vertices in G, B(G) =the independence number

of G, K(G) =the chromatic number of G, GiffiG2 = the Cartesian sum

of Gi and G2 [l]. We shall prove the following

Theorem. o(Gi)o(G2)//3(Gi)j8(G2) ̂K(Gi©G2) gK(Gi)K(G2).

Moreover, an example is given to show that the inequality

K(Gi©G2)<K(Gi)K(G2) in fact occurs.

The proof is based on the following two lemmas.

Lemma 1. /3(Gi©G2) = B(Gi)B(Gi).

Proof. If G is a graph, we denote by ViG) the set of vertices of G

and by E(G) the set of edges of G. We say that a subset S C V(G) is

independent if for any a, b in 5, (a, 6)$£(G). If 5 is a set, we denote

by | S\ the number of elements in 5. Now, let 5,C ViG/) 7 = 1, 2) be

independent sets such that \S/\ =j8(G,-). If S={ai®a2 : aiESi and

aiESi}, then 5 is an independent set of Gi © G2. Therefore, /3(Gi © Gi)

^\S\=8iGi)BiGi).
Suppose rCF(Gi©G2) is an independent set such that \T\

= BiGi®d). For aEVid), let Tia) = {bEF(G2) :a®bET}. Then
for each aE Vid), Tia) is an independent set of G2. Therefore, for

each aEV(G/), \ T(a)\ ^B(&). Clearly, | T\ = E^f(Ci)| T(a)\. But
| T(a) | = 0 except for those a in an independent set of Gi. Hence

B(Gi®Gi) = | T\ ^B(Gi)B(Gi). This shows that B(Gi®G2) =B(Gi)B(Gi).

Lemma 2. K(Gi)K(G2)^K(GiffiG2).

Proof. Let G, H be graphs. A homomorphism / : G—>Zz" is a map

/: V(G)^V(H) such that if (a, b)EE(G), then (f(a), f(b))EE(H).
We say that a homomorphism/ : G—=>H is surjective if/ : V(G)—> V(H)

is surjective. If we denote by Kn the complete graph of n vertices,

then the chromatic number of a graph G can be defined as the small-

est integer « such that there exists a surjective homomorphism

/ : G^Kn. Now let m = K(Gi) and n = K(G2) and let /i : Gi-^AT, and

fi : Gi-^>K„ be surjective homomorphisms. If we define
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/i ®/2: Gx © G2-+ Km ® Kn

by

/i © f2(ax © a2) = fx(ax) © f2(a2),

then/i©/2 is obviously a surjective homomorphism. Since Km®Kn

^Knn, we obtain K(Gi©G2) ^K(Gi)-K(G2).

Proof of the Theorem. We only need to show that

(o(Gi)o(G2)/f3(Gi)p(G2)) ^ K(Gi © G2).

By [l, Theorem 14.1.1, p. 225], we have

(o(Gi © G2)/f3(Gi © G2)) S K(d © G2).

By Lemma 1, P(GX®G2) = P(Gx)l3(G2). It is obvious that o(Gi©G2)

= o(Gx)o(G2). Therefore, (o(Gx)o(G2)/P(Gx)[3(G2))^K(Gx®G2).

Finally, we present an example to show that the inequality

K(GiffiG2)<K(Gi)K(G2) actually occurs.

Let Gi be the graph with

V(GX) = {1,2,3,4,5}, E(Gi) = {(1, 2), (2, 3), (3, 4), (4, 5), (5,1)}.

Let G2 be the same graph with different labeling of the vertices, say,

V(G2) = {l',2',3',4',5'},

E(G2) = {(1', 2'), (2', 3'), (3', 4'), (4', 5'), (5', 1')}.

Clearly, K(GX) =K(G2) =3. We now define a surjective homomor-

phism/: Gi©G2-»A8, where V(K8) = {kx, k2, ■ ■ ■ , ks}, by

f-*[kx] = {l © V, 1 ® 3', 3 ® 1', 3 ® 3'},

f-i[k2] = {l © 2', 1 © 4', 3 © 2', 3 © 4'},

/-»[*,] = {2 © 1', 2 © 3', 4 © 1', 4 © 3'},

f-l[ki] = {2 © 2', 2 © 4', 4 © 2', 4 © 4'},

/_1M = {3 ©5', 5 ©3', 5 © 5'},

/_1W = {2 ©5', 5 © 2'},

/-1[*t] = (l © 5', 4© 5'},

f~l[ka] = {5® 1', 5 ©4'}.

The example shows that K(GiffiG2) g8<9 = K(Gi)K(G2).
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