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In connection with his recent joint work with A. H. Stone on quo-

tients of the space of irrationals (cf. [6]), E. Michael asked whether

every complete separable metric space is a continuous image of the

irrationals under a closed mapping. The present note contains the

positive answer to this question. In fact, we actually prove a more

general result which does not assume separability. The proof is based

on a refinement of a known lemma (see [5, p. 281 ], and [2] or [4]

for the nonseparable case) that every nonempty closed subset of a

metric space X of covering dimension 0 is a retract of X. The refine-

ment, which seems to be new even in the separable case, asserts the

existence of a closed retraction. Our construction of such a retraction

coincides with one given in [9, Theorem 3', p. 8] by A. H. Stone, who

did not, however, observe that it is closed. We include the details for

the sake of completeness. I am grateful to E. Michael for some valu-

able remarks.

Lemma. For every nonempty closed subset F of a metrizable space X

satisfying dim(X — F)=0, there exists a closed continuous function

f: X—*F such that f\ F: F—>F is the identity on F.

Proof. The function / is defined by a modification of the well-

known retraction of X to F (see [5, p. 281]).

Let p be a metric in the space X and let Ui, Z72, • • ■ be a sequence

of open-and-closed subsets of X such that

FQUiQ {x: p(x,F) < 1/i]

(see [l, Theorems 6.2.3 and 6.2.4]). We can suppose, without loss

of generality, that the sequence f7i, Z72, • • • is decreasing. Let

Wi = X-U* and Wi=Ui-Ui+i lor i = 2, 3, ■ • • . We have X-F
= 1^™ ! Wi. For every i the set Wi can be expressed as the union of a

family JF<= { F, },es¡ of disjoint open-and-closed sets whose diameters

are smaller than 1/i (see [l, Theorem 7.2.3]); we can suppose that

S,-P\S¿ = 0 for i^j. Let 5 = U,"i Si', it is easy to see that the sets

{F, }ses are open-and-closed, disjoint and satisfy

(1) If SnG^and lim ¿n= °°, then lim 5(FaJ = 0 = limp(F, F,J,

(2) Z-F=U,e5 F..
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For every integer i, let £,■ be a subset of F maximal with respect to

the property "p(x, y)¡£l/i for any x, yEP" Such a subset exists,

because the property is of finite character (see [l, p. 21]). Moreover,

we have

(3) Pi has no accumulation points,

(4) for every x££ there exists a pEPi such that p(x, p) <l/i.

From (4) it follows that, for every i and sESi, there exists a point

psEPi satisfying

(5) p(p„ F.)<p(F, F.)+2/i.
By (2), the formula

f(x) = x     for x E F,

= p,   for x E F,

defines a function /: X—»£. The family {£, }ses being composed of

open-and-closed and disjoint sets, the function / is continuous on

Us6s F, = X — F. To prove that/ is continuous, it is sufficient to show

that

(6) lixEF, x = limx„, and x„EX — F, then x=/(x) =lim/(x„).

Let xnEFsn, where snESin. As x=lim xn££ we have limp(x„, £)

= 0 and it follows that lim in= °°. Hence (6) is a consequence of the

following

(7) If XnE FSn, snESin, and lim in = *>, then lim p(x„,/(*„)) = 0.

To prove (7) let us note that by (5) and the equality f(xn) =ps„ we

have

p(xn,f(Xn))   = p(xn, p,n)   ^   8(F,n)   + p(pSn, F,n)

=  Ô(FJ  + p(F, FJ   +  2/in,

which by (1) implies (7).

Now we shall prove that / is a closed mapping. Let A he a closed

subset of X and let

xEfW-

As

f(A) =f(A r\ F) \Jf(A - F) = AC\ F W f(A - F),

we can assume that either

xE Ai\F

or there exists a sequence xx, x2, • • • of points of A — F such that

x = lim/(x„). The set AC\F is closed, so in the first case we have

xEA(~\F=f(Ar\F)Ef(A). In the second case, let xnEF,n, where
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snQSin. We have then x = lim pSn, and (3) implies that lim in= oo or

else x=/(x„) for some n. If x=/(x„), then of course xQf(A). If lim in

= «j, then by (7) we have x = lim xn. But A is closed, so xQA, and

as xGF we have f(x) =x and in this case also xQf(A). This shows

that/04) is closed, and that proves the lemma.

Let us note that, as shown by the example of the real line in the

plane, not every retract of an arbitrary metric space X is the image

of X under a closed retraction.

For every m^Ko, let B(m) denote the Baire space of weight m, i.e.

the Cartesian product of N0 copies of the discrete space of cardinality

m. It is well known (see for example [l, Theorem 7.3.9]) that every

metrizable space X satisfying the conditions dim X ^ 0 and w(X) g m,

where w(X) denotes the weight of X, is embeddable in the space

B(m). Looking at the proof of this result one sees that, if X is more-

over complete, then its homeomorphic image in B(m) is closed. Now

if 5 is a subspace of a metrizable space X, then dim S^ dim X (cf.

[l, Theorem 7.3.3]), and clearly w(S)^w(X). It follows that every

Gj-set in B(m), which must be complete in some metric, is homeo-

morphic to a closed subset of the space B(m).

Theorem. For every nonempty complete metric space X satisfytng

w(X) ^ m, there exists a continuous closed function of the Baire space

B (m) of weight m onto X.

Proof. By a result of Morita (see [7] or [8]), there exists a perfect

mapping g (i.e. a closed mapping such that g_1(x) is compact for any

xQX) defined on a subspace S of B (m) onto X. Since an inverse

image of an absolute G¡ under a perfect mapping is an absolute G¡

(see [3]), it follows that 5 is a Gj-set in B(m). But by the above re-

mark, 5 is homeomorphic to a closed subset S' of B(m), so we can

assume that g is defined on a closed subset S' of B(m). Composing

the retraction of B(m) onto S' satisfying our lemma with g, we get a

closed function of B(m) onto X.

As B (Ko) is homeomorphic to the space of irrationals, we obtain

Corollary. For every nonempty complete separable metric space X,

there exists a continuous closed function of the space of irrationals onto X.
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