
A GENERATOR FOR A SEMIGROUP OF
NONLINEAR TRANSFORMATIONS

DOROTHY RUTLEDGE1

Let 5 be a finite-dimensional Hilbert space and T a function from

[0, oo ) to the set of continuous transformations from S to S satisfying

Condition (1) F(0) =7, and T(x)T(y) = T(x+y) if x, y^O,

Condition (2) if p is in 5 and gv(x) = T(x)p for all x=ïO, then gp is

continuous,

Condition (3) for each x = 0, T(x) is nonexpansive (|| T(x)p — F(x)gj|

= \\P~oil f°r all P and Ç in S),
Condition (4) S contains a rest point r (i.e., T(x)r = r for all x^O).

For each 8>0, let As = (l/5) [F(5)-7]. For each p in S for which

limj^o Asp exists, let Ap = lim¡-,o A ¡p.

It is well known that even for S infinite-dimensional, if the semi-

group {F(x)|x^0} is linear (i.e., each F(x) is linear), then the func-

tion A, called the infinitesimal generator of the semigroup, is defined

on a dense subset of 5, and for each p in S, and each x = 0,

lim,,..«, [l—(x/n)A]"np = T(x)p. (See, for example, [l].)

In [2] and [3], J. W. Neuberger considered semigroups similar to

the ones considered in this paper, with the following condition as-

sumed:

Condition (5) there is a dense subset D of 5 such that if p is in D,

then the derivative gp' is continuous with domain [O, <x>). In [3] he

gave the following result, which will be used in a proof in this paper.

Theorem 1. Suppose Sis a normed linear complete space and Condi-

tions (1), (2), (3), and (5) are satisfied. If p is in S and x>0 and t>0,

there is a positive number ô such that if 0<y^x andO=to<h< ■ ■ ■

<tn+i=y and I ti+i — ti\ <5for i = Q, 1, 2, • • • , «, then

n

lim sup       II [I - (ti+i - h)As?Tlp - T(y)p    < e.

The purpose of this paper is to define a set {7^1x^0} of functions

in terms of the functions A ¡ in such a way that the functions Ix

generate the semigroup. The main results follow.
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Theorem 2. If \bi\Z.i is a sequence of positive numbers converging

to 0, then there is a subsequence {e.}f" i of {S.-j^i such that if x2:0 and

p is in S, then {(I—xAe.)~1p}¡°. 1 converges to a point tn S. For such a

sequence { e,}<" i, if x^O, let Ix be the function from S into S defined by

Ixp = lim (7 - xAJ-ip
n—*«

for each p in S. Then each of the following is true.

(i) ||ixp — Ixq\\ ú\\p—q\\ for all x^O and all p and q in S.

(ii) If x>0, then lim,,.,! Iup = Ixp.

(iii) // Condition (5) is satisfied, then lim»,» (Iy/n)np = T(y)p for all

y > 0 and all p in S.

This theorem may be compared to a result found recently by

Shinnosuke Ôharu [4], who considered 5 to be a Banach space and

assumed conditions which implied Conditions (1), (2), (3), and (5).

For a nonlinear semigroup with these properties he found the follow-

ing.

Theorem 3. Let {r(x)|x^0} be a semigroup as described above,

and let A be the infinitesimal generator such that for some xo > 0, the

range of I—XoA is dense in S. Then for every x>0, there exist the func-

tion (I — xA)~~l and its unique extension L(x) onto S, which is nonex-

pansive, and T(x) is represented by

lim L(x/n)np = T(x)p
n—»•

for each x ^ 0 and each p in S.

If a semigroup satisfies the assumptions for both Theorem 3 and

(iii) of Theorem 2, then Ix = L(x) for x=ï0. However, Theorem 2 does

not assume that for some x>0, the range of I—xA is dense in S, and

also Theorem 2 does not state that the collection {Ix \ x à 0} is unique.

The proof of Theorem 2 will be developed by a sequence of lemmas,

for which 5 is finite-dimensional and Conditions (l)-(4) are assumed.

Lemma 1. If p is in S and x>0 and \ S,},", is a sequence of positive

numbers, then there is a subsequence {e¿}(™i of \b\^i such that

{(I—xA,i)~1p}".i converges to a point in S.

Proof. In [2], Neuberger has a short proof that for x>0 and 5>0,

(I—xA¡)~1 exists, has domain S, and is nonexpansive.

Now there is a rest point r in S, and thus for 5>0, (I—xA¿)~lr-=r.

Thus
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\\r-(I-xA,)-lp\\ = \\(I-xAt)-ir-(I-xAs)-ip\\ á||r-p||.

Then the set {(7—xA¡i)~,p\i = l, 2, • • • } is bounded, and since 5

is finite-dimensional, the lemma follows.

Lemma 2. If x>0 and {8<}<-i î5 a sequence of positive numbers con-

verging to 0, then there is a subsequence { e<}«-i °f {8¿}<-i such that for

all p in S, {(I—xAti)~lp}¡°.1 converges.

Proof. Let K = {pi, p2, • • • } be a dense subset of 5. By Lemma 1,

there is a subsequence {oiij^jof {Si}^ such that {(7—xASu)~1pi}^ 1

converges. Continuing, for each «>1, a subsequence {5„t}<11 of

{ôcn-iji}^ 1 can be obtained such that {(7—xAtni)~1pn}^'=l converges.

Consider the subsequence {8«}c1i of {3<}<"i. It is easily seen that

for each pn in K, {(I—xAii^~lpn\i=1 converges to the sequential limit

of {(I-xAtJ-'P»}?-!-
For each positive integer i, let e< = 8«. Then for all q in K,

{(I—xAti)~1q}¡°.l converges. Suppose p is in 5. If €>0, there is some

q in K such that \\p — q\\ <e/3. There is some positive integer N such

that if n>N and m>N, then \\(I-xAin)-lq-(I-xAtJ-lq\\<e/3.

Since  ||p-s||<e/3,  it  follows  that   ||(7-x^eJ-1p-(7-x^eJ-1ç||

<e/3 and \\(I-xAtm)-lp-(I-xAtm)-lq\\<e/3. It follows that

\\(I-xAtn)-lp-(I-xAtm)-lp\\<t, and thus {(I-xA.^p}^ is a

Cauchy sequence and hence converges to a point in 5. The lemma is

proved.

Lemma 3. Suppose Q is a countable subset of (0, 00) and {S¿}(" x is a

sequence of positive numbers converging to 0. Then there is a subsequence

{«¡}<™i of {5,},"! such that for each x in Q and each p in S,

{(I — xAti)-lp\t_l converges to a point in S.

Proof. Let Q= \xi, x2, • • • } be a subset of (0, =0). By Lemma 2,

there is a subsequence {5n}<11of {¿,}i"1such tha.t{(I — xiAsu)~lp}¡°.1

converges for all p in S. Then there is a subsequence {52, f/li of

{Sii}i"i such that {(7—x2Asu)~1p\!°.1 converges for all p in 5. By

continuing this process, which is similar to that used in the proof of

Lemma 2, one can show that the subsequence {5«}f1, of {«5<}(1, has

the property that for every x in Q and every pin 5, {(I—xAiii)~1p\^,1

converges.

Lemma 4. Suppose p is in S. If 5>0, let Fs be the function from

[O, 00) into S defined by F¡(x) = (I—xA¡)~lp. Then Ft is continuous.

Proof. Let x = 0. Let AT be a positive number greater than

WA^I-xAs)-^]. Let €>0. Let y^O such that \y—x\ <e/M. Then
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||Pi(y) - F,(*)|| - ||(/ - yA,)-*p -(I- xAs)-'p\\

= ||(7 - yAs)-lp -(I- yAs)-\I - yAs)(I - xAs)-^p\\

ú\\p - (I - yA,)(I - xA^pW

= ||(7 - xA,)(I - xAs)~ip -(I- yAt)(I - xA^pW

= \y-x\§A,(I-xAt)-ip\\ <e.

Lemma 5. If p is in S and c>0, then the set

[\\A,(I - xAt)-lp\\ J * ë c, 6> 0}

is bounded above.

Proof. From the proof of Lemma 1, it is easily seen that the set

{||(7-x^ä)-1p|||x^0, 5>0} is bounded above. Let il7>0 be an

upper bound to this set. If x\\c and S>0, then

\\At(I - xA¿rxp\\

= (\/x)\\ - xAs(I - xAs)-lp\\

= (l/x)||(7 - xAs) (I - xAs)-ip -(I- xA,)-ip\\

- (l/x)\\p -(I- xAirxp\\ á (Uc)M\ +\W- *At)-ip\\]

£ (l/c)[\\p\\ + M).

Lemma 6. Suppose p is in S and for each x^O, Fg(x) — (I—xAs^p.

Then the set {F¡\ ô>0} is equicontinuous on (0, <»).

Proof. Let x>0. By Lemma 5, there is an upper bound M>0 to

the set {||yls(7 —x^4ä)_,p|| | 5>0}. Let e>0. If y is a positive number

such that |x— y\ <e/M, then by the same argument as that used in

the proof of Lemma 4, ||Fä(x) — Fä(y)|| <e for all §>0.

Lemma 7. If (5¡|"=1ijfl sequence of positive numbers converging to 0,

there is a subsequence {«<}<1i of {dij'-i such that for each x=^0 and

each p in S, {(I—xAu)~1p}^,1 converges to a point in S.

Proof. Let Q be a countable dense subset of (0, «>). By Lemma 3,

there is a subsequence {e,}(11 of {5,}^! such that for all x in Q and

all p in S, {(I — xAu)~1p}£.1 converges. It will be shown that for all

X è 0 and all p in S, this sequence converges.

For each g in 5 and each positive integer i, let

Fq,i(x) = (7 - xAJ-^q

for all x^O. Let p be in 5. From Lemma 6, the set {Fp¡i\i = í, 2, ■ • •}

is equicontinuous on (0, «j). Also, for each z in the dense subset Q
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of (0, 00), the sequence {F„,<(z) }<" ! converges. Thus it follows that

for every x in (0, «>), the sequence {Fp¡i(x) }^t is a Cauchy sequence

and hence converges to some point in 5. That is, for every x>0,

{(7—xA,^~lp\Hi converges. Since for x = 0 the sequence clearly con-

verges, the lemma is true, and the first statement in Theorem 2 is

proved.

Consider the sequence {«}<*i given in the proof of Lemma 7 and

consider the functions FSti defined in the proof. For each x^O and

each p in S, let 7xp be the sequential limit of {(7—Xi4<j)-1p}i"l1. For

each p in S, let Gp be the function from [O, <») into 5 defined by

Gp(x)=Ixp, so that for each xS:0, Gp(x) is the sequential limit of

{Fp,i(x) },*!. These functions will be used in Lemmas 8 and 9 below.

Lemma 8. For each x^O, Ix is nonexpansive.

Proof. Let x==0, and let each of p and q be in S. If t>0 there is a

positive integer « such that ||(7 — x^4eJ_1p — Ixp\\ < e/2 and

\\(I-xA(r)-1q — Ixq\\<6/2. From this it follows that

\\lxp - Ixq\\ < ||(7 - xAJ-ip - (7 - xAJ-iq\\ + e.

Since (I—xA,n)-1 is nonexpansive, it follows that ||/xp —7i?|| <||p—?||

+ e. Thus Ix is nonexpansive, and (i) of Theorem 2 is proved.

Lemma 9. For each p in S, Gp is continuous on (0, » ).

Proof. Suppose p is in 5. Since for each x>0, Gp(x) is the sequen-

tial limit of {Fp,í(x) {¡"L1, and since the set {F„,<|i = l, 2, ■ • • } is

equicontinuous on (0, 00), it follows that Gp is continuous on (0, 00).

Since for each p in 5 and each x = 0, Ixp = Gp(x), it follows from

Lemma 9 that for x>0 and p in S, \imv^xIyp = Ixp, and so (ii) of

Theorem 2 is proved.

All of the above lemmas would still be true if, instead of assuming

that S contains a rest point, it is assumed that for each point p in 5,

{||(7—x^4j)_1p||| 5>0, x^0} is bounded above. Requiring this

boundedness is a weaker condition than requiring a rest point, since

if 5 contains a rest point, the above set is bounded above. However,

to assume 5 contains a rest point does not appear to be a very strong

condition, since if there is at least one point p in S such that gp is

not one-to-one, then 5 contains a rest point. For if gP(u) =gp(v) where

0 = w<n, then setting q=gp(u) it follows that

gt(v — u) = T(v - u)q = T(v - u)gp(u)

= T(v - u)T(u)p = T(v)p = gp(v) - q.
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Then, since gq(v — u) =qandv—u>0, gq is said to be periodic of period

v—u, and the following result [5] of the author can be used to show

that (l/(v—u))f'0~ugq is a rest point.

Theorem 4. Assume S is a Hilbert space and Conditions (1), (2), and

(3) are satisfied. If for some point p in S, gp is periodic of period €>0,

then (l/e)/ógp is a rest point.

For Lemma 10, Condition (5) will also be assumed. For Lemma 10,

let E denote a sequence {«,•}<" i of positive numbers converging to 0

such that for every x^O and every p in 5, {(I— xA,i)~1p}]°.1 con-

verges, and let Ixp be the sequential limit. Then, by Lemma 8, for

each x^O, Ix is nonexpansive.

Lemma 10. Suppose y>0 and p is in S. If e>0, there is a 5>0 such

that if 0=to<h<t2< • ■ • <tn+i=y and \ti+i — ti\ <dfori = 0,l, • • -,
re, then

II In» -up - T(y)p < 6.

Proof. Let e>0. Using Theorem 1, let 5 be a positive number such

thatifQ = to<h< • • • <i„+i = yand |/,+i —/,| <ofort' = 0,1,2, • • • ,n,
then

lim sup" II [7 - (li+i - li)ASi]-ip - T(y)p <e/2.

TakeO = £o<ii< • • • </„+i=y where | ti+i — ti\ <ofort = 0,l, ••-,».

There is a positive number k such that if each of 5o, Si, • • • , ô„ is less

than k, then

II [7 - (ti+i - ti)ASi]~ip - T(y)p <e/2.

Now Itn+i-tnp = limm*.„ [I— (tn+i — t„)Atm]-lp, and so 8„ can be chosen

to be a number in the sequence E which is less than k and such that

|| [7 - (tn+i - tn)ASn]-ip - Iln+l-tj\\ < e/2(« + 1).

Since 7(n_¡„_1 is nonexpansive, it follows that

(1)    \\rln-tn-Al - (t»+x - tn)Ain]->p - Itn-t,-Jtn+l-tBp\\ < </2(re + 1).

Now

It*-tn-l[l - On+1- QAtJrlp

=    lim   [7 - (tn - tn-ÙAjf^I - (tn+l - tn)ASn]-lp
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and so 5„_i can be chosen to be a number in sequence E which is less

than k and such that

(2)
\[I  -   (/„   -  <*-lM»,-,M/ -   (/»+1   - L)AKY1P

(3)

- I^-t^ll - (Wi - QA^p\\ < e/2(n + 1).

From (1) and (2) it follows that

Wlu-t^I^-tJ  -[I-  (tn  - In-dA^Ml -  (tn+1  ~ ln)AS,]^p\\

< 2e/2(n + 1).

Since 7in_1_(„_, is nonexpansive, it follows that

^tn-i-t„-Jtn-tn-Jtn+l-t„p

- 7<n_1_1„_2[7 -  (in - i„_1)^lSn_1]-1[7 - (tn+l - tn)Ain]-ip\\

< 2t/2(n + 1).

Now

7,„_I_i„_2[/  -   (tn  -   In-dA^J-^I -   (4+1 -  QAd-lp

= lim [7 - (¿„_i - í^jM J-1[7 - On - tn-OA^J-1

•[7-(<n+1-/„).4s„]-^.

Let 8n_2 be a number in sequence E which is less than k and such that

[7-(¿B_i-/B_2)4i„_2]-1[7-(/n-4_1)^í„_1]-1[7-(/n+i-4)^s„]-1/.

-Itn-i-u-ÀI-^-tn-i)AKJ-l[l-(tn+1-tn)AK]^p\\

<e/2(»+l).

From (3) and (4) it follows that

\\ltn-l~tn-Jtn-*n-Jtn»-tJ ~  [l ~  (4-1 ~ ¿n-2) ̂ „-J"1

■[I -  (tn - k-ÙA^Ml -  (ín+1 - tn)A¡n]-lp\\

< 3e/2(re + 1).

Continuing this process of choosing S„, S„_i, • • • , So, it can be seen

that

(4)

(5) II It,+l-uP - IT U - (ti+i - li)ASi]->p< (re + l)e/2(» + 1).

But each of 50) Si, • • • , 5„ is less than k and thus

(6) II [7 - (U+1 - U)ASi]-*p - T(y)p <i/2.
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From (5) and (6) it follows that

Ë/.m-«.# - T(y)p <«,

T(y)p, and thus

and the lemma is proved.

It follows from Lemma 10 that lim,,-.^ (7j,/„)"p :

(iii) of Theorem 2 is proved.
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