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Motivated by a paper [l] of Olum, we point out a class of orient-

able closed manifolds of odd dimensions which do not admit any

orientation reversing involution. Examples will follow the theorem

and its proof. All manifolds are assumed to be connected and all

orientable manifolds oriented.

Theorem. Let M be a closed orientable manifold of dimension 2n+l

with the torsion subgroup of Hn(M) cyclic of order p, 2<p< <x>. Then

M does not admit an orientation reversing involution.

Proof. Let T he an involution of M. Then there exists an integer

k (unique modulo p) such that

7*: Hn(M)^Hn(M)

is given by T*(a)=ka for each torsion element a£P„(Af). Since

P*P*= identity, k2=l mod p.

By the functorial property of the universal coefficient sequence [2]

of the cohomology, the restriction to the torsion subgroup of

T*: H»+1(M) -> H"+\M)

may be identified with

Ext(7*, 1): Ext(FP(M), Z) -> Ext(Hn(M), Z).

It then follows that for each torsion element b of Hn+1(M)(^.H„(M)),

T*(b)=kb.
Consider the commutative diagram

ff»+i(jf)     ^ > Hn(M)

s t t* ^ir»
r\T*y

H*+i(M)-> Hn(M)

where yEUin+\(M) is the orientation class. For each torsion element
bEHn+1(M),
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(deg T)(b C\ y) = (b C\ T*y) = T*(T*b nT)= T*(kbC\ y)

= k2(bC\y).

Hence deg P = &2 = 1 mod p. Since deg P=l or —1 and p>2, deg T

= 1 and T preserves orientation.

Example 1. Let p, p'^2 be relatively prime integers and M the

connected sum L(p, q) # L(p', q') of two lens spaces. Or, more

generally, let M be the connected sum L(p; qx, q2, • - ■ , qn)

§ L(p'\ q{, q2 , • • • , ql) of generalized lens spaces (see [l] for defi-

nition) of dimension 2n + l with ra odd. Then M does not admit an

orientation reversing involution.

Example 2. Let M be the product P2(C) XL(p, q) of the complex

projective 2-space and a lens space with p>2.

Example 3. L(p; qx, q2, ■ ■ ■ , qn) does not admit an orientation

reversing involution if p Si 3 and w is odd. This fact also follows from

a result [l, Theorem V, p. 467] of Olum. On the other hand, if p = 2

or ra is even, L(p; qx, q2, ■ ■ ■ , qn) does admit an orientation reversing

involution.
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