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Abstract. Conditions are given on a radical (semisimple)

property to ensure the existence of a construction for the smallest

radical (semisimple) class with the property, containing a given

class of rings. This generalizes earlier results on smallest hereditary

or strongly hereditary radical classes, and hereditary semisimple

classes. In the last section certain classes of rings are shown to ad-

mit a construction for the largest radical (semisimple) class con-

tained in the given class. This leads to theorems on largest radical

(semisimple) classes dual to the already established smallest

theorems.

1. Introduction. LetW be an arbitrary universal class of (not neces-

sarily associative) rings. For a subclass aiZCW a subclass (P29TC with

a specified property is said to be a smallest class containing 91Z with

the property if O^CZgc for all 3C33TC with the property. The hereditary

radical and strongly hereditary radical [l] are examples of properties

admitting smallest classes for any subclass 3TC of an arbitrary uni-

versal class. We will give a sufficient condition on a radical property

that it admit smallest classes (Theorem 1). The proof yields, in fact,

a construction (for an arbitrary 3TC) of the smallest radical with the

specified property. Theorem 2 gives an analogous construction for

certain smallest semisimple classes. A special case is the result [2,

Theorem 2 ] for hereditary semisimple classes.

In the last section is considered the dual problem of largest sub-

class, namely, for a given class 3TC, a subclass of 9TC with a specified

property and containing all subclasses of £DZ with the property. Cer-

tain classes are shown to admit constructions for largest radical or

semisimple classes. This construction also yields an easy way of con-

structing the "upper hereditary radical" of Rjabuhin [3]. It is then

found possible to "dualize" in such a way that (with suitable restric-

tions) the concept of largest radical class is dual to smallest semi-

simple class. Similarly largest semisimple and smallest radical become

dual.
In the constructions we use a number of class functions. These
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include the lower radical £311 [4, p. 13] which is the smallest radical

class containing 3TC, and the hereditary closure 43TC [5, p. 1114] which

is the smallest hereditary class containing 9TC. Other useful functions

areS3U= (i?Gw| for every Oy*KR there is some Oy^I/J^m,} (we

use the notation / < R to mean I is an ideal of R), and IISTI = {R E °W |

for every Oy^R/I there is some Oy±J<\R/I with J^m). It is well

known that when 311 is radical S3TC is its semisimple class, and when

3TC is semisimple its radical class is 11311.

2. The smallest radical construction. Write 3 for the class of all

subclasses of W and (R for the class of all radical subclasses of "W. We

will call a function F: 01—> 3 admissible if it has properties (i) (PCZF(P

for all (P£(R, (ii) if (Pi, (P2£(R with <?iCl<?2 then F(PiCZF(P2, and (iii)

if {(P«}C(R defined for all ordinals a and such that a<B implies

(PaC(Pj, then for (P a radical class, (P = U„6>a implies F(PQl)a F(Pa.

Theorem 1. If F is admissible and 3H an arbitrary subclass of *W,

then there exists a smallest 3TC(E<R such that JfTCCgrc and F3TC = 3TC.

Proof. Let 3Tli = £3TC and if 8 is a nonlimit ordinal define STCp

= £FM$-i. For B a limit ordinal let 3TC/j = £Ua«3 3TCa, and write

3Tl = U3U3 taken over all ordinals B. We know by (i) that ST^-i

CF3kV_iC3TC0, so a<B implies SD^CST^ for all ordinals a, B. Also 371

is a union of radical classes and so is homomorphically closed. To

show 3E is a radical class we thus need only show (see e.g. [4, p. 4])

that it has property

(A). If^KGW is such_that for all Oy^R/I there is some 0y±J<\R/I
with /GSR, then i?£3Tl.

But then -/£3TC„ for some a and since the collection of all such J

is a set there must be a largest a, say y. Thus all /£3TCY and since

3Tl7 is a radical class this implies i?G3TCTQ3TC. Thus 3TCE01 and by

(i), 3UCF3TI. But FmClUp Fm^ by (iii) and since Fairer 3TC„+1 it

follows that FSTCCZgrc. Thus F3Tl = 3TL Finally suppose 3TCC(P where

ff'GOl and F(P = <P. Since £3TC is the smallest radical containing 3TC, we

have 3TCiC(p. Thus suppose for induction that '3KaC(P for all a<B-

Then £Ua<g "3tt,aC.£(? = G> when 8 is a limit ordinal. Otherwise

3Tl<,_iC(P_whence FM^iQ FG> = S> and so 3K^C:£(P = (p. Thus by in-

duction rnccp.

Corollary 1. Every class STCC'W is contained in a smallest heredi-

tary radical class and a smallest strongly hereditary class.

Proof. This follows from the admissibility of both 8 and 3%, where

9 is defined as in [l, (2), p. 704].
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3. The smallest semisimple construction. In [2] a class 3TC'25TC

was called an s-completion of 3TC if it has the property

(B). If A GSm'then for every 0 5^/< A there exists some 0 ?*///E37l'.

It is well known that 311' is semisimple if 3TC' also satisfies

(C). For any REV?, if for every 0^/<]A, there exists some

0^///G3K', then AG3TC' (see e.g. [4, p. 5]). It is also well known

[4, p. 7] that if 3TC' satisfies (B) then 11311' is a radical class such that

9H'CIScu.3TC' with §1131!;' the smallest semisimple class containing 311'.

We will call a function F: 3—»3 s-admissible if it has the properties (i)

F3TC is an s-completion of 3H for all 3TCE3, (ii) if 3TCC 31 then F3TCC F3I,

and (iii) if "y is the class of all semisimple subclasses of W and

{3Tt«,    UMa}Qy,   where   a<8   implies   3UaC3U^,   then   F(U3Tla)

cUF(3na).

Theorem 2. Let F be an s-admissible function. Then for all 3TC£3

there exists a smallest WLEy such that 3TCC377. and F9TC = 9TC.

Proof. Define 3Hi = ScltF3Tl and for 8 a nonlimit ordinal define

9TC/3 = ScUF3TC0_i. Otherwise define 3H^ = Ua<33Ra and write 3E = U3TCs

taken over all ordinals 8- Clearly a </3 implies Sl^CSIlp, and since 311

is the union of semisimple classes it has property (B). We thus have

aTCCSTiaiL But if AE§CU-3TC then for every O^I-HR there is some

0^1/JEM. Thus I/JE^a for some ordinal a, and so for 7 the

largest such ordinal we have all such J/JG3Tl7. Since 3TCrC3TCT+1

and 9TC7+i is semisimple, it follows from (C) that A£3TC7+iC3tc.

Accordingly 3TC = §11311 is semisimple. Now 311 CI FM and the reverse

inequality follows from (iii). Finally it is clear by induction that if

3TCC31 where 31 is a semisimple class for which F3l = 3l then 3TCC3I.

Since 3 is 5-admissible we have

Corollary 2. Every class 3TCCI%y is contained in a smallest hereditary

semisimple class.

4. Largest radical and semisimple classes. In this section we will

consider the dual problem of largest radical or semisimple classes

with given properties. This discussion will be based on the following

construction of a largest radical class, and an analogous construction

(Theorem 4) of a largest semisimple class.

Theorem 3. If 3TC is a class containing a largest class 3TCi satisfying

condition (A) then there exists a largest (PE& such that (PCl'SR and a

largest hereditary radical class 3CC<pC3TC.

Proof. For each integer n>l define 3TC„+i = {Ae9TC„[if O^R/I

then Q^J<\R/I for some JG3U„}. Then set (P = 0311,,. For induction
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assume that 311* has property (A) for all k^n and suppose i?£cvvl to

be such that every Oy^R/I has a nonzero ideal in 3TCn+i. Since 3TCn+i

C5TCn these ideals are all in 3TCn so by property (A) .R£3TCn. But then

by definition i?£3TC„+i, and so 3fln+i has property (A). Thus by

induction <P has property (A). Also if R is an image of an i?£3TCn

then any nonzero image of R has a nonzero ideal in 3TCn.

By property (A) ^£3En and so RE<? implies REV- Thus (P is

homomorphically closed and so is a radical class.

Now if (P'C3H with (P'£(R then (P' has property (A) and so

(P'CTSTCi. Assume for induction that (P'CZ3TCn. If RES'' then i?£3TC„

and since 0°' is radical every 0^i?//£(P'C:3Ti:n. Thus (P'C3Tl„+i and

so by induction (P'C.'Mn for all n. Therefore (P'C(P and so (P is the

largest radical class contained in 3TL

To construct the largest hereditary radical let 3C = {i?£(P| $ {R\ Q6>}.

Clearly 3C is hereditary. In fact it is the largest hereditary subclass

of (P, for if uC(P with *U hereditary then REV implies ^{i?}cvC(P.

Thus i?£3C and so VQ3C. Now 5CQS> so that 3CC£3CC(P. But by [6]

£3C is hereditary and so £0CC3C. Thus 3C = £3C and is the largest

hereditary radical contained in (P. But (P contains all radical sub-

classes of 3TI so 3C is also the largest hereditary radical class con-

tained in 3TC.

Remark that in [3] Ju. M. Rjabuhin gave a construction (valid

only for associative or alternative rings) for the "upper hereditary

radical" which is the largest hereditary radical class contained in a

class satisfying condition (A). The Rjabuhin result is thus a special

case of the above theorem. Our construction is also considerably

simpler than that of [3]. Also in this paper, certain classes 3la are

defined (for all ordinals a) whose union is the "lower hereditary radi-

cal." However this is just the smallest hereditary radical class con-

taining a given class 3TC, that is, by [6], £#3TC.

Note that it is quite possible for <P (or 3C) to be zero:

Example 1. Let V? be an arbitrary universal class containing J®K,

where / and K are nonisomorphic simple rings with unit. Then the

class 3TC= {0, J®K} has property (A), since if J®K<\R then J®K

is a direct summand of R. However 0 is the only radical class con-

tained in STL

Also remark that Theorem 3 does not apply to all 3TC since there

exist classes not containing a largest (or even a maximal) radical or

hereditary radical class. One such case is:

Example 2. Let W be any universal class large enough to contain

an infinite set V of simple rings. It is well known that if 3TC is homo-

morphically closed, a simple ring .R££3TZ if and only if .#£311. Thus
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if ft and <B are subsets of "0 then ar\£(&CZ an(BC£(aPi(B). Since

by [6] £(B is hereditary, it is easy to see by induction that Q.ar\£(&

Q£(ar\Qs) for all ordinalsa. Thus £Q,r\£(& = £(ar\(g>). Let {«,} be

the set of all finite subsets of V and let 3TC = U<£(B,-. Suppose <? is a

radical subclass of 3TC. By what we just showed, there is for each

K(E(? a unique minimal subset 03 of V such that AE£(B. If the union

of all such (B's (for all AE<?) were infinite we would be able to choose

a sequence KiE® (i=l, 2, ■ ■ ■ ) such that KtE£(S>i and such that

U03j is infinite. But A= X)®A<E(PC:3ir and so Z££(B for some

finite set (B. Then all A,E£® and by the minimality of the Bt we

would get 03iC(B. Thus the contradiction UffijCZffi. We conclude that

(PC£03 for some finite set (&, and so (P is not maximal.

Note that there are classes satisfying Theorem 3 which do not

themselves satisfy condition (A):

Example 3. Using the same rings as in Example 1, the class

{0, J, J®K} does not have property (A), since it does not contain

J® J, but does satisfy Theorem 3.

By a somewhat analogous construction we obtain

Theorem 4. Let 3TIE3 contain a largest class 3TCi satisfying condi-

tion (C). Then there exists a largest QE'if such that QC3TC.

Proof. If /3 =t2 is a nonlimit ordinal define 3TC<j= {AE3TC0-i| for all

0 t^ I < R there is some O^I/JE aify-i}. Otherwise define 3KB = f)a<s 3TCa,

and write Q = 0371,3 taken over all ordinals 8.

Notice that the radical in Theorem 3 is obtained at the first trans-

finite ordinal (as fl31ln taken over all integers n), whereas here we may

need to take the intersection over all ordinals.

Assume for induction that all 3TCa for a<8 satisfy condition (C).

Let FEW be such that every O^KR has an image O^I/JE^-b-

li 8 — 1 exists, then since 3TC0 C STr.^ which has property (C), it follows

that AE3TC<j-i. But then by definition AESTfy. If jS is a limit ordinal
then I/JES^a for all a<8 so again by the induction hypothesis

AE9TC«. and so AEn3TC„ = 3Tl0. Thus 3Tfy has property (C) and the

induction is complete. Clearly a similar proof shows that also Q has

property (C).

Now let AEQ and consider any 0^/<A for which all 0^1/J EQ-

Since Q = (1311(3, in particular AE3TC2 so / has at least some 0^1/J

E3Tli. Since I/J GQ there must exist some a such that I/JE^-a but

I/J CSTCa+i- If "v is the largest ordinal for which 9TCT contains a nonzero

homomorphic image of /, then all 0^1/J (£.3tty+i. But AE3TCT+2 so

that every nonzero ideal of A, and in particular /, has a nonzero
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image in 3TCY+i. This contradiction shows that Q has property (B) and

hence is in y.

Finally, let 3C£0f with 3CC3H. Then 3C has property (C) so XCSTCi.

Assume for induction that 3CC3TCa for all a<8, then clearly 3CC3TCj3

when B is a limit ordinal. Thus suppose 3C£3Tl^_i, then if i?£3C by

(B) every Oy*I<\R has some 0y^I/JE3CQ^-i- Thus by definition

i?£3TC,3, so by induction 22£3TC<j for all 8, whence 3CC©.

Note that we can construct a class containing no maximal semi-

simple class, using a countably infinite subset {Ri} (i = l, 2, • ■ •)

of the set V of Example 2. Let F3TC denote the smallest hereditary

semisimple class [2] containing 3TC. Set 3Hi=F{i?i} and for »2:1

define 3TC„+i = F(3TL,U {7?„+i}). Then let 3TC = Un3TCn, and suppose

QC3R is semisimple. If there were no n such that QC3Hn then we

could find an infinite ascending sequence of integers {re,} such that for

someKiEQwewouldhaveKiE^ni,Ki <£m,ni-i. ButK = J2®Ki&Q
so i££3TC„ for some n. Thus since 3TCn is hereditary we would have all

-K\£3TCn. From this contradiction we conclude that QC3TCn for

some n. Since a simple ring is in F3TC if and only if it is in 3TI (when 3TC

is hereditary) it follows that 3Tln (and hence 0) is not maximal. Also

note that in Example 1 the class 3TC = Scu{/}W{i£} does not have

property (C) but does contain a largest class Sit {/} with property (C).

We will use the constructions of Theorems 3 and 4 to establish

"largest" theorems dual to the smallest theorems of §§2 and 3.

Theorem 5. Let F:3—>3 be s-admissible, then any class 3TC contain-

ing a largest class 3TCi with property (A) contains a largest 0>£<H such

that FS(P = S(P.

Proof. By Theorem 3, 3TC contains a largest 6°£(R. By Theorem 2,

there exists a smallest 3Tl£<y such that S(PCgrc and F3Tl=3Tl. Thus

(? = "Mm,CZcUS(p = 6>C3TL If 3CC3TCis a radical class then 3CC(Pand so

S(PCZS3e. Thus if FS3C = S3C then by minimality 3ires3e. Therefore

3C = 11S3CC 113^ = 0^ and hence <P is the largest subclass of 3TC for

which FS(P = S(p\

Note that for Theorem 5 the function F only needs to be defined

for the semisimple subclasses of V?. Note that a property p of radical

classes defines a subclass of 01, namely the class of all 5>£ffl with

property p. Conversely any *U C (R defines a property of radical classes,

and similarly any SCC'y defines a property of semisimple classes. Let

TICcr and 9CC<y be called dual if (?EV if and only if S(P£9C. Note
that (R and y are themselves dual.

Corollary 3. Let UC6t and XQy be dual. Then every class 3TZ
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containing a largest class 2nXi with property (A) contains a largest class

(PEV if and only if every VIE1}} is contained in a smallest QE 9C-

Proof. The sufficiency is proved in precisely the way of the proof

of Theorem 5, replacing "F3TC=31l" with "3TCE9C." Thus let DZEU
Then 1131 is a radical class, so itself has property (A). Thus if (PCH.3I

is a largest subclass with G'E'U it clearly follows that 3IC§(P where

§(PE 9C and is the smallest member of 9C containing 31.

As an application we have from [2]:

Corollary 4. Any class 3TC containing a largest class 3TCi with prop-

erty (A) contains a largest radical class with hereditary semisimple class.

The corresponding duality theorem for semisimple classes is proved

in a similar way and will be stated without proof:

Theorem 6. Let F: (R—>3 be admissible, then any class 3TC containing

a largest class 3TCi with property (C) contains a largest QEy such that

FltQ = 1lQ.

Corollary 5. Let °UC(R and XQy be dual. Then every class 9TC

containing a largest class 3Hi with property (C) contains a largest class

QE 9C if and only if every 3CE0f is contained in a smallest (?E°0.

From this theorem it clearly follows that such a class contains a

largest semisimple subclass whose radical is hereditary [6] or strongly

hereditary [l].

The dualization may also be taken relative to a specific class:

Corollary 6. Let TJCTcR and 9CC<y be dual. Let 3TC have a largest

subclass with property (A) and let (P be the largest radical subclass of 3TC.

Then 3TC has a largest ff'E'U if and only if §>(P is contained in a smallest

QE9C. Similarly, if 3TC has a largest subclass satisfying (C) and largest

semisimple class S, then 3TC contains a largest QE9C if and only if 1LQ is

contained in a smallest (PETJ-

Note that the condition that 2TC have a largest subclass with prop-

erty (A) (or property (C)) is sufficient for the theorems of this section.

It is not known whether or not the condition is also necessary, but

it is expected that in general it will not be.

References

1. W. G. Leavitt, Strongly hereditary radicals, Proc. Amer. Math. Soc. 21(1969),

703-705.
2. -, Hereditary semisimple classes,   Glasgow Math. J. (to appear).



197°]  RADICAL AND SEMISIMPLE CLASSES WITH SPECIFIED PROPERTIES    687

3. Ju. M. Rjabuhin, On imbeddings of radicals, Bui. Akad. Stiince RSS Moldoven.

1963, no. 11, 34-41. (Russian) MR 34 #7572.
4. N. J. Divinsky, Rings and radicals, Univ. of Toronto Press, Toronto, Ont., 1965.

MR 33 #5654.
5. W. G. Leavitt and E. P. Armendariz, Nonhereditary semisimple classes, Proc.

Amer. Math. Soc. 18(1967), 1114-1117. MR 36 #3838.
6. A. E. Hoffman and W. G. Leavitt, Properties inherited by the lower radical,

Portugal. Math, (to appear).

7. Ju. M. Rjabuhin, Lower radicals of rings, Mat. Zametki 2(1967), 239-244.

(Russian) MR 36 #220.

University of Nebraska, Lincoln


