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In proving the existence of outer automorphisms of finite p-groups

[2], Gaschutz showed that if A is a finite module with p-power order

over a finite p-group G such that TTKG, A)=0, then Hn(H, A)=0

for all w2;l and all H^G. In this note (whose origin lies in some re-

marks made by Professor Hans Zassenhaus)2 we use Gaschiitz's

method to prove a similar result valid for all finite nilpotent groups

and show that this result fails for every finite nonnilpotent group so

that we have a characterization of the class of finite nilpotent groups.

We let Hn(G, A) denote the nth cohomology group of G in A in the

sense of Tate (cf. [6]). We recall the method of dimension-shifting.

If A is any G-module and Z(G) is the group ring of G over the ring of

integers, then Z(G)®A is a G-module in a natural way, and there

exist exact sequences of G-modules

0 -* A -> Z(G) ® A -^ B -► 0,

0 -► C -> Z(G) ® A -* A -> 0.

Now, Z(G)®A is G-regular so that TT"(G, Z(G)®^)=0 for all n,

and we have

TT"(G, A) £* TT-^G, B) S TTB+1(G, C)

ior all n. When A is finite then Z(G)®A is finite, so that B and C are

also finite.

Theorem 1. Let G be a finite nilpotent group and A a finite G-module

such that Hm(G, A) =0for some m. Then Hn(G, A) =0for all n.

Proof. If Ap is the Sylow p-subgroup of A, then TT"(G, A)

= 2^TTn(G, AP), where the direct sum is taken over all primes p. It

follows that we may assume that A is a p-group for some prime p.

By dimension-shifting, we may assume that m = 1.

The result is valid if p does not divide \G\ ; in particular, it is valid

when I G| =1. Thus we use induction on [ G\ and may assume that p

divides \G\. Since G is nilpotent, we can find a normal subgroup H

of index p in G. We have the exact sequence [3, p. 129]:
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0 -> 27HG/77, AH) -» H^G, A) -» 771(77, 4)°'* -> 772(G/77, ̂ H).

Since 277G, 4)=0 by hypothesis, we have HiG/H, AH)=0. Since

G/77 is cyclic and the Herbrand quotient of the finite module AE

is 1  [l, p. 57], we have

(1) 27"(G/77, AH) = 0;    all n.

It follows that 77777, A)e'a = 0. Since G/77 and 27727, 4) are p-
groups, this implies that 27727, ^4)=0. By induction hypothesis,

we have

(2) 27"(77, A) = 0,    all n.

Now we have the inflation-restriction and transfer-deflation exact

sequences [3, p. 129], [6, p. 321]:

77"(G/77, A") -> 77"(G, A) -» 77"(77, A), n ^ 1,

77»(77, A) -► 77"(G, A) -► 77"(G/77, ̂ ff),       w ^ 0.

From (1) and (2) it now follows that H"iG, A)=0, all n.

Theorem 2. Let G be a finite nonnilpotent group, n any integer. Then

there exists a finite G-module A such that 77n(G, A) ?*0, 77n+1(G, ̂ 4) = 0.

Proof. By dimension-shifting, we may assume that w = 0. Let 77

be a minimal nonnilpotent subgroup of G. By a theorem of Schmidt

and Golfand [4, p. 304], the commutator subgroup of 77 is a Sylow

p-subgroup of 27 for some prime p. Let B he the trivial 77-module of

order p. Then,

77°(77, 73) ̂  73 ̂  0,        H^H, B) ^ Hom(77, 73) = 0.

Now let A he the G-module induced by 73 (denoted Iff (73) in [5, p.
1-12]). Then 77"(G, A)^HniH, 73) for all m, so that

77°(G, A) ^ 0,        771(G, A) = 0.

Moreover, A is finite since 73 is finite.

Remark. If G is a finite p-group and A a finite G-module such that

27"*(G, A)=0 for some m, then 77"(77, ̂ 4)=0 for all n and all sub-

groups 77 of G, by the proof of Theorem 1, since every proper sub-

group of G is contained in one of index p. However, this statement is

false whenever G is not a p-group. For, suppose that G is a finite nil-

potent group whose order is divisible by at least two primes. Let p

be one of these prime divisors of | G\ and let 27 be a Sylow p-subgroup

of G. Since 27 is normal in G and G/27 is a nontrivial p'-group, there

exists a nontrivial irreducible 7C(G)-module A on which 27 acts triv-
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ially, where A is a finite field of characteristic p and A(G) is the

group algebra of G over K. Then TT°(G, A) =0 but TT°(TT, A)^A ^0.
Theorem 1 shows that in fact Hn(G, A)=0 and TTn(TT, A) 9*0, all n.
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