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Summary. This paper provides a new representation formula for

the solution of Fredholm integral equations of the second kind. The

formula has certain computational advantages over the usual repre-

sentation involving the resolvent or the representation formula of

Krein. As an application, the Bellman-Krein partial differential equa-

tion for the resolvent is derived.

Let u be the unique solution of the Fredholm integral equation

(1) u(t, x) = g(t) + f 'k(t, y)u(y, x)dy,       0 g t g x;

it is assumed that x is sufficiently small, g and k are continuous and

(2) *(/, y) = k(y, t).

The function $ is the solution of the integral equation

(3) $(/, x) = k(l, x) + f  k{t, y)Hy, x)dy,       Q^tS x,
J o

and the function/ is defined by the relation

(4) r(x) =  j    $(y, x)g{y)dy + g(x).

Then the solution of the integral Equation (1) may be represented in

the form

(5) u(t, x) = f(t) + I    $(f, w)f(w)dw,        0 ^ / g x.

The demonstration is simple. Differentiate both sides of Equation

(1) with respect to x to obtain

(6) ux(l, x) = k(l, x)u(x, x) + f    k(t, y)ux(y, x)dy.

Equation (6) is regarded as an integral equation for the function ux,

having as its solution

Received by the editors September 19, 1968.

37



38 H. H. KAGIWADA, R. E. KALABA AND A. SCHUMITZKY [October

(7) ux(t, x) = $(t, x)u(x, x).

Through integration this last equation becomes

(8) u(t, x) = u(t, t) +  I    $(/. w)u(w, w)div.

For u(x, x) we may write

(9) u(x, x) = g(.r) + I    £(*, y)«(y, x)dy.
J o

By cross-multiplication of Equations (1) and (3), integration on I

from £ = 0 to t = x and use of the symmetry of the kernel k, it is seen

that

/»  X /»  X$(/, x)g{t)dt =   I    «(/, *)*(<, x)dl.
0 «  0

Equation (9) becomes

(11) «(*, x) = g(x) + f   *(/, *)«(0<«,        O^x.

Equation (8) then assumes the desired form

u(t, x) = g{t) + f *(<', OgW
•^ o

(12)
/x p /» w

$(/, w)   g(w) +  /    <*>(/', w)g(t')dt'   dw.

The above formulas provide the solution of the integral Equation

(1) in terms of the function <i> and two integrations. The function f>

is a function of two variables, and u is given for all 0Sigi<c, where

c is the first critical length for the kernel k.

The resolvent K yields the solution of Equation (1) in the form

(13) u(t, x) = g(t) + f   K(t, y, x)g(y)dy,        0 ^ t ^ x.
J o

The function K is known to be symmetric

(14) Kit, y, x) = K(y, t, x),

and satisfies the integral Equation (1)
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(15) K(t, y, x) = k(t, y)+ f   kit, y')K(y', y, x)dy'.

Comparing Equation (15) with the earlier Equation (3) for <£, it is

seen that

(16) $(t, x) = Kit, x, x) = K(x, t, x).

Notice, however, that K is a function of three variables. By suppress-

ing x, K may be regarded as a function of two variables. It yields u

as a function of t for this fixed x, whereas $ yields u for all x^c.

As an application of our representation formula, let

(17) g(t) = Ht, y')

in Equation (1). It is known that the solution u is the resolvent

(18) «(/, x) = K{t, y', x).

Use of the representation formula, Equation (12), shows that

(19) Kit, y, x) = $(y, 0+1    Hl, w)Hy, w)dw,       Ogyg^i.

Differentiation with respect to x then provides the Bellman-Krein

formula [2], [3]

(20) Kx(t, y, x) = *(/, *)*(y, x),

or

(21) Kx(t, y, x) = Kit, x, x)K(x, y, x).

Krein [3] provides a representation formula for the solution of

Equation (1). His approach consists in letting s be the solution corre-

sponding to the inhomogeneous term g(t) = l. If six, x)^0, then

(22) $(/, x) = sx(t, x)/s(x, x).

In addition  it is observed that

d   Cx Cx

—       sit, x)git)dl = six, x)gix) +        Sx(t, x)g(t)dl
dxJo J o

-*(*,*)[«(*)+J"*(',*)*(0*l
= s(x, x)uix, x).
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In the above equation use has been made of Equation (16). Returning

to Equation (8), Krein's formula is obtained:

d   r'
-       s(t', t)git')dt'
dt J o

uil, x) =-
s(l,t)

(24)
d    rw

—       sit', w)git')dl'
/' x  sw(t, w)      dw J o

-dw.
t    s(w, w)                 siw, w)

This representation contains indicated  differentiations as well  as

integrations, a drawback from the computational viewpoint.

The importance of the function # in radiative transfer is stressed

in references [4]-[l0]. There it is also shown that efficient methods

exist for determining this basic function in a variety of cases; see also

[11].
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