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Let e(z) be the Hilbert space of all formal power series/(z) = Za«z"

in the indeterminate z with complex coefficients such that

11/11'-ZNI'<-.
If B(w) = 2~2Bnw" converges for |w| <1, the formal power series

B(z)= Z^»z" represents a function B(w) defined on the unit disk.

If the function B(w) is bounded by 1 on the unit disk, the formal

product B(z)f(z) belongs to C(z) whenever/(z) belongs to Q(z) and

||P/|| gH/ll [l, Theorem 6]. In this case X(B) is defined to be the set

of power series/(z) in Q(z) such that

\\f\\l = sup{||/+ Bg\f - \\g\\2: g(z) E e(z)} < co.

The set SC(B) is a Hilbert space with respect to the 23-norm [l,

Theorem 7].

The transformation Q: f(z)-*[f(z) -/(0)]/z takes X(B) into itself

and

(i) lle/ll^ll/ll2.-l/(o)|2
for each/(z) in 3C(B). In Theorems 14 and 15 of [l] de Branges and

Rovnyak characterize the 3C(B) spaces for which equality always

holds in (1), but they give no characterization of the remaining 5C(B)

spaces. The purpose of this paper is to characterize these spaces.

It is known that if equality fails in (1) for some/(z) in 5C(B), then

B(z) is a nonzero element of SC(B) [l, Theorem 16]. Furthermore, if

B(z) belongs to K.(B), the transformation M:f(z)->zf(z) takes 3Q.(B)

into itself [l, p. 43].

Theorem 1. Suppose B(z) belongs to SC(B), where B(z)?±0. Then Q

and M are bounded transformations on 3C(B) such that

(i) ||(2/|||g||/|||- |/(0)|2 whenever f(z) belongs to SC(B), and

(ii) the range of T:f(z)—*(f, l)B + (MM* — l)f(z) is one-dimensional.

Proof. It remains to show that M is bounded and that the range

of T is one-dimensional. Since

(/, Mg)B = (Qf, g)B + (/, B)B(QB, g)B
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whenever/(z) and g(z) belong to 3C(P) [l, Theorem 13], M is the

adjoint of the bounded transformation M*:f—*Qf+(f, B)bQB. Hence,

M is bounded. It follows from the identity/(0) = (f, 1 — B(0)B)B (see

[l, p. 28]) that P/=(/, B)bB and, therefore, that T has one-dimen-

sional range.

Theorem 2. Let 3C0 be a Hilbert space of formal power series such

that M and Q are bounded transformations on 3Co which satisfy

(i) 11 Qf\ | o g 11/| | o - | /(0) |2 whenever f(z) belongs to 3C0, and
(ii) ifee rawge of T:f(z)—*(f, l)0+(MM* — l)f(z) is one-dimensional.

Then 3Co is equal isometrically to some space 3C(B), where B(z) is a non-

zero element of 3C(B).

Proof. Let 3Ci be the set of power series in Xo but with a new inner

product defined by

(2) (/, «>i = /(0)g(0) + (Qf, Qg)0.

It is easy to see that 3Ci is a Hilbert space. Clearly, M is bounded on

the set of constants in 3Ci. It follows from (2) that M is bounded on

the orthogonal complement of the constants in 3Ci. Therefore, M is

bounded on 3Ci. Let M* and M* denote the ad joints of M in 3C0 and

3Ci, respectively, and let Q* denote the adjoint of Q in 3C0. Then

if, Mg)x = (Qf, g)0

= (Qf, 1(0) )o + (Qf, MQg)0

= (Qf, l)og(0) + (M*Qf, Qg)o

whenever/(z) and g(z) belong to 3Ci. It follows that

M*x:f-*(Qf,l)o + MM*Qf

and

M*xM - 1: /-> (J, 1)0 + (MM* - 1)/.

Therefore, MXM—1 has one-dimensional range. Since also M*M—1

^0, there is a nonzero element e(z) of 3Ci such that

(3) (Mf Mg)x - (f, g)x = (f, e)x(e, g)x

whenever/(z) and g(z) belong to 3Ci.

Let P(z)=||e||i||ikfe||r1e(z). The identity (3) yields

(4) i-NliHMIi/IMi-
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It follows from (i) that ||/||?^||/||2 for each/(z) in Xx. Therefore, each

f(z) in 3Ci represents a function/^) in the unit disk, and for w fixed,

|w| <1, the linear functional f(z)—*f(w) on 3Ci is continuous. Hence,

there is an element Kw(z) of 3Ci such that f(w) — (f, Kw)x for every

f(z) in 3Ci. It follows from (3) and (4) that

(/, 1 + wM[Ka - B(w)B])x

= /(0) + w(f~f(0), M[KW - B(w)B])x

= /(0) + w[(Qf, Kw - B(w)B)x + (Qf, e)x(e, Kw - B(w)B)x]

= /(0) + w[(f(w) -f(0))/w - B(w)(Qf, B)x

+ (Qf, e)x(e(w) - B(w)(e, B)x)]

= f(w) - wB(w)(Qf, B)x[l - ||Me||i||e||T2(l - ||P||i)]

= /(»)

whenever f(z) is in 3Ci. Therefore,

Kw(z) = 1 + wz[Kw(z) - B(w)B(z)}
and

P„(z) = [1 - wB(w)zB(z)]/(l - wz).

From the inequality

0g||P„||i= [1- \wB(w)\2]/(l- \w\2),

it follows that |wP(w)| <1 whenever |w| <1 and, therefore, that

|P(w)| <1 whenever |w| <1. Hence, the spaces 3C(P) and 3C(A)

exist, where ^4(z) =zB(z). But the series Kw(z) belongs to 5C(A) when-

ever \w\ <1 and f(w) = (f, Kw)a for each f(z) belonging to 3C(A)

[l, p. 28]. Since the set of finite linear combinations of such series is

dense in both 3Ci and 5C(A), and since the two norms coincide on this

set, 3Ci is equal isometrically to X(A). Finally, the spaces 3C(P) and

3C(A) have the same elements and

(5) (f, g)A = /(O)g(O) + (Qf, Qg)B

whenever/(z) and g(z) belong to 3C(P) (see the proof to Theorem 16

of [l]). Thus, 3C0 and JC(P) have the same elements, and, if f(z)

belongs to these spaces it follows from (2) and (5) that ||/||o = ||Af/'||i

= ||M/|U = ||/||B.
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