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The class of locally compact groups G with center Z such that G/Z

is compact was investigated by Grosser and M oskowitz [S], [6]. They

show that these groups have equal left and right uniformities, that

they are maximally almost periodic, and that they are of the form

VXH where 7 is a vector group, and H has a compact open normal

subgroup. It is well known that a group is maximally almost periodic

if and only if it has a compactification in the sense that there is a

continuous isomorphism of the group into a compact group [2]. For

locally compact connected groups G, the following are equivalent; (1)

G/Z is compact, (2) G has a compactification and (3) G has equal

uniformities [l4j. In this paper we are primarily interested in finding

other classes of groups for which the three properties mentioned above

are related. For example, in Theorem 6, we show that (1), (2) and (3)

are equivalent for a certain class of compactly generated groups.

The following lemma is a natural topological version of a group

theoretic construction. For a group G, Z = Z(G) is the center of G.

Lemma. Let Gi, G2 be topological groups such that there is a group H,

and isomorphisms <bi, 4>2 on H such that

(1) Ht=<t>t(H)QZ(Gi) (»-1, 2),
(2) cb2fl>1~1:Hi—>H2 is continuous, and

(3) Hi is closed in G\.

Then AH={(<hi(h), <h2(h~1)): hÇ=.H] is a closed normal subgroup of

GiXG2, and the natural homomorphism of G¡ (t = l, 2) into (GiXG2)/AH

is a continuous isomorphism.

Proof. The algebraic aspects of this can be found in [13, p. 184].

The topological considerations are straightforward.

In Theorem 1 we do not assume local compactness. Thus we have

generalized Theorem 3.1 in [6j.

Theorem 1. If Gis a topological group such that Z has a compactifica-

tion and G/Z is compact, then G has a compactification.
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Proof. Let <b be a continuous isomorphism of Z into the compact

group Z. We may assume that <b(Z) is dense in Z, and so Z is abelian.

Thus by our lemma, there is a continuous isomorphism of G into

(GXZ)/AZ. We need only show that this last group is compact. There

are continuous isomorphisms of Z onto (ZXZ)/AZ and G/Z onto

(GXZ)/(ZXZ). Thus (ZXZ)/AZ and (GXZ)/(ZXZ) are compact,
and it follows that (GXZ)/AZ is compact, since (GXZ)/(ZX~Z)

^[(GXZ)/AZ]/[(ZXZ)/AZ].

Corollary. If G is locally compact and G/Z is compact, then G has

a compactification.

Proof. Let Z be the Bohr compactification of Z.

We state the following theorem for completeness. It is Theorem 2.3

of [5].

Theorem 2. If G is a locally compact group such that G/Z is com-

pact, then G=VXH, where V is a vector group and H has a compact

open normal subgroup.

Let G' denote the closure of the commutator subgroup of G. It is a

corollary to Theorem 2 that if G/Z is compact, then G' is compact

[5]. The following structure theorem is thus clearly related to

Theorem 2.

Theorem 3. If G is locally compact, G' compact, and G has a closed

abelian subgroup Gi such that G/GiG' is compact, then G is the semi-

direct product of H by V, where H has no nontrivial vector subgroup and

V is a vector group.

Proof. Let Gi^FXiîi where F is a vector group and Hx has a

compact open subgroup. Since V has no nontrivial compact sub-

groups, VC\G' = \e\. Thus G/HiG' is an abelian group with a vector

subgroup GiG'/HiG'^V such that the factor group (G/HiG')/V

=G/GiG' is compact. Thus by Lemma 3.8 of [9], we have G/HiG'

~VXK where K is a compact group. Let H be the inverse image of

K in G. Then it is clear that H is a normal subgroup of G such that

HV = G and HC\V= {e\. Finally, H has no nontrivial vector sub-

group, since H/HiG'^iK is compact, and 2fiG' has a compact open

subgroup. The proof is complete.

For a locally compact group G, let A(G) denote the group of all

homeomorphic automorphisms of G. This group has a topological

group topology such that the natural homomorphism of G into 1(G),

the subgroup of inner automorphisms, is continuous [8, p. 428]. This

topology is the smallest admissible topology such that A (G) is a topo-
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logical group [l]. If G has equal uniformities, then 1(G) is equicon-

tinuous, and the topology of A(G) restricted to 1(G) is just the com-

pact open topology [3]. When G/Z is compact, then 1(G) is compact,

and hence closed in A(G). Thus it is natural in what follows to con-

sider the class of groups for which 1(G) is a closed subgroup. By in-

variant neighborhood, we mean invariant under the inner auto-

morphisms of G.

Theorem 4. If a group G is generated by a compact invariant neigh-

borhood of e, 1(G) is closed, and G has equal uniformities, then G/Z is

compact.

Proof. Let U be a compact invariant neighborhood of e such that

G = IC=1 U\ If ï£î/", then I(G)[x] = \gxg~1: gEG] QUn, and U"
is compact. By an Ascoli theorem, 1(G) is compact. Since G/Z is

(r-compact, it follows that the isomorphism from G/Z onto 1(G) is a

homeomorphism, and so G/Z is compact.

We shall say that a group is compactly generated if it is generated

by a compact neighborhood of e. Of course this implies that the group

is locally compact.

Corollary. If G is compactly generated and has equal uniformities,

then the following are equivalent:

(1) G' is compact and 1(G) is closed.

(2) G/Z is compact.

Proof. If G' is compact and U is a compact neighborhood of e

generating G, then G'U is a compact invariant neighborhood which

obviously generates G.

B. H. Neumann proved that if G is a finitely generated group, then

G' is finite if and only if G/Z is finite [12]. This theorem follows from

our corollary by noting that for a finitely generated discrete group,

A(G) is discrete [8, p. 434], and so 7(G) is closed.

We have noted that if G is locally compact and G' compact, then

there is a compact invariant neighborhood of e. The converse is true

if G is connected [lO]. If G is not connected, we have the following

theorem.

Theorem 5. If G is generated by a compact invariant neighborhood of

e, and 1(H) is closed for each quotient group H of G, then G' is compact.

Proof. By Theorem 1 in [lO], G has a compact normal subgroup

N such that G/N has equal uniformities. Thus if Z is the center of

G/N, then (G/N)/Z is compact by Theorem 4. Thus (G/N)' is com-

pact. Let K be the inverse image of (G/N)' in G. Then K is a compact
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normal subgroup of G such that G/K is abelian. Thus G'(ZK, and so

G' is compact.

Finally, we combine several of our previous theorems to state the

following theorem.

Theorem 6. If G is compactly generated, 1(G) is closed and G' is

compact, then the following are equivalent:

(1) G has a compactification.

(2) G has equal uniformities.

(3) G/Z is compact.

Proof. Theorem 1 tells us that (3) implies (1). It is well known that

(1) implies (2) [7, p. 49]. Finally, (2) implies (3) by Theorem 4.

We conclude this paper with some questions and remarks. There

is a locally compact group which has a compactification, but which

fails to have equal uniformities [ll], and conversely there is a locally

compact group with equal uniformities which fails to have a com-

pactification [8, p. 351]. As a matter of fact, there is a finitely gen-

erated discrete group which fails to have a compactification [4,

p. 156].3
What conditions on a topological group G imply that 1(G) is closed

in A (G) ? Several of the theorems in this paper suggest that the an-

swers to this question would be useful.
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