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Abstract. Let if be a Frechet manifold and it be a Z-set in M.

It is shown that a homeomorphism hoi K into M can be isotopically

extended to a homeomorphism of M onto M if and only if h{K) is

a Z-set and h is homotopic to the identity in M. Conditions under

which the isotopic extension can be required to be "close to" the

homotopy are also given.

1. Introduction. A Frechet manifold (F-manifold) is a separable

metric space admitting an open cover by sets homeomorphic to sep-

arable Hilbert space l2 or, equivalently [l ], to 5, the countable infinite

product of open intervals ( — 1, 1). It is well known that any P-mani-

fold is topologically complete; i.e. can be assigned an equivalent com-

plete metric.

Convention. Throughout this paper we shall use X and Y to

denote topologically complete metric spaces, i" to denote the closed

interval [0, l], and M to denote an P-manifold.

Recently, the topology of P-manifolds has been studied by various

authors. We use several recent results in our arguments below. In

this paper we answer a number of questions posed at a conference on

infinite-dimensional topology in January, 1969, at Ithaca. Among

other results, we establish (Theorem 4.2) necessary and sufficient

conditions on isotopically extending homeomorphisms of certain

closed subsets of an .F-manifold to a homeomorphism of the mani-

fold. We also investigate questions concerning the extensions of

homeomorphisms or the replacement of homotopies by isotopies

where the new maps must be "close to" the original ones.

Two related concepts allow us to measure such closeness. Let It be

an open cover of a space Y. Maps / and g of a space X into Y are

'It-close if for each xEX there exists 17 £11 such that f(x)EU and

g(x)EU. A homotopy P: IX/->F is limited by 11 if for each xEX,

F({x} XI) is contained in some member of 11. Observe that under a

homeomorphism between spaces X and F, a cover on A or Y induces

a cover on the other. Thus under a space homeomorphism which need
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not be uniformly continuous, the concepts of "cU-close" and "limited

by 11" may be used in lieu of possibly inapplicable e-conditions.

A basic notion in the topology of P-manifolds is the notion of

Z-sets, originally introduced as Property Z in [3]. A subset K in an

P-manifold M is a Z-set if K is closed and if for every nonnull homo-

topically trivial open set U of M, U\K is nonnull and homotopically

trivial. (A set U in a space is homotopically trivial if each map of the

boundary of any w-ball into U can be extended to a map of the w-ball

into U.) It is well known that any closed set which is a countable

union of Z-sets is a Z-set. In [3] Z-sets are characterized in locally

convex linear spaces homeomorphic to 5. In (D) below we cite a

similar characterization for Z-sets in P-manifolds due to Chapman

[6].
Basic results concerning P-manifolds which we use are the fol-

lowing.
(A) The factor theorem (Anderson and Schori [5]). Every P-mani-

fold M is homeomorphic to MXs.

(B) The open embedding theorem (Henderson [7]). Every P-mani-

fold can be embedded as an open subset of 5.

The following theorems are proved using (A).

(C) The isotopy theorem (West [9]). For any homotopy F ol XXI

into M, there exists a pseudo-isotopy G between P0 and Pi such that

G|AX(0, 1) is an embedding into M, and for each /0£(0, 1/2),

G(XX [to, 1 —to]) is a Z-set in M. Furthermore, for any open cover 11

of M, G may be taken to be ll-close to P.

Before stating Chapman's characterization of Z-sets in P-mani-

folds, we need some further notation and definitions. Let ita denote

the projection map of A XP onto A. A closed set K has infinite de-

ficiency in 5 if 5 can be written as a product 5(1)X5(2) of two copies

of itself with trsmiK) consisting of a single point. For any P-manifold

M, a closed set K in MX5 has infinite deficiency in MX5 if irs(K) has

infinite deficiency in s. Observe that if K has infinite deficiency in

MX5 it follows from (A) that there is a homeomorphism o- of MXs

onto itself such that irs o a(K) consists of a single point which may be

taken to be the origin of s.

(D) The characterization of Z-sets (Chapman [6]). For any closed

set K of M there is a homeomorphism a of M onto MXs such that

a(K) has infinite deficiency in MXs if and only if K is a Z-set.

2. Preliminary lemmas. We present here four lemmas which will

be of use in the sequel. Lemma 2.1 is well known. Lemma 2.2 follows

routinely from Lemma 2.1 by using a locally finite refinement of 11

employing box-like neighborhoods of s.
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Lemma 2.1. Let X be a closed subset of M and let f be a real valued

function defined on X such that f is locally bounded above zero. Then

there exists a continuous real valued function g on M such that g =g 0 and,

onX,0<ggf.

Lemma 2.2. Let X be a closed subset of M and let 11 be an open cover

of XX {0} in MXs. Then there exists a sequence (xpi) of continuous real

valued functions on M such that for each i>0

(a) Ogxpu

(b) xpi is positive on X, and

(c) for each xEM either xpi(x) =Ofor all i, or there exists c7£ll such

that for each y= (y,)£s satisfying Og \y,\ gxpt(x), (x, y)EU.

Note that we may consider (xpi) to define a continuous function xp

of M into s.

The following lemma is a corollary of the apparatus of [4]. For

a proof we need merely invoke (B) regarding M as openly embedded

in ^ and then create infinite deficiency locally on M\K.

Lemma 2.3. For any Z-set K in M and any open cover It of M, there

is a homeomorphism hof M into M such that

(1) h\K = id,
(2) h(M) is a Z-set in M, and

(3) h is cil~close to the identity.

We shall use this lemma in replacing continuous functions into M

by continuous functions into Z-sets of M which are "close to" the

original ones. For simplicity, we shall omit the explicit use of the

homeomorphism h when applying the lemma. We shall need the fol-

lowing lemma which is a slightly stronger version of (C). Its proof is

based on (C) and (D).

Lemma 2.4. Let 11 be an open cover of M and let G: XXI—+M be a

homotopy such that Go(X)\JGx(X) is a Z-set in M. Then there exists an

isotopy H:XXI-^M such that Go = H0, Gx = Hx, H(XXI) is in a

Z-set in M, H is 11-close to G, and Hy2(X)r\(Ho(X)\JHi(X)) = Q.

Proof. By passing to a star-refinement of 11 we may assume from

Lemma 2.3 that G(XXI) is contained in a Z-set homeomorphic to M.

Then by (C) there exists such an isotopy but without the last condi-

tion. Call such an isotopy H1. By (D) there exists a homeomorphism

f oi M onto MXs such that ir, o/o Hl(XXI) consists of the origin

of 5. Let /? = ( —1, 1) be the ith factor of s and write MXs as MXI\

X (irj>ilj). By Lemma 2.2 there exists a continuous real valued func-

tion xpi>0 defined on tm of o Hl(XXl) and for any t with  \t\ gl
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there is some £/£1l such that (y, 0, 0) and (y, t-\pi{y), 0) are in/([/).

Let TT2 be defined by

TT2(x, t) = (TMofoH1(x, t), t-MiTMofoH^x, t)), 0).

Then H=f~1 o TT2 is the desired isotopy.

The following lemma follows from a well-known theorem of Kura-

towski and the fact that all separable infinite-dimensional Banach

spaces are homeomorphic to 5.

Lemma 2.5. If X is a complete separable metric space, then X may

be embedded as a closed subset of s. Moreover, an embedding v can be

chosen such that tv, o vix) > 1 for each x in X.

Proof. By the theorem of Kuratowski X may be embedded iso-

metrically in a separable Banach space which is homeomorphic to 5.

The second part follows from the fact [2] that the countable product

of half open intervals [\, 0) is homeomorphic to s.

3. A mapping replacement theorem. Our first theorem gives a

sufficient condition under which a homeomorphism of a closed subset

A of a complete separable metric space X into an P-manifold M can

be extended to a homeomorphism of X into M. In this theorem the

condition that fiA) be a Z-set cannot be omitted (even if the Z-set

condition of the conclusion is dropped). For example, /(4) might

separate M in such a manner that/(4) would separate h(X) for any

continuous extension h of /| A, whereas A might not separate X.

Theorem 3.1. Let A be a closed subset of X and f a continuous func-

tion of X into M such that f\ A is a homeomorphism of A onto a Z-set

of M. Then there exists a homeomorphism h of X onto a Z-set in M such

thatf\ A =h\A. Moreover, if 11 is some open cover of M, h may be taken

c\i-close to f.

Proof. By Lemma 2.3 we may assume that/(A) lies in a Z-set.

From (D) there is a homeomorphism a of M onto MX5 such that

ir, o a of(X) = {0}. Write 5 as a product s(l)Xs(2) of two copies of

itself and let v he an embedding of A as a closed set in 5 such that

v(X)'2:0 (i.e. for xEX, each coordinate of v(x) is nonnegative) and

7r,(2) o v(X) = {o}. Then the map g of X into MXs defined by

g(x) = (irM o a o f(x), v(x)) is an embedding of X in MXs as a closed

set of infinite deficiency. The projection ir of MXs onto MX {o} in-

duces a homeomorphism of g(A) onto a of(A). Thus by the method

of Klee [8] as used in [2], ir\g(A) may be extended to a homeomor-

phism k of MXs onto itself such that Tr3m o k = Trsi2). Note that
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cr o k o a~x satisfies the theorem except for the closeness condition. Let

V denote the open cover of MXs induced by 11 and cr. It suffices to

obtain a homeomorphism of X onto a Z-set oi MXs which extends

cr o/| A and is U-close to cr of.

By Lemma 2.2 there is a sequence of real valued continuous func-

tions (xpi) on M satisfying (a) i/\>0, and for each xEM there exists

VEV such that for y = (yt)Es satisfying 0= |y,-| gxpt(x), (x, y)EV.

Define h1 of MXs onto MXs by hl(x) = (ttm o k(x), xj/(irM ok(x))

•irs o k(x)). (Here • denotes coordinatewise multiplication, xp is as in

the remark after Lemma 2.2.) The homeomorphism hot X into M de-

fined by h = a~x o h1 o g is the desired homeomorphism.

4. Replacing homotopies by ambient isotopies. The following

lemma used in the proof of the next theorem is actually a special case

of it.

Lemma 4.1.Pe£ X be a closed subset of s, [a, &]C(0, 1) and D be an

open subset of sX(0, 1) containing XX [a, b]. Then there exists an

isotopy H of sX(0, 1)XI onto sX(0, 1) such that Ht(sX(0, 1))

= sX(0, l),H0 = id,for xEX, Hx(x, a) = (x, b) and Ht\(sX(0, 1)\D)
= id. Moreover, if 11 is some open cover of D such that for each xEX

there exists (7 £11 containing {x} X [a, b], then H may be chosen such

that H\DXI is limited by It.

Proof. By Lemma 2.2 there exist continuous functions / and

g from s into (0, 1) such that WElixex Vx and for each xEX,

f(x)<a and b<g(x), and {x} X[f(x), g(x)]EU for some £7 £11.

Hence, for each xEX, there exists an open set Vx of x in 5 such that

VXX \f(x), g(x)]C<7 for some [/GIL Let IF be an open set containing

X such that for each x £ CI W, f(x) < a and b < g (x). Now for each x £

ClWandtE [0, l] definer,x,t: (0, l)-»(0, 1) by

a + l(b - a) - f(x) t(b-a)f(x)
Vx,t(r) =-—-r-—— ,        f(x) grga,

a - f(x) a - f(x)

g(x) - a- t(b- a) t(b - a)g(x)
=-r i-•;       a g r g g(x),

g(x) - a g(x) - a

= r, otherwise.

Letc£:s->[0, l] be such that<p\X =1, <p\s\W =0. For each tE [0, l]

define a homeomorphism Ht of sX(0, 1) onto itself by

Ht(x,r) = (x,r)x,t4,ix)(r)),        xEClW,

= (x,r), otherwise.
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The family of maps {77,} yields the desired isotopy. We verify that

TT is limited by 11. Observe that for each x£ W, T7(x, r) = (x, r) for

each *G[0, lj and rG(0, 1). For xEClW and r£ [/(*), g(x)},

Htix, r) = ix, r); for rE [fix), g(x)], TT,(x, r)E [fix), g(x)]. Therefore

{TT,} is limited by 11.

In the following theorem, we use stCn)1l to denote the wth star of

the cover 11 where the star of

11 =   (V: for some UE'Vi, V= (J W)

( Well and Wr\U^n        )

Theorem 4.2. If f and g are embeddings of X into M such thatfiX)

and giX) are Z-sets, then there exists an ambient isotopy G of M onto

itself such that Go = id and Giof = gif and only iff and g are homotopic.

Moreover, if TT is a homotopy between f and g and 11 is some cover of M

for which 77 is limited by 11, then G may be chosen such that G is limited

by st(4)1t.

Proof. Necessity is obvious since the isotopy implies the homo-

topy. For sufficiency we shall first assume that/(A) and g(A) are

disjoint. Let TT be a homotopy between / and g. Then TT| AX {o}

UIX|l) is an embedding of AX {o} WAX {l} onto a Z-set in M

so, by Theorem 3.1, TT may be replaced by an embedding of XXI

onto a Z-set of JIT which extends 771A X {0} UI X {1} and which is

11-close to TT. Thus we may assume that TT is an embedding of A XT

onto a Z-set and is limited by st 11. Let cr be an open embedding of

JIT in 5X(0, 1) such that 77(AX7) is a Z-set in 5X(0, 1). Let v be an
embedding of A into 5 such that i'(A) X [a, b] is a Z-set in sX (0, 1).

The mapping p of <r o TT(AXT) to KA) X [a, b] defined byp(er o TT(x, t))

= 77), ib—a)t+a) is a homeomorphism of coTT(AXT) onto

viX)X[a, b]. Since each of these is a Z-set in 5X(0, 1) (which is

homeomorphic to s), by Corollary 10.3 of [3], p may be extended to

a homeomorphism of sX (0, 1) onto itself. We shall denote the exten-

sion by p also. By Lemma 4.1 there exists an isotopy { Ft} of 5 X (0, 1)

onto itself such that Ft\ sX(0, l)\p o (r(M) =id, P0 = id, F\ivix),a) =b,

and P|p o <r(ilT) XT is limited by the open cover "U of p o <r(M) induced

by p o cr(Af) induced by p o a and st(li). Then the isotopy G ol M

onto itself defined by Gt=<x~1 o p_1 o Ft o p o a satisfies

(i) G0 = id,

(ii) Gio/ = g,
(iii) G is limited by st It.
Now consider the general case where /(A) and g(A) are not as-

sumed to be disjoint. By Lemma 2.4 we may replace the homotopy
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H by an isotopy P which is 1l-close to H such that P0 = H0, Fx = Hi,

and Fi,2(X)r\(f(X)KJg(X)) are disjoint. Then F is limited by st 11.
By what we have just shown, there exists isotopies {G^u} and

{G,(2)} of M onto itself, each of which is limited by st2(1l) and satisfy-

ing G? = id, G\1)of=Fx/2, Gf = id,GfoFxl2 = g. In the obvious
manner, the isotopy G is obtained satisfying the conclusion of the

theorem.

Corollary 4.3. A homeomorphism f of a Z-set Kx in M onto a set

K2 of M can be extended to a homeomorphism of M onto itself if and only

if K2 is a Z-set and there exists a homeomorphism h of M onto itself such

that h of is homotopic to the identity on M.
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