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Abstract. A class of irreducible homology 3-spheres is obtained

by pasting together complements of torus knots. Representations

of the fundamental groups of these homology 3-spheres into sym-

metric groups are then used to distinguish the members of an in-

finite subclass.

In this paper, a knot complement means the complement in a

3-sphere of the interior of a regular neighborhood of an imbedded

1-sphere. The objects of concern are certain irreducible homology

3-spheres, each of which is obtained from two disjoint knot comple-

ments X and Y by cross-matching meridians and longitudes. That is,

one pastes bdpQ to bd(F) with an orientation reversing homeomor-

phism so that a meridian of bd(X) is matched to a longitude of bd(F)

and a longitude of bdiX) is matched to a meridian of bd(F). W.

Browder has suggested to the author that infinitely many of these

homology 3-spheres might be topologically distinct. The purpose of

this paper is to verify Browder's suggestion.

1. Preliminaries. Let T be a solid torus (of genus one) imbedded in

a 3-sphere 5. A simple loop in bd(P) which bounds a disk in T but not

in bd(P) is called a meridian. A simple loop in bd(P) which does not

link the core of T and which does not bound a disk in bd(P) is called

a longitude. Equivalently, a longitude is a loop on T which is the

boundary of a compact surface in cl(5— T) and which does not bound

a disk in bd(P). Evidently, one may discuss meridians and longitudes

not only in 3-spheres but also in knot complements.

A 3-manifold M is called irreducible if every imbedded 2-sphere in

M bounds a 3-cell.

Lemma 1. Let M be the closed 3-manifold which is obtained by cross-

matching the meridians and longitudes of two disjoint knot complements

X and Y. Then M is an irreducible homology 3-sphere.

Proof. Since the meridian of a knot complement generates its

homology  and  the  longitude  is  homologically  trivial,  a  Mayer-
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Vietoris sequence shows that if is a homology 3-sphere. The corol-

lary to Theorem 1 of the author [l ] shows that M is irreducible.

A knot k which lies on the boundary of an unknotted solid torus T

in a 3-sphere is called a torus knot. Let p be the number of times

(algebraically) that the knot k intersects a meridian on bd(L), and

let q be the number of times (algebraically) that the knot k intersects

a longitude on bd(P). There p and q are relatively prime, since other-

wise k would not be connected. Let X be the closed complement of

the knot k. Then the fundamental group of X has the presentation

(a, b:av = bq), where the element a corresponds to the longitude of

bd(P) and the element b corresponds to the meridian of bd(P). If

np+mq = l, then each meridian of X is in the homotopy class of

bnam and each longitude of X is in the homotopy class of ap(bnam)~pq.

The torus knot k of the preceding paragraph is said to have

type (p, q).

2. Homology 3-spheres obtained from torus knots. Let Mn denote

the irreducible homology 3-sphere obtained by cross-matching the

meridians and longitudes of two disjoint copies of the complement of

the torus knot of type (2, 2n+l). By the van Kampen theorem, the

fundamental group wx(Mf) has the presentation

[a, b, c, d:a2 = b2n+l, c2 = d2*+1, a2(a-14")4"+2 = dr*c,

e2(cr1c2n)4''+2 = b-na].

The relations of this presentation for irx(Mf) will be designated by the

lower case Roman numerals (i), (ii), (iii), and (iv), respectively.

Theorem. Let p and q be positive integers such that (Ap+3)! <2g + l

and that 2p + l and 2q + l are prime. Then the homology 3-spheres Mp

and Mq are topologically distinct.

Proof. Lemmas 2, 3, and 4 below show that whereas irx(Mf) has

a nontrivial representation in the symmetric group ^4^+3, irx(Mf) has

only trivial representations in S4P+3.

In what follows, if we are considering a representation of irx(Mf)

into some symmetric group, the notation x—*(r, ■ • ■ , s) means that

the element x of irx(Mf) is mapped onto the permutation (r, • ■ ■ , s).

Lemma 2. There is a representation of the group irx(Mf) into the sym-

metric group Sijx+3 which maps some element of irx(Mf) onto a permuta-

tion of order 4«+3.

Proof. Consider a function (into Stn+3) on the generators of the

given presentation for irx(Mf) such that a and c go onto the permuta-
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tion (2re + l, 2re + 2)(4w+2, 4w+3) and b and d go onto the permu-

tation (1, • ■ • , 2re + l)(2re + 2, • • • , 4re+2). Relations (i) and (ii) of

the presentation are obviously satisfied. The wth power of

(1, • • • , 2n+l)(/2n + 2, • ■ • , 4re + 2) is the product of a cycle on the

letters 1, ■ • • , 2re + l and a cycle on the letters 2re + 2, • • • , 4re + 2.

Thus, the product of (2w+l, 2re + 2)(4re +2, 4re+3) and the reth

power of (1, • ■ ■ , 2re + l)(2re + 2, • • • , 4re + 2) is a cycle on the

letters 1, • • • , 4re + 3. Therefore, relations (iii) and (iv) of the pre-

sentations are satisfied. Consequently, the function on the generators

a, b, c, and d extends to a representation.

Lemma 3. Any representation of iriiMn) such that a—>1, b—*l, c—*l,

or d—»1 iwhere a, b, c, and d are the generators of the given presentation

for TTiiMn)) takes every element of 7ri(Af„) onto the identity.

Proof. First assume that a—+1. Then bin+1—*l, by relation (i), and

therefore, (&")4n+2—>1. Since relation (iii) now implies that d~"c—>1

and, according to relation (ii), d~2n~1c2—>1, it is clear that d—>1

and e—>1. Relation (iv) now implies that b~n—>1 and, since relation

(i) yields 6~Sn-1—>1, it follows that b—>l. It is clear from the symmetry

of the presentation that if one assumes that c—*l, it will follow that

b—*1, a—>1, and d—>1.

Next assume that b—*l. Then a2—»1, by relation (i), and therefore

a-4"—>1. Relation (iii) now implies that d~"c—>1. Since d~2n~1c2—>1,

it follows that d—>1 and c—>1. By relation (iv), a—>1. By symmetry of

the presentation, the assumption d—»1 also implies that the other

generators are mapped onto the identity. Thus, Lemma 3 is proved.

Lemma 4. Let r and re be positive integers such that (4r+3)!<2re-|-l

and 2n+l is prime. Then any representation of 7Ti(if„) into the sym-

metric group Sir+3 is trivial.

Proof. Suppose that the order of the element of Sir+3 which repre-

sents the generator b is m. Since m :S(4r + 3) !<2re + l and 2« + l is

prime, there exist integers k and t such that l2n + l)k+mt = n. Then

drnc = (by relation (iii)) a2iar1bn)in+2

= a2iarWln+1)kbmiYn+2

is represented by the same permutation as the element (since bm'—*l)

a2iar1b^n+1)kyn+2,       which equals (since a2 = b2n+1)

a2/a2t-n4n+2 = a4((2n+l)*-l)  _ aH-mt)  — jm(2n+l)(-20

which is represented by the identity, that is, d~nc—>1. By relation
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(ii), d~2n~1c2—»1. Therefore d-^1. By Lemma 3, the representation is

trivial.

The proof of the theorem is now complete.

Remark. Seifert [2] has constructed an infinite class of homology

3-spheres by doing surgery on torus knots. He shows that the mem-

bers of this class are distinct by using his theory of fibre spaces, which

is more complicated than the methods employed here. Proof that

Seifert's examples are irreducible follows from Satz (7.1) and Lemma

(10.2) of Waldhausen [3].
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