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1. Introduction. Let U(p) denote the class of univalent meromor-

phic functions/(z) in the unit disk E with a simple pole at z = p>0

and with the normalization/(0) = 0 and/'(0) = l. Let K(p) denote

the functions which belong to U(p) and map \z\ <r>p (for some

p<p<l) onto the complement of a convex set. If f(z)EK(p), then

there is a p, p <p < 1, such that for each z, p < | z\ < 1

Re{l + z/"(z)//'(z)} SO.

UfEK(p), then for each z in E,

( f"(z) 2p 2pz   )
(1) Re <M + zJ—^- + —-— \ g, 0.

X f'(z)      z - p      1-pz)

Let 1i(p) denote the class of mappings/(z) which satisfy (1) and the

conditions/(0) =0 and/'(0) = 1. The class K(p) is contained in 2(£).

Royster [9] has shown that for 0<£<2-V3, il f(z)E2(p) and is

meromorphic, then f(z)EK(p). The class U(p) and related classes

have been studied in [l], [2], [4], and [5].

In this paper, we shall be interested in examining functions in K(p)

and ~2(p) with respect to their properties near the origin. In particu-

lar, we shall examine the radius of convexity of K(p) and ~2(p). We

shall also define and study close-to-convex functions and functions

which are starlike with respect to some point in the complement of

/(0).

2. Convex functions. Let (P denote the class of functions P(z) which

are regular in E and satisfy P(0) = 1 and Re{P(z)} ^0 for all zEE.

For each function f(z)E%(p), there is a function P(z)£(P such that

f"(z) 2p 2pz
(2) 1 + zJ-^- + —-— = - P(z).

f'(z)      z- p      1-pz

Taking real parts, we have

(3) Re {l + zf-Q\  = 2p Re i~^— - -i-1  - Re{P(z)}.
I f (z)) \i — pz      z — p)
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To'find the radius of convexity for 2(p), we need the following lemma:

Lemma 1. Let

U — pz     z — p)

where z = reie and 0<p<l. Then for r<p, we have

(4) min   Q(r, 6) = Q(r, r) = ' ■
os9<2ir                                    ip + r)(l + pr)

Proof. Computing Qir, 0) yields

r cos 6 — pr2 p — r cos 6
Qir, 6) =-+-

1 - 2^>r cos 0 + ^V2      r2 - 2pr cos d + p2

For a fixed r, we have

dQ —r qir, 6) sin 6

dd   ~ (1 - 2pr cos 6 + p2r2)2ir2 - 2pr cos 6 + p2)2

where

qir, 0) = (1 - p2r2)ir2 - 2pr cos 6 + p2)2 + ip2-r2)il - 2pr cos 6 + p2r2)2.

ll]r<p, we see that qir, d)>0 for all 0, 0 ̂ 6 < 2ir. Thus for r<p, Qir, 0)

will have its minimum at 8 = ir. This proves the lemma.

Theorem 1. J//(z)G2(p), then fiz) maps \z\ <poip) onto a convex

set,   where

Poip) = [1+4P + P2- ip+ Dip2 + 6p+ l)ll2]/2p.

Proof. For Piz)EG>, it is well known that

<        )       * +r
(5) max max Rej P(z)} =- •

PES'  |z|=r 1  — r

ll fiz) satisfies the hypotheses of the theorem, then (3), (4), and|(5)

give

( /"(*)) 2pil -r2) 1+r
(6) Re h + z-±-\ ^-—-

I fiz))        ip + r)il+pr)      1-r

_p- jl + 3p + p2)jr + r2) + pr*

ip + r)H + pr)H - r)

lor \z\ <p. This proves the theorem.
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A brief calculation shows that a function/(z) G2(p) is meromorphic

in E if and only if the function P(z) given in (2) has the properties

(i) P(z)E<? and

(ii) P(p) = (l+p2)(l-p2)~K

Thus for afunction/(z)Gi^(^), equation (2) holds where the function

P(z) satisfies (i) and (ii).

To find the radius of convexity for K(p), first we must prove the

following lemma.

Lemma 2. Let P(z)E(P and P(p) = (l+p2)(l-p2)~\ 0<p<l.

Then for r<p/2,

. (1 + p2)(l - r2)
max Re P(z)    ^ —-—-
l*l-r (1 -rp)2+ (r- p)2

Proof. Let w(z) = (P(z)-l)(P(z) + l)"1. Then w(z) is regular in £

and satisfies w(0)=0, w(p)=p2, and |w(z)| <1 for zEE. Define the

following functions:

w(z) - p2   1 - pz g(z) - p
g(z) =->        h(z) =-•

1 — p2w(z)   z — p 1 — pg(z)

Then h(z) is regular in E, h(0)=0, and \h(z)\ <1. Thus \h(z)\ gz.

Let f = (z— p)(l— pz)-1, then we may write

1+p2 1+ g(z)t
P(z) =-•

i - p2 i - gr»r

Now, the problem max Re{P(z)} is equivalent to

^ a + g(z)n i- |g7)r|2
max Re <->   = max -j-1— •
|.|-r        U-g(*)fJ        1.1-r I 1 ~ g(z)t\2

Let z satisfy \z\ =r; then f = (z—p)(l —pz)_1 lies on the circle Ci:

| f+a| =i? where a = p(l -r2)(l -pV2)"1 and i? = r(l -p2)(l -r2p2)~K

Since | /?(z) | ^ | z|, the point g(z) lies in the closed disk C2: | g(z) —a\

^R. The quantity |g(z)f| is minimum when g(z)=a — R and

1;= —a+R. We will show that max Re{P(z)} occurs at the same

point as min| g(z)f | provided R<a/2. Let fo= —a+Reie lie on Ci.

Then g(z)fo lies in the circle <7: |g(z)fo — foo| ^ |fo|-R- The distance

from 1 to the circle is d(8) = |1— foa| — |fo|-R. WTe observe that

min0s8<21r d(6) = min|z|_r | 1 —g(z)f |. The function d(9) is a minimum

at 0 = 0 provided \ a2R2 - a2 (1 + a2) \ >2\(1+a2)aR*-aR\ which

holds for R<a/2. Thus for r<p/2 we have shown
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1-  U(s)f[2 < 1 - (a - R)2 =     (1 - p2)(l - r2)

I 1 - g(z)i-12  = 1 + (a - P)2      (1 - />r)2 + (# - r)2

which proves the lemma. Equality occurs when h(z) =z at z = r.

Applying Lemmas 1 and 2 to equation (3), we have the following:

Theorem 2. Iff(z)EK(p), then

Re{l + z(f"(z)/f'(z))} >0

for \z\ <min[p/2, px(p)] where px(p) is the smallest positive root of

p3 + p - (1 + 10p2 + p*)r + (p3 + p)r2 = 0.

For .1 <p<l, we have px(p)<p/2.

The number po(p) for 2(p) in Theorem 1 is best possible, whereas

the number px(p) in Theorem 2 is not. As p tends to 1, both po(p) and

Pi(p) tend to 3-2V2.

3. Close-to-convex functions. Let us define a class of close-to-

convex functions. A function f(z)(f(0) =0, f'(0) = 1) belongs to the

class C2(p) (close-to-convex functions) if f(z) is regular at each point

of E except at p and if there is a function e**g(z)£2(£), |d>| g-ir/2,

such that

Re{f'(z)/g'(z)} > 0

ior all zEE. Let C2a(p) denote the subclass of C2(p) for which $ = 0.

A function in C2(p) may have a logarithmic singularity at z—p even

though the corresponding function g(z) is meromorphic in E.

Let f(z)EC2(p) and ei*g(z)E'2(p) be functions such that

(7) We{f'(z)/g'(z)} ^ 0

for all zEE. Define the functions Pi(z) and <2i(z) such that

i exp[iPx(z)] and i exp[iQx(z)] are the unit tangent vectors to the

images of \z\ =r under/(z) and g(z), respectively. Since (7) holds,

we have (provided the proper choice of arguments has been made)

| Px(z) - Qx(z) |   < t/2.

Define Q(r, d) = Qx(z)+arg[(z-p)2(l-pz)2z~2] and P(r, 6)=Px(z)

+arg[(z — p)2(l— pz)2z~2] where z = rew. Since ei<s>g(z)E2(p), we have

dQ/dd<0. An argument similar to one used by Kaplan [3] yields

P(r, Of) - P(r, 62) > - w    for 9X < 82,
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which is equivalent to

/••»       ( /"(re*))
I     Re < 1 + re* —--} dd

Ji! I /'(re*)/

(8)
< ir - arg[(re*2 - p)2(l - pre*2)V-2e-2*2]

+ arg[7ei91 - p)2(l - pre*1)2^"2*1].

Thus (7) implies (8).

To prove the converse, we define Pir, 0) as defined above and

assume that (8) holds. Since/(z) may have a logarithmic singularity,

we cannot use Libera and Robertson's proof, although the proof

given here is similar to both their proof and Kaplan's. From the

definition of Pir, 0), we see P(r, 8 + 2ir)—Pir, 0) = —27r. We now use

Lemma 3 [6]. Let tiff) be a real function of 6 for — oo <0< oo such

that

lid + 2x) - tie) = - 2t-,

tie/) - tie/) > - w   for61> 02.

Then there exists a real valued function 5(0) which is nonincreasing and

satisfies the conditions

sie + 2t) - sie) = - 2tt,

| 5(0) - tie) I  g t/2.

For a fixed p, let t(6)=P(p, 0) and denote a corresponding 5(0)

which is given in Lemma 3 by 5(p, 0). For r<p, define q„ir, 0) by

p2 — r2  r 2" s(p, a) + a
q„(r, 6) =- I       -da.

2tt     Jo    P2 - 2pr cos(0 - a) + r2

The function q„(r, 8) is harmonic for r<p. Now define

ft(r, 0) = q,ir, 0) - 0.

Since sip, a+8/)—sip, a+8/) is nonpositive for 0i<02 and has period

2ir, we may write

2  _ f2    ^ 2. 5(      a + 0 )   _  j(      a _|_ Q )
&(r, 02) - gP(r, 0i) = —— -^—--—— da < 0.

Lit     J o P        2pr cos a + rz

Let /?P(z) be the analytic completion of gp(r, 0) such that Im 7>(z)

= qPir, 8) and Re hfiO) =0. Define g„(z) to be



1970]      CONVEX MEROMORPHIC MAPPINGS AND RELATED FUNCTIONS       225

7-f^fx—7fldz-
o   (z - p)2(l - pz)2

If \z\ <p, then gp(z) satisfies

U'(0)J  = L
t g"(z) 2p 2pz   ) , ,

Re<H + z^^ + —-— \ = Re{zh;(z) - l}
\ g'(z)       z — p      1 — pz)

dQ,(r,0)

dd '

Re{f'(z)/g:(z)} >0.

The function F„(z) = e''/z is a univalent starlike function in

0<|z| <p. Following the argument of Kaplan [3] we can choose a

sequence p„—»1 such that FPil converges uniformly to F(z) in every

closed domain of E. The function F(z) is univalent and starlike in

0 < | z | < 1, and the function

zF(z)
g'(z) = p2-—-

*   (z - p)2(l - pz)2

satisfies (1) and

Re{f'(z)/g'(z)} >0

for all \z\ <1. Thus (8) is an equivalent condition for a function to

belong to C2(p).

Remark. Suppose p = 0; then condition (1) for g(z) is

Re{l+ zg"(z)/g'(z)} <0.

Thus F(z) =zg'(z) is starlike with respect to the origin in 0< |z| <1.

Equations (7) and (8) become

Re {*/(*)//(«)} >0

and

CH       ( f"(rea)\
I     Re \ 1 + re*—--} dd < t(6x < d2)

Jex X f'(re»)f

which are the conditions Libera and Robertson [6] derived for close-

to-convex functions in 0< \z\ <1.

Theorem 3. Let f(z)EC20(p); then f(z) is convex and univalent in

| z\ <p2, where p2 is the smallest positive root of
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p(l + r4) - (1 + 4^)(r + r3) - 2(3 + 2p + 3p2)r2 = 0.

Proof. For a function f(z)EC20(p) there exist functions P(z)E<?

and g(z)E^(p) such that

f'(z) = g'(z)P(z)

for \z\ < 1. Thus we have

Re W-^1 = R.{l + ^j + Rej^l .

Using (6) and a result of MacGregor [7], we have

„    L /"OO)   ^ # - (1 + 3^ + />2)(r + r2) + pr3 2r
Re<l + z->  ^-

I /'(*)/ (# + r)(l+#r)(l-r) 1-r2

_ p(l + r4) - (1 + 4j> + p2)(r + r3) - 2(3 + 2p + 3p2)r2

(1 - r2)(p + r)(l + pr)

for z = re'e and r<£. This completes the proof.

A corresponding theorem may be proved for the case where the

function g(z) in (7) is meromorphic. If the function g(z)EK(p), then

(8) may be replaced with

CH       r f"(re*))
Reh+re* —--} dd < tc(6x < 62)

for r>p, where p is such that if \z\ >p, then

Re{l+ zg"(z)/g'(z)} SO.

4. Starlike functions. Since functions in U(p) map the disk onto

the exterior of a bounded domain, the concept of starlike with respect

to the origin or the point at infinity cannot be used. However, we

may use Robertson's concept of star center points [8]. Let U*(p, wf)

denote the set of functions defined by:/(z)£ U*(p, wf) if and only if

f(z)EU(p), f(z)^w0 for all zEE, and there exists a p, p<p<l, such

that

(9) Re{zf'(z)/(f(z)-w0)} :g0

for p < [ z\ < 1. Functions in U*(p, Wo) map E onto the exterior of sets

which are starlike with respect to w0.
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Theorem 4. Letfiz)EU*ip, w0) and 0<p<2-V3. Then

Re{zf'iz)/ifiz) - wo)} ^0

for all  |z|>p=[l-6p2+p4-(l-p2)(p2-14p2 + l)1'2]-[2p + 2p3]-1.

Proof. If (9) holds, then there exists a function P(z)(E(P such that

z —-1-= — Piz).
fiz) —w0      z — p      1 — pz

Taking real parts, we get

Re iz    f (2)    1  = p Re/—-—\ - Re{P(z)}.
(. fiz) — wo) \1 — pz      z — p)

We now need the following lemma:

Lemma 4 [9]. Let Qir, 8) be as defined in Lemma 1, and

1 - 6p2 + p4 - (1 - p2)ipA - Up2 + l)1'2
Rip) =-

2p + 2p3

7/0<p<2 —V3 and Rip)<r<l, then

max  Re{G?(r,0)} = Re Qir, r) =- •
0g9<2, (r + p)(l + rp)

Using Lemma 4, we have

„    /       /'(z)     \   ^       P(l~r2)             1-r
Re<z->  s-

I fiz) -wo)        ir + p)il+pr)       1 +r

(1 - r)(l - p)i'V

(l+r)(r + p)(l+pr)

for all |z| =r>Rip).
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