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We say that the function F is obtained by general recursion from

A, B, M, and TV if
(i)  FA=M, FB = NF and
(ii) every natural number n belongs to (R(75M) for some k^Q.

If F satisfies (i), then FiBkAt)=NkMt. If A and B satisfy (ii),

then every natural number n is BkAt for some k and t. Hence F is

uniquely determined. Furthermore if A, B, M, and N are computable

functions, then given n, we can obtain k and t effectively so F is

computable.

Condition (ii) is satisfied if A is the zero function 0 and B is the

successor function S. There is a function obtained by general recur-

sion from 0, S, M, and N if and only if M is a constant function, say

M = SmO. Then Ft = N'm. Thus, iteration is included in general re-

cursion.

If G is a permutation, then F = G~1 can be obtained by general

recursion from GS, GO, S, and 0 since FGS = S, FGO = OF, and every

n belongs to (R((GO)*GS) for k = 0 or k = l. More generally, if F is

determined by FG = H where G assumes all values, then F is obtained

by general recursion from GS, GO, HS, and 770 since FGS = HS,

FGO = HOF, and the side condition holds as before.

Theorem. Every igeneral) recursive function of one variable can be

obtained from 0 and S by repeated compositions and general recursions

from previously defined functions.

We need to prove a lemma first. Let Jix, y) he a one-to-one map-

ping of the set of ordered pairs of natural numbers onto the set of

natural numbers and let K and L he the inverse functions so KJ(x, y)

= x and LJ(x, y)=y. Any such function J will be called a pairing

function.

Lemma. Every primitive recursive function of one variable can be

obtained from 0, S, K, and L by repeatedly constructing a new function

F from previously obtained functions A and B by composition iF = AB),

pairing (F = 7(^4, 73)), or general recursion of the form 7J(7, 0)=A

and FJiK, SL)=BF.
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Remark. The general recursion of the lemma always defines a func-

tion. In fact, for every n, there is a unique pair r, s with n = J(r, s),

so Fn = B'Ar.

Proof. If J, K, and L are adjoined to the usual initial functions in

the standard definition of primitive recursive functions, then recur-

sion can be replaced by iterations of the form

(1) G(x, 0) = Ax,        G(x,Sy) = BG(x,y).

(See R. M. Robinson [3, p. 932].) Since / is an initial function, we

can replace this iteration scheme by the general recursion of the

lemma. Namely, if F is defined by FJ(I, 0)=A and FJ(K, SL) =BF,
then the function G defined by (1) is FJ(x, y). Hence every primitive

recursive function is obtained from the usual initial functions to-

gether with J, K, and L by general recursion of the form in the lemma

and substitution. To obtain functions of one variable by substitution,

it is always sufficient to use substitution only to define functions of

one variable. The only initial function of more than one variable

which yields new functions of one variable by substitution is /. Hence

besides compositions of functions of one variable, we must allow

F — J(A, B) to be constructed from previously obtained functions A

and B. Hence all primitive recursive functions of one variable are ob-

tained from 0, I, S, K, and L by compositions, pairings, and general

recursions of the form given in the lemma. Since I = J(K, L), we can

omit I from the initial functions. (This proof closely parallels the proof

given by R. M. Robinson in §7 of [3]. A more detailed discussion

will be found there.)

Proof of the Theorem. Let 01 be the class of functions obtainable

from 0 and 5 by composition and general recursion. We will show

first that every primitive recursive function belongs to 03.

Suppose that / is a pairing function such that J (I, O) and J(K, SL)

belong to 03. Then 7, A', and L are in 03 as we see by the general

recursions:
10 = 0,       IS = ST,

KJ(I, 0) = I,       KJ(K, SL) = IK;

77(7, 0) = 0,       LJ(K, SL) = SL.

In order to use the lemma, we need to show that 03 is closed under

pairing. Let F* = J(K, FL) for each F. We will show by induction

that 03 is closed under the *-operation.

For the initial functions 0 and S, we have

0* = J(K, OL) = J (I, 0)K,       S* = J(K, SL),

so 0* and S* are both in 03.
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Furthermore,

A*B* = JiK, AL)JiK, BL) = JiK, ABL) = (.473)*.

Hence if F = AB and A*, B*E&, then F* is in (R.

Suppose F is obtained from A, B, M, and N by general recursion

FA=M, FB=NF, and A*, B*, M*, and N* belong to (R. Then

FM* = (FJ)* = M*,       F*B* = iFB)* = (AF)* = N*F*.

We still must check that A* and B* satisfy (ii) given that A and B do.

For every n, there are r and 5 so that n = J(r, s). By hypothesis

s = BkAt for some * and *, so iB*)kA*Jir, t)=j[r, BkAt)=Jir, s) =n.

Hence n belongs to (R((73*)M*) and (ii) holds. Therefore if F is in (R,

so also is F*.

Next we will show that if A and B are in 01, then JiA, B) is in (R.

Now

JiA, B) = JiL, K)A*JiL, K)B*JiI, I).

To check this, notice that

7(7, K)A* = JiL, K)JiK, AL) = JiAL, K),     JiL, K)B* = 7(737, K).

Hence

7(7, K)A*JiL, K)B*JiI, I) = JiAL, K)JiBL, X)7(7, 7)

= JiAK, 737)7(7, 7) = /(J, B).

Both /(7>, X) and Jil, 7) are in 61 as we see from the following series

of definitions by general recursions:

7(0, 7)0 = 7(7, 0)0,    7(0,1)S = JiK, SL)JiO, I);

JiSK, 7)7(7, 0) = 7(7, 0)S,    JiSK, 7)7(iT, SL) = JiK, SL)JiSK, L);

JiL, K)JiI, 0) = 7(0, 7),     JiL, K)JiK, SL) = JiSK, 7)7(7, K);

7(7, 7)0 = 7(7, 0)0,    Jil, I)S = JiSK, L)JiK, SL)JiI, I).

We have already seen that (ii) holds in each of these case, so the

definitions are legitimate. Hence JiA, B) is in 0*1.

Hence by the lemma, every primitive recursive function belongs

to 01 provided there is a pairing function / such that Jil, 0) and

JiK, SL) are in (R. One such J is given by J(x, y) =2»(2x + l) -1. For

this /, Jix, $)=2x and Jix, Sy) =2J(x, y)+l. Hence Jil, 0) is the

double function D and JiK, SL) is SD. Of course D belongs to (R

since it is defined by the general recursion: D0 = 0 and DS = SSD.

Therefore every primitive recursive function belongs to 01.
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Finally, if F is recursive and J is the function given above (or any

recursive pairing function) then {y: y = J(x, Fx)} is a recursive set

and hence the range of some primitive recursive function G. So F is

defined by the equation FKG — LG, where KG assumes all values.

We have already seen that F is obtained by the general recursion

FKGS = LGS and FKGO = LGOF. Hence every recursive function of

one variable is in 03.

A /unctional equation is an equation of the form

Ai • • ■ Ak = Bi ■ • ■ Bi.

We say that the equation a=fi is derivable from a system 2 of func-

tional equations if there is a chain of equations ai= ■ ■ ■ = an (n=l)

such that ai=a, an=fi, and for each t, at+i is obtained from at by

replacing a part y of at by 5 where 7 = 5 or 5=7 belongs to 2.

A system 2(5, F, Ui, ■ ■ ■ ) of functional equations defines a par-

ticular function if 2 has a unique solution in which 5 is the successor

function, and in this solution Pis the required function. Even though

2 defines F, it may not provide any way to compute the values of F.

Indeed, every hyperarithmetical function can be defined by some

system of functional equations [2]. Hence in general there is no way

at all to compute a function defined by a system of functional equa-

tions.

Example. The equations

(2) DO = 0,        DS = SSD

define both the zero function 0 and the double function D. The sec-

ond equation gives Dx = 2x+D0. Hence the only possible fixed point

for D is at x = 0. Therefore the first equation implies 03(0) = {OJ.

Hence 0 is identically 0 and Dx = 2x. Furthermore, it is easily seen

that every equation of the form DSk0 = S2k0 can be derived from (2).

(Here Sk is an abbreviation for 5 • • • 5 with kS's.) However, the

equation 00 = 0 cannot be derived from (2), since any equation

derived from (2) will have the same number of 0's on each side.

On the other hand, all equations of the form 0Sk0 = 0 can be de-

rived from

(3) 00 = 0,       OS = 0.

But (3) does not define the function 0. Indeed, any constant function

can be substituted for 0 in (3) and it will still be satisfied. However,

the system consisting of (2) and (3) does define 0 and D, and from it,

every equation of the forms 0Sk0 = 0, DSkO = S2kO can be derived.
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Corollary 1. A function of one variable is recursive if and only if

there is a system 2(5, 0, F, U\, • • • ) of functional equations such that

ii) 2 has a unique solution in which S is the successor function and

0 is the zero function. In this solution, F is the given function.

(ii) For all natural numbers n and m, the equation FSn0 = Sm0 is

derivable from 2 */ and only if Fn = m.

Remarks. The "only if" part of (ii) follows from (i) since F satis-

fies 2 with 5 and O the successor and zero functions, it must also

satisfy any equation derived from 2. If (ii) holds, we say the values

of F can be derived from 2. The theorem corresponding to Corollary 1

for functions of any number of variables was proved by Kreisel and

Tait [l].

Proof. Start with the equations 00 = 0, 0S = 0.

To obtain 2 for a recursive function F, adjoin a sequence of equa-

tions corresponding to successive definitions of new functions by

compositions and general recursions from 0, S, and functions already

defined, ending with a definition of F. This is possible by the theorem.

Clearly, 2 satisfies (i) since each function introduced is uniquely

determined by its defining equations from earlier functions.

We will show now by induction that the values of F can be derived

from 2. Suppose G is 0 or 5. The values of 0 are derivable from the

first two equations. The values of the successor function are given by

identities SiSk0) =Sk+10.

Suppose G = AB is in 2 and the values of A and B can be derived

from 2. Then we can derive the values of G since

GSn0 = ABSn0 = ASBn0 = SABn0 = SGn0.

Here Bn, ABn, and Gn are natural numbers indicating the number

of 5's in the expression.

Suppose GA = M and GB = NG are in 2, every number n is BkAt for

some k and t, and the values of A, B, M, and N are derivable from 2.

Then the values of G are derivable, since

GSn0 = GBkAS'0 = NhGAS<0 = NkMS'0 = NkSMt0

= sNkMto = SGn0.

Conversely, if 2 satisfies (ii), then F is computable. We simply

systematically derive all possible equations from 2. For each n, we

will eventually derive an equation of the form FS"0 = Sm0 and con-

clude that Fn — m. Hence by Church's Thesis, F is recursive. A

mathematical proof that F is recursive can be given in the standard

way.
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Corollary 2 (Post, Turing 1948). The word problem /or semi-

groups (associative systems) is recursively unsolvable.

Proof. Let F be a recursive function whose range is not recursive

and let 2 satisfy Corollary 1 for this F. Let 2' be obtained from 2

by adjoining the single equation GF = 0.

Then GS"0 will be derivable from 2' if and only if n is in 03 (F).

The function Go given by

G0n = 0   if n E 03(P),

= 1    otherwise

satisfies 2' and hence GSnO = 0 cannot be derived from 2' if nE G3(P)-

Since 03 (F) is not recursive, there is no general method of telling

whether or not an arbitrary equation of the form a = 0 is derivable

from 2'.
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