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1. Introduction. This paper is concerned with the existence and

uniqueness of solutions of initial value problems for systems of ordi-

nary differential equations under various monotonicity conditions.

Let

(1.1) y' =f(x, y),       y(x0) = y0.

Here x is a real scalar, y, y0 and/ are real w-vectors, and/ is defined in

a region B determined by the inequalities

(1.2) xo ^ x ^ xo + a,        \\y - y0\\ ^ b        (a > 0, b > 0),

where ||y|| is any norm.

For two vectors y = (yk) and z= (zk) define y^z (y<z) if, and only

if, yk^zk (yk<zk), k = l, ■ ■ ■ , n. We say f(x, y) = (fk(x, y)) is non-

decreasing in x iif(x, y) ^/(x\ y) whenever (x, y) and (x', y) are in B

and x<x', and/(x, y) is nondecreasing in y iif(x, y) ^/(x, z) whenever

(x, y) and (x, z) are in B and y^z, while/(x, y) is quasi-nondecreasing

in y if for each k = l, ■ ■ • n, fk(x, y)^fk(x, z) whenever y^z and

yk=zk. Finally, we say y(x) is a strictly increasing function of x ii

y(x)<y(x') whenever x<x'.

In §2 the existence to the right of x = Xo of a solution in the extended

sense of (1.1) is proved under the assumptions/(x, y) ^0 and/(x, y)

is nondecreasing in both x and y. Then it is shown that (1.1) has at

most one solution to the right of x=Xo under the assumptions that

f(x, y) is nondecreasing in x and quasi-nondecreasing in y and satisfies

an additional condition which prevents any component of a solution

from remaining constant. §3 is devoted to examples illustrating the

necessity of some of the hypotheses in the existence and uniqueness

theorems.

The uniqueness theorem of §2 generalizes results obtained earlier

by the author [3],  [4].

2. Existence and uniqueness theorems. Let B be the (n+1)-

dimensional region given by (1.2) and let B' be the subregion of B

where y^yo- By a solution of (1.1) will be meant a solution in the

extended sense [l, p. 42].
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Theorem 2.1. Suppose the function f(x, y) in (1.1) is defined in the

region B given by (1.2). // in addition f(x, y) =0 in B' and f(x, y) is

nondecreasing in both x and y in B', then there exists a solution of the

initial value problem (1.1) to the right of x = x0.

Proof. We show that the method of successive approximations

yields a solution to the right of x = x0.

By a translation if necessary, we may assume without loss of

generality that x0 = 0. Let M = max||/(x, y)\\ inS'and d = min(a,b/M).

Define g0(x) =y0, gs(x) =yo+flf(t, gs-x(t))dt, s = l,2,3, ■ ■ • . Clearly

go(x) is nondecreasing and (x, go(x)) lies in B' for Ogxgo. Assume for

m = \, 2, • • • , s — \ that for O^x^S, gm(x) is nondecreasing, gm(x)

^gm-x(x) and (x, gm(x)) lies in B'. Since f(x, y) is nondecreasing in x

and y in B', it follows that/(x, gs_i(x)) is nondecreasing, hence in-

tegrate, and f(x, gs-x(x))s^0 on [0, 5]. Therefore gs(x) exists and is

nondecreasing, andgs(x) ^gs_i(x) on [0, 5]. Also, ||g„(x)—y0|| ^SM^b,

so (x, gs(x)) lies in B' for 0=xg5.

Since go(x) ggi(x) g • • • and ||g8(x)|| ^||yo|| +b for each s, it follows

that G(x) =lim8^.00 gs(x) exists and is nondecreasing on [0, 5]. Also,

f(x, go(x))^f(x, gx(x))^ ■ ■ ■ rg/Oc, G(x)) and \\f(x, G(x))\\^M, so

it follows from the Lebesgue monotone convergence theorem that

G(x) = y0 + f *( Mm f(t, g.(t)))dt = y0 + f "/(/, G(t) - 0)dt.
J o     »-»« J 0

By/(/, G(t)— 0) we mean the limit of f(t, y) as y increases to G(t) in

i?', where it is understood that, with G(t) = (Gk(t)), for each

k = l, ■ ■ ■ , n if Gk(t) is greater than the &th component of yoi then

the fcth component of y increases strictly to Gk(t), while if Gk(t) equals

the £th component of y0, then the &th component of y is kept equal

to Gk(t).

It remains to show that G'(x)=f(x, G(x)) a.e. on [0, 5]. Since

f(t, G(t)—0) is nondecreasing, each Gk(x) is absolutely continuous and

therefore G'(x) =f(x, G(x)—0) a.e., so it suffices to show/(x, G(x) —0)

=f(x, G(x)) a.e. Suppose this is not the case. Let H(x) = (Hk(x))

=f(x, G(x)-0), F(x) = (Fk(x))=f(x, G(x)). Clearly H(x)^F(x), so,

since H(x) and ^(x) are continuous a.e., being monotone, there is an

Xo, 0<x0<o, such that H(x) and ^(x) are continuous at x = x0 and at

least one component of H(x) is strictly less than the corresponding

component of F(x) at x0, say Hk(x0) <Fk(x0). By continuity it follows

that Hk(x) < Fk(x0) immediately to the right of x0. For each k, Gk(x) is

strictly increasing unless Gk(t) equals identically the &th component
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of y0, 0</^x, sinceGk (x) =fk(x, G(x)—0)>0a.e. unless/*(/, G(t)—0)

= 0, 0<t^x, in which casefk(t, g,(t))=0, 5 = 0, 1, 2, • • • . But then

for x>Xo, x sufficiently close to x0, this leads to the contradiction

Hk(x)<Fk(xo)^Hk(x).

Note. If/(x, y) =0 and/(x, y) is nondecreasing in both x and y in

all of B, then the solution obtained above is the minimal solution to

the right of x = x0.

Theorem 2.2. Assume the function f in (1.1) is defined in B and

(a) f(x, y) is nondecreasing in x and quasi-nondecreasing in y in B'

and

(b) for any solution y(x) of (1.1), f(x, y(x))>0 for x>x0.

Then the initial value problem (1.1) has at most one solution to the right

of x = x0.

The author would like to thank A. A. Kayande and V. Lakshmi-

kantham for suggesting the present form of this theorem.

Proof. Assume (1.1) has two solutions y(x) = (yi(x), • • • , yn(x))

and z(x) = (zi(x), • • • , zn(x)) defined on the common interval

[xo, xo+c], 0<c^a. It follows from condition (b) that y(x) and z(x)

are strictly increasing functions of x on [x0, x0+c]. Let yo

= (alt • • • , o„) and

A = min(yi(x0 + c) — alt ■ ■ ■ , yn(x0 + c) — a„,

zx(x0 + c) — ax, ■ ■ ■ , z„(x0 + c) — an).

For each k = l, ■ ■ ■ , n there exist numbers dk and ek such that

yk(xo+dk) =Zk(xo+ek) = A+ak, 0<dk, ek^c. Let

d = min(dx, ■ ■ ■ , d„, elt • • • , e„).

Then for each fe = l, • • • , n, yk(x)^ak+N and zk(x)^ak+N on

[xo, xo+d].

Suppose without loss of generality that for some Xi, x0<Xx^x0+d,

a component of y(xi) is less than the corresponding component of

z(xi). On [xo, Xo+rf] let functions vk(x) be defined by

Zk(vk(x)) = yk(x),       k = 1, ■ ■ • , n.

Since each component of y(x) and z(x) is strictly increasing and abso-

lutely continuous, it follows that each vk(x) is strictly increasing and

absolutely continuous, vk(xo) =x0 and vk (x) exists almost everywhere

on [xo, Xo+rf]. Thus on this interval

(2.1) yk'(x) = zk (vk(x))vk (x)    a.e.,        k = 1, • ■ ■   n.
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Noting that vk(xx)<Xx if y*(xi) <z*(xi), it follows that there exists

x', x0<x'<Xx, and an integer j, l^j^n, such that Vj(x')<x', Vj(x')

^vk(x'), k = l, ■ ■ ■ , n, and vj(x'), yj (x') and zj (vj(x')) exist. Using

(2.1) and conditions (a) and (b),

0 < yj(x') =/,(»,(*'), tiM*)), ■ ■ ■ , s„fe(x'))K(*')

Sfj(x', zx(vx(x')), • • • , ZjMx')), ■ ■■ , zn(vH(x')))vj (x')

= yj(x')v!(x').

Hence vj(x')^l.

For each x, x0^x^x0+d, let v(x)=min(vx(x), ■ ■ ■ , vn(x)). It is

easily verified that v(x) is absolutely continuous; also, if v'(x) and

v£ (x) exist and v(x) =vk(x), then v'(x) =vt(x). Let

x* = glb(x: Xo g x g x' and for each /,    x g t g x', there

exists £,    1 ^ J| «, such that yt(0 < z&(0)-

Then x0gx*<x'. By the above argument, d'(x) = 1 a.e. on [x*, x'],

hence, since v(x) is absolutely continuous on this interval,

v(x*) g v(x') + (x* - x') = v,(x') - x' + X* < X*.

But this implies that for some k, v(x*) =vk(x*) and yk(x*) =zk(vk(x*))

<zk(x*), so x*>Xo and yk(x)<zk(x) immediately to the left of x*,

contrary to the definition of x*. This contradiction proves the theo-

rem.

Corollary 2.3. Assume the function f in (1.1) is defined in B and

that

(a) f(x, y) is nondecreasing in both x and y in B' andf(x, y) j^O in B

and

(b) f(x, yo)>0for Xo<x^x0+a.

Then the initial value problem (1.1) has a unique solution to the right

of x = x0.

Proof. Theorem 2.1 guarantees the existence of a solution to the

right of x =Xo. Condition (a) of this corollary clearly implies condition

(a) of Theorem 2.2.

Let y(x) be a solution of (1.1). Then

y(x) =y0+ f f(t, y(i))dt ̂  y0.

Hence/(x, y(x))^f(x, y0)>0 for x>x0, so condition (b) of Theorem

2.2 is satisfied.
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Corollary 2.4 (See [3]). Let

UM _ prXf u,u', • ■ • , w'"-1'),        u<-k)(x0) = Ck,

(2.2)
k = 0,1, • • ■ ,n — 1,    (u and F scalars).

Let R be the region defined by the inequalities x0^x^x0+a, \ s,— Cj\ ^b,

7 = 0, 1, ■ ■ ■ , n — 1 (a>0, b>0). Suppose F(x, so, ■ • ■ , sn-x) is defined

in R and in addition

(a) F is nonnegative and nondecreasing in each of x, s0, ■ ■ ■ , sn-i

in R;

(b) F(x, Co, • • ■ , cn_i)>0 for x0<x^xo+a;

(c) c* = 0, jfe-1, 2, • • • , w-1.
Then the initial value problem (2.2) has a unique solution in R.

Proof. The Wronskian system equivalent to (2.2) is

(2.3) y' = /(*, y),       y(x0) = y0.

where

yt = M(*-i)) jl = ii . . . t nj(X}y) = (y2i y3i . • • , ynt F(x, ylt • ■ ■ ,yn)),

and

yo — (co, ex, • ■ ■ , c„_i).

It follows from conditions (a) and (c) above and Theorem 2.1 that

(2.3) has a solution y(x) to the right of x = x0. Condition (a) in

Theorem 2.2 is clearly satisfied for (2.3). Conditions (a) and (c) show

that in succession each yn-k(x) is nonnegative and nondecreasing,

k = 0, 1, • • • , n — 2, while yi(x)^co and yi(x) is nondecreasing. But

then conditions (a), (b) and (c) imply that in succession

yn-k(x) > 0        for x > xo,    k = 0, 1, • ■ • , n — 2,

and

F(x, yx(x), • • • , yn(x)) ^ F(x, cB, ■ ■ ■ , cn-x) > 0        for x > x0.

Thus condition (b) of Theorem 2.2 is satisfied. Hence (2.3) has a

unique solution in R, and the same is therefore true for (2.2).

Note. If in the scalar case (n = l) of Theorem 2.2, /(x0, yo)>0,

then, since each component of a solution is absolutely continuous,

the argument used in [2, p. 34, proof of Theorem 6.2] can be applied

to dx/dy = l/f(x, y), x(y0) =x0, to prove the theorem in this case.

3. Some examples. In this section we give examples showing the
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necessity of some of the hypotheses in the theorems and corollaries

in §2.

The first examples refer to Theorem 2.1.

Let

(3.1) y'=f(x,y),    y(0)=0       (y, f scalars),

and let B be the region determined by the inequalities

(3.2) 0 g x g 1,        -1^7=1.

Suppose first that in B, f(x, y) = 2 for y^x, f(x, y) = 1 for x<y.

Here f(x, y) is nonnegative and nondecreasing in x but not non-

decreasing in y, and (3.1) has no solution in B for this/(x, y). It is

interesting to note that the successive approximations are alternately

x and 2x.

In the next example the function/(x, y) in (3.1) is nonnegative and

nondecreasing in y but not nondecreasing in x, and for this f(x, y)

the problem (3.1) has no solution. Let 5 be a subset of [0, l] such

that S^[0, x] is nonmeasurable for each x, 0<xgl. In B let/(x, y)

= 0 if xES and/(x, y) = 1 otherwise.

The next examples are concerned with the uniqueness of solutions

of (3.1) in the region B determined by (3.2).

Let/(x, y) = 1 for ygx,/(x, y) =2 for x<y in B. The minimal solu-

tion is y=x, the maximal solution is y = 2x. Here/(x, y) is not non-

decreasing in x; otherwise all hypotheses in Theorem 2.2 are satisfied.

For the next example let/(x, y) =0 for y ^0,/(x, y) = 1 for 0<y in

B. Again there are many solutions: e.g. y(x) =0 and y(x) =x. Here/

is nonnegative and nondecreasing in both x and y but/(x, 0) =0, so

condition (b) of Theorem 2.2 is not fulfilled by the zero solution. In

Corollary 2.4 conditions (a) and (c) are fulfilled but not condition (b).

Next let/(x, y) =0 if y = l/n, n = \, 2, 3, ■ ■ ■ ,f(x, y) = 1 otherwise

in B. The maximal solution is y(x) =x. Another solution is given by

y(x) = x — l/n(n + 1),        l/n 5= x 5= l/n(n + 1) + l/n,

n = 2, 3, ■ • •,

= l/n, l/n(n + 1) + l/n = x g l/(n - 1),

= 0 x = 0.

In this example there is no minimal solution. Here f(x, 0) = 1 for

x = 0 and f(x, y) is nondecreasing in x but not nondecreasing in y.

This shows that in Corollary 2.3 the condition "f(x, y) is nondecreas-

ing in y" cannot be relaxed to the condition "/(x, y) is quasi-non-

decreasing in y."
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Finally suppose f(x, y) = — 1 for y < 0 and f(x, y) = 1 for 0 ̂  y. Then

y(x) =x and y(x) = — x are solutions. Again condition (b) of Theorem

2.2 is not satisfied, while in Corollary 2.4 all hypotheses are fulfilled

except the condition/(x, y) be nonnegative in R. See [3] for other

examples.
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