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Introduction. It is well known that a nondegenerate continuum

(compact, connected metric space) is chainable if and only if it is

homeomorphic to the limit of an inverse sequence of arcs with bond-

ing maps onto. Several authors have studied chainable continua as

inverse limits of arcs and in particular Henderson [3] and Mahavier

[4] have contributed to the problem of characterizing the class C of

chainable continua that are homeomorphic to the inverse limit of

arcs using a single bonding map. Henderson showed that the pseudo-

arc is a member of C and Mahavier gave some examples of chainable

continua not in C but proved that each chainable continuum is em-

bedded in some member of C.

In the inverse limit description of a chainable continuum the bond-

ing maps mimic the pattern (see Bing [l ] for terminology related to

chains) of the chains. Thus, one expects (proved by Capel [2]) an

inverse limit with monotone bonding maps to be an arc where a

monotone map corresponds to a chain going straight through another

chain. Likewise the crooked chains that yield the pseudo-arc give rise

to maps with corresponding "crooked" graphs. Thus, the question

arises as to what kind of maps will yield an arc or more specifically

what kind of single bonding map will yield an arc? In particular, is it

possible for an arc to be the inverse limit of a nowhere strictly mono-

tone map on [0, l]? As the above title indicates, the answer is yes.

The author is grateful to the referee for suggestions regarding the

proof of Theorem 1.

Preliminaries. A continuous function / on the interval [0, l] is

rising [falling] at x if and only if X5^1, x is in [0, l], and there is a

segment s containing x such that (a) if x = 0, then f(y) >/(0)

[f(y) </(0)] for every number y in both 5 and [0, l] and (b) if x>0,

and u and v are numbers in 5 and in [0, l] such that u<x<v, then

f(u) </(x) <f(v) [f(u) >f(x) >/(»)]. The function/ is nowhere strictly

monotone if it is neither rising nor falling at any number x.

Let I denote the interval [0, 1]. Suppose/ is a continuous function

from I onto I and lim / is the inverse limit space with / as a single

bonding map, i.e., lim/is the inverse limit space for the inverse limit

sequence 111JI • • ■ . It is known that if / is monotone, then lim /
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is an arc. W. S. Mahavier told the author that if/(x)<x (0<x<l),

then lim/ is an arc so long as / is monotone on some interval [z, l],

where 0 <z < 1. Theorem 1 may be regarded as a generalization of this

result. The examples show that / may be very far from monotone,

and yet lim / still be an arc.

Lemma 1. Suppose f is a continuous function from [0, l] onto [0, l]

such thatfiO) = 0 and there is a number z (0 < z < 1) such that if 0 < x ^ z,

fix)<x. Then if X(xi, x2, • • • ) is a point of lim / distinct from

(0, 0, 0, • • ■ ), there exists a positive integer n such that (1) z^x„, (2)

if i is a positive integer less than n, then Xi>z, and (3) if i is a positive

integer greater than n, then x<<z.

(The proof is omitted.)

Theorem 1. Suppose f and g are continuous functions from [0, l]

onto [0, l] such that fiO) =gi0) =0, and such that there is a number

z (0<z<l) such that (1) if 0<x^z, /(x)<x and g(x) <x, and (2) if

z^x^l,/(x) =g(x). Then lim/ and lim g are topologically equivalent.

Proof. For each point -X/xi, x2, • • • ) of lim/ or of lim g distinct

from (0, 0, 0, • • • ), let NiX) denote the positive integer n associated

with X as in the statement of Lemma 1. Let T denote the transforma-

tion whose domain is lim/such that T"(0, 0, 0, ■ ■ ■ ) = (0, 0, 0, • • • ),

and if Xixi, x2, • • • ) is a point of lim / distinct from (0, 0, 0, • ■ • ),

then r(A7 = (gn(x„+i), gn(x„+2), ■ • • ), where n = NiX) — l. We show

that T is a homeomorphism from lim / onto lim g.

It is easy to verify that T is one-to-one from lim/ onto lim g.

To show that T is continuous, take points X(xi, Xi, ■ ■ • ) in lim /

and X'ix/ ,x2, • ■ •) = TiX) in lim g and an open set R' in lim g con-

taining X'. We may assume that for some m and some open set Q in

[0, l] containing xm, R' is the set of all points of lim g whose mth

coordinate is in Q. ll X^iO, 0, • • ■ ) we may also assume that

m>NiX) and Q is open in (z, l]. Furthermore, if R is the set of all

points in lim / whose mth coordinate is in Q, then Z"(i?) lies in R';

indeed, T(R)=R'.

ll X = i0, 0, ■ ■ ■ ), there is a number w (0<w<l) such that if

(ji, y2, ■ ■ ■ ) is a point of the complement C(R') of R' in lim g, then

ym^w. There is a positive integer j>m such that if (vi, y2, • • • )

is in CiR'), then yy>z. The set i? of all points of lim /whose jth coordi-

nate is in the set [0, z) is open in lim/ and contains X; and TiR)

lies in R'.

Since lim / is compact, T is a homeomorphism.

Lemma 2. Suppose A and B are two points of the compact imetric)
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continuum M, and if P is a point of M distinct from A and B, and R is a

region containing P, then R contains a subcontinuum of M that contains

P and separates A from B. Then M is an arc from A to B.

(The proof is omitted.)

Examples. Here we construct an example of a continuous function

g from [0, l] onto [0, l] which is nowhere strictly monotone, such

that g(0)=0, g(l) = l, and if 0<x<l, then g(x) <x, but such that

lim g is an arc. The function g, however, is constant on the interval

[0, §], so (making use of Theorem 1) we construct a function/, having

all the above properties, which is not constant on any interval.

In the following, the word box means a rectangular disk in the plane

with sides parallel to the axes. The phrase chain of boxes will be used to

refer to certain collections of boxes which resemble chains.

Suppose M is a subset of [0, l] X [0, l], and D = [xx, x2] X [yi, y2]

is a rectangular disk in the plane. Then the copy of M in D (denoted

by C(M, D)) is the set of points (x', y'), where for some point (x, y)

of M x — (x'— xi)/(x2— xi) and y = (y'—yi)/(y2—yi). If IF is a collec-

tion of subsets of [0, l] X [0, l], C(W, D) denotes the collection of all

copies of elements of W in D.

Let gi, gi, and g3 denote functions from [0, l] onto [0, l] such that

gi(0) = gi(2/3) =0, gi(l/3) =gi(l) = 1, and gi is linear on each of the

intervals [0, 1/3], [1/3,2/3], [2/3, l]; g2(x) =gi(l-x); and g3(x) =x.

If i—1, 2, or 3, and ra is a positive integer, let W*(ra) denote the chain

of 3n+1 boxes lying in [0, l]x [0, l], each of which has as opposite

vertices the points (t}-i, gi(^-i)) and (tj, gi(tf)) for some positive inte-

ger j, lg/^3n+1, where for each nonnegative integer j, tj=j(l/3)n+1.

The chain Wi (W2) will be said to be ascending (descending) at each

of its boxes (or links) whose projection lies in one of the intervals

[0, 1/3] and [2/3, l], and descending (ascending) at each of its links

whose projection lies in the interval [1/3, 2/3]. IF3 is ascending at

each of its links. A similar terminology will be used for copies of Wx,

W2, and W3 and for other chains when appropriate.

Let ao, ax, • • • denote a sequence of numbers such that a0 = 0, and

if ra is a positive integer, a„ = 1 — 2~". For each positive integer i, let

Bt=[ai, ai+i]x[ai-i, a,-]. Let C0 denote the chain of boxes T3i,

T>2, • • • . For each positive integer n, let CH denote the chain of boxes

to which the box B belongs if and only if for some positive integer i, B

lies in P,- and in some box B' of C„_i such that (1) if i^n, B is an

element of the copy in B' of Wx(i) [W2(i)] ii Cn-i is ascending [de-

scending] at B', and (2) if i>n, B is an element of the copy in B' of

IF3(w). Roughly, the chain Cn "wiggles through" all the boxes of C„_i
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that are in Bu Bi, • • • , B„, then goes "straight through" the rest of

the boxes in C„-i.

Let G denote the simple graph which consists of the point (1, 1) and

all the points on the x-axis with abscissas 0, J, or between, together

with all the points common to the point sets Ci*, Ci*, • ■ • , where

Cn* denotes the sum of the elements of Cn- Let g denote the function

from [0, l] onto [0, l] whose graph is G. Then g is continuous and

nowhere strictly monotone.

We now show that lim g is an arc, using Lemma 2, i.e., we show

that if A and B denote the points (0, 0, 0, • ■ ■ ) and (1, 1, 1, • • • ),

respectively, of lim g, and e>0, and X(xi, x2, • • • ) is a point of lim g

distinct from A and from B, then there is a subcontinuum of lim g

containing X, of diameter less than e, which separates A from B. (We

use the usual metric: if X(xi, x2, • • • ) and Y(yi, y2, • • • ) are points

of lim g, diX, Y) = J2i=i I *t-yt\ -2-'.)
Suppose € > 0 and AT(xi, x2, • • • ) is a point of lim g distinct from A

and B. Let n denote a positive integer such that (1/3)"<e. For each

positive integer i, let Pi denote the point (x1+i, x,) of the graph G.

There exists an infinite sequence of point sets Qi, Qi, ■ ■ • such that

for each i, (1) Q, is either the origin, a subinterval of [0, 1/2], or some

box of Cn, (2) Pi lies in Qit and (3) the domain of Qf is the range of

Qi+i. Thus, if for each positive integer i, 27 denotes the range of Qi

and ft denotes g|2?,-+i, we have an inverse limit system Ri/LRi/l.

i?3^. • • • such that for each i, (1) 2?,- is either a point or an interval

of length ^ J(1/3)" (since none of the boxes of C„ are taller than those

in 27, which have height Hl/3)n), and (2)/j throws 27+i onto 27. The

inverse limit space M thus obtained is a subcontinuum of lim g con-

taining X, of diameter  ^§(l/3)"[l/2 + l/4 + l/8+ ■ • • ]=f(l/3)B
<€.

To show that M separates A from B, let z denote some number in

the interior of the range, Rj, of Q,-, where j > n. Then the set K of all

points of lim g not in M is divided into the mutually separated point

sets MA and MB, consisting respectively of (1) all points of K whose

jth coordinates are less than z and (2) all points of K whose jth coordi-

nates are greater than z.

Thus the hypothesis of Theorem 2 is satisfied, and consequently

lim g is an arc.

Now, g is constant on the interval [0, 1/2]. We obtain as follows a

function/ having properties similar to g, but which is not constant on

any interval. There exists a simple graph H in [0, l] X [0, l] contain-

ing the points (0, 0), (1/2, 1), and (1, 0) such that the common part of

the graph G and the rectangle   [1/2, 2/3]x[0,  1/2]  is a copy in



638 J. W. ROGERS, JR.

[1/2, 2/3] X [0,1/2 ] of H. For each ra, let Dn denote the box [2—-1, 2—]

X [0, 2~n~1]. Let F denote the simple graph which consists of the

origin and all the points of G with abscissas 1/2, 1, or between, to-

gether with all the points P such that for some ra, P is a point of the

copy of TT in Dn. Let / denote the function from [0, 1 ] onto [0, 1 ]

whose graph is F. By virtue of Theorem 1, since lim g is an arc, lim /

is an arc. Moreover, / is nowhere strictly monotone, and is not con-

stant on any interval.
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